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Short-term variability and mass loss in Be stars
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ABSTRACT

In photometry of y Cas (B0.5 IVe) from the SMEI and BRITE-Constellation satellites, Borre et al. (2020) recently found indications
of low-order nonradial pulsation (NRP) which would establish an important commonality with the class of classical Be stars at large.
New photometry with the TESS satellite for ~ 27d each in Sectors 17, 18, and 24 has detected three frequency groups near 1.1
(g1), 2.4 (g2), and 5.1 (g3)d~', respectively. Some individual frequencies are nearly harmonics or combination frequencies but not
exactly so. Frequency groups are known from roughly three quarters of all classical Be stars and also from pulsations of 8 Cep, SPB,
and y Dor stars and, therefore, firmly establish y Cas as a nonradial pulsator. The total power in each frequency group is variable. An
isolated feature exists at 7.57 d~! and, together with the strongest peaks in the second and third groups ordered by increasing frequency
(g2 and g3), is the only one detected in all three TESS sectors. The former long-term 0.82 d~! variability would fall into g1 and has
not returned at a significant level, questioning its attribution to rotational modulation (Smith et al. 2006). Low frequency stochastic
variability is a dominant feature of the TESS light curve, possibly caused by internal gravity waves excited at the interface of
the convective core and radiative envelope. These are known to be efficient at transporting angular momentum outward, and
may also drive the oscillations that constitute g1 and g2. The hard X-ray flux of y Cas is the only remaining major property
that distinguishes this star from the class of classical Be stars.
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1. Introduction

The eponymous emission lines of classical Be stars (for a broad
review see Rivinius et al. 2013) form in a rotationally supported
equatorial disk that unequivocally consists of material ejected
from the star itself. Although Be stars rotate closer to the critical
rate than all other stars on and near the main sequence, addi-
tional energy and angular momentum are required to lift matter
into an orbit. Under the influence of viscous friction (Haubois
et al. 2012; Rimulo et al. 2018) and radiative ablation (Kee et al.
2018), Be disks decay on timescales of months to years. Much
of the necessary regular replenishment of the disk seems to take
place in the form of stellar outbursts. From space photometry, ev-
idence has been found (Baade et al. 2018a,c; Baade & Rivinius
2020) that the superposition of nonradial pulsation (NRP) modes
can lead to nonlinear coupling, resulting in enhanced amplitudes
that are much larger than the sum of the individual mode ampli-
tudes. In this way, enough energy may be available and released
for the ejection of matter into the disk. A small part of the ejecta
accumulates the necessary specific angular momentum through
viscous redistribution while most of the rest falls back to the star
(Okazaki et al. 2002; Haubois et al. 2012).

The largest sample of Be stars with time-series photome-
try from space is currently being assembled by the TESS satel-
lite (described in Sect.3.1). A first reconnaissance analysis by
Labadie-Bartz & Carciofi (2020) found a considerable diversity
of variability types (see also Balona & Ozuyar 2020). One of
them is the presence of distinct frequency groups, here under-
stood as an assembly of frequencies (3 or more) that are usually
no more than a few tenths of d=! from each other. They occur in
about three quarters of all classical Be stars. Their fraction drops
from more than 80% among early-type Be stars to less than 60%
at late types. However, the decline is also a matter of instrumen-
tal sensitivity, as the photometric amplitudes fall sharply towards
the late portion of the B spectral type (e.g. Saio et al. 2007). Fre-
quency groups in Be stars have also been detected with all other
stellar space photometers that have observed Be stars, namely
MOST (Walker et al. 2005), CoRoT (Semaan et al. 2018), Ke-
pler (Kurtz et al. 2015), and BRITE (Baade et al. 2018c). In the
majority of cases, three main groups are found: one at very low
frequencies (hereafter g0, ~ 0.05d™"), one centered roughly be-
tween 0.5 and 3d~! (hereafter g1), and the third one (hereafter
g2) centered at approximately twice the frequencies of the mid-
dle group and is often very crudely twice as wide as the middle
one. Additional frequency groups may also exist, typically near
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integer multiples of g1 and g2, and usually with relatively lower
amplitudes. During outbursts of Be stars, the appearance of fre-
quency groups can change drastically (Huat et al. 2009).

Pépics et al. (2017) and Baade et al. (2018c) have suggested,
and partly illustrated by examples, that, in Be stars, the central
group (g1) may consist of genuine pulsation frequencies, the low
group (g0) may be mainly populated by difference frequencies of
the middle group, and the high group (g2) may be primarily com-
prised of sum frequencies and first harmonics, also of the middle
group. Frequency groups have also been reported for 8 Cep, SPB
stars, and y Dor stars (McNamara et al. 2012) so that they are
not specific to Be stars and not even restricted to B-type stars.
Recently, Saio et al. (2018a) developed the idea that frequency
groups form when rapid rotation displaces the eigenfrequencies
of sectoral modes such as to coincide - and resonate - with com-
bination and/or harmonic frequencies of the base modes.

This paper reports the detection of frequency groups in the
prominent Be star y Cas. Sect.2 introduces y Cas and similar
stars and discusses the spectroscopic and photometric history
of the system up until the epoch of TESS. The TESS satellite
and its observations, and the extraction of data and their pro-
cessing are discussed in Sect. 3. The time-series analysis (TSA)
of TESS data is performed in Sect. 4, Sect. 5 discusses the results
and places them in context with comparisons to (recent) histori-
cal data for y Cas and other Be stars, and Sect. 6 summarizes the
conclusions.

2. yCas
2.1. Previous observations and y Cas-like stars

Since yCas (27Cas, HR264, HDS5394, HIP4427,
TIC51962733; B0.51Ve) was the first Be star discovered
(Secchi 1866), it was only natural to consider it the prototypical
Be star. However, Harmanec (2002) compiled several observa-
tions that make the prototype character of y Cas less obvious but
by no means implausible. y Cas could be a relatively extreme
representative of its cohort, not least because hardly any other
Be star has been observed as intensively as y Cas has. More
challenging to y Cas’s status were (i) the ubiquity of low-order
NRPs in Be stars (Rivinius et al. 2003; Semaan et al. 2018),
which, in y Cas, remained undetected for a long time (Borre
et al. 2020), and (ii) the presence in y Cas of a thermal X-ray
flux at a level intermediate between that from shocks in winds of
luminous OB stars and that from accretion in high-mass X-ray
binaries but exhibiting a hardness without equivalent in other
early-type stars (Smith et al. 2016). These X-ray properties are
shared by a small but still growing fraction of Be stars (Nazé
et al. 2020).

The apparent restriction to Be stars of such X-ray properties
suggests that the circumstellar disk plays a role in their forma-
tion. Smith et al. (2016) describe the notion, developed in several
earlier papers by the same authors and their collaborators, that
the X-rays are due to the interplay between two magnetic fields,
one in the disk and one in the photosphere which, however, are
not directly detected. The stellar one was proposed to manifest
itself indirectly by rotational modulation of the stellar bright-
ness. The corresponding 0.82 d~! frequency was detectable for a
decade but disappeared later (Henry & Smith 2012; Borre et al.
2020). The field in the disk was assumed to lead to magneto-
rotational instability (MRI) so that gas parcels may fall back to
the star, on the way to the photosphere are accelerated by the
postulated stellar magnetic field, and finally release their gravito-
kinetic energy as X-rays. Recent observations of the y Cas-like
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star m Aqr showed that a strong long-term increase in the Ha line
emission was not accompanied by a similar change in the X-ray
flux (Nazé et al. 2019).

In the picture of Smith et al. (2016) for yCas, the
0.82 d~! rotation rate is important for two reasons. First, it is
very nearly the star’s critical rotation frequency which Smith
et al. invoke to activate effective local envelope dynamos. Sec-
ond, the highest possible stellar rotation rate is needed to explain
the rate of propagation of migrating subfeatures in spectral lines
as corotation of exophotospheric cloudlets with the photosphere.
It should be noted that several of the data strings discussed by
Smith et al. in this regard hardly cover a single rotation period
and even less. If these features are due to traveling waves such
as high-order NRP and possess their own prograde angular ve-
locity, the frequency window of the possible stellar rotation rate
obviously becomes much wider. The model does not state which
physical quantity is advected by the rotation and leads to the pho-
tometric variability nor does it explain the high phase coherence.

Near the main sequence, ~10% of all massive OBA stars pos-
sess large-scale magnetic fields (e.g. Grunhut et al. 2017; Sikora
et al. 2019). The most notable exception to this rule are classical
Be stars for which a survey of 85 objects did not yield a sin-
gle detection (down to a detection limit of ~ 50 — 100 Gauss;
Wade et al. 2016). This is generally understood as an incompati-
bility of a stable Keplerian disk with large-scale magnetic fields
of ~100 Gauss or stronger (Owocki 2006; ud-Doula et al. 2018).
Because the small-scale magnetic fields invoked for X-ray pro-
duction in y Cas-like stars (i.e. classical Be stars with hard ther-
mal X-ray flux) are too ill constrained by observations, it is not
known whether they would lead to a similarly prohibitive mag-
netic coupling between star and disk.

Furthermore, the current magnetic concept does not incor-
porate the presence of a companion star that was discovered in
some of these so-called y Cas-like stars, including y Cas itself
(Nemravova et al. 2012) and m Aqr (Bjorkman et al. 2002). The
companions have not so far been seen directly in any part of the
spectrum, but have been inferred from radial velocity measure-
ments of the Be star or its disk. Under the assumption that the
secondaries are compact objects, some of the X-ray observations
have been attributed to accretion (Hamaguchi et al. 2016; Post-
nov et al. 2017; Tsujimoto et al. 2018). A more Be-star-specific
model was recently developed by Langer et al. (2020) which ex-
plains the X-ray flux by the interaction of the fast wind of a he-
lium star with the Be disk. While the Smith et al. model predicts
that all (early-type) Be stars may develop y Cas-like X-ray ac-
tivities, the Be + helium-star and Be + compact object models
are obviously only applicable if the assumed companion exists.
Such companions may be numerous but are not easy to detect
(Wang et al. 2018; Klement et al. 2019; Langer et al. 2020).

The first possible evidence of NRP in y Cas was presented
by Ninkov et al. (1983) and later ascertained by Yang et al.
(1988) using additional observations. It consisted of multiple
narrow features traversing photospheric line profiles from the
most negative to the most positive velocities. The inferred az-
imuthal mode orders, |m|, were ~ 12 + 4. From a short series
of spectra, Horaguchi et al. (1994) confirmed the presence of
the line-profile variability a few years later. While rotational
Doppler spreading enhances the spectroscopic visibility of high-
order NRP modes, their photometric effects are strongly reduced
in integral light. Low-order modes (m ~ —-2) that are typical
of many other (not quite as hot) Be stars (Rivinius et al. 2003;
Labadie-Bartz et al. 2017; Semaan et al. 2018) were not re-
ported. Furthermore, ground-based photometry did not indicate
multiperiodicity (Henry & Smith 2012), the tell-tale signature
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of NRP. Therefore, Borre et al. (2020) analyzed medium-high-
cadence photometry by several satellites with a time span of
8+4 years (16 years in total). The observations confirmed that
the 0.82d™! variability (Smith et al. 2016) has faded below de-
tectability even from space. Instead, variability with frequen-
cies of 1.25 and 2.48 d~! was found, thereby probably re-uniting
v Cas with its nonradially pulsating brethren because both fre-
quencies are too high to be due to any rotational modulation.
However, with just two frequencies, one of which (1.25d™!) was
only marginally detected, the evidence for NRP was not over-
whelmingly broad, especially since it could not be confirmed
that 2.48 d~! is associated with the B-star primary and not with,
e.g., the rotation of its invisible companion.

In a recent remarkably thorough study of the y Cas-like stars
7 Agr and BZ Cru, Naz€ et al. (2020) found strong spectroscopic
and photometric evidence of high-order prograde tesseral NRP
modes (I ~ 6 = 2,|m| ~ Zf%) with frequencies that fall into

the range of p-modes (~ 7 — 12 d~!). These rapid line profile
variations in m Aqr were first reported in Rivinius et al. (2003),
and were later estimated to correspond to an / = —m = 5 pro-
grade mode in Peters & Gies (2005). m Aqr was observed dur-
ing very different states of the disk but the spectroscopic sig-
nature of the migrating subfeatures was unaffected. Therefore,
the variability is stellar, and the range in velocity of these fea-
tures shows that they are associated with the Be star, not its
companion, which is less easily deduced from photometry only.
Nazé et al. do not link the high-order nonradial pulsations to
the X-ray properties of y Cas-like stars but insist that the - in
grayscale plots of difference spectra - very similar variability
on comparable timescales to y Cas itself is the manifestation of
corotating exophotospheric cloudlets. Interestingly, the authors
report that the difference between two frequencies in 7w Aqr near
11.8 d™! corresponds to the 3.1 yr interval between two outbursts
with amplitude 0.25 mag during the long course of which some
pulsation amplitudes changed. This is similar to what has been
described by Baade et al. (2018a,c) for other Be stars and can in-
volve similarly long timescales (Baade et al. 2018b). It would be
the first such case linked to p-mode pulsations. However, Nazé
et al. caution that partial obscuration of the stellar disk by the
circumstellar disk may be the cause.

Balona & Ozuyar (2020) have proposed another model with
magnetic fields that are too weak for detection with current
means. The model is suggested for Be stars at large and assumes
a tilted dipole field that causes matter ejected by reconnection
events from magnetic spots to accumulate at two opposite loca-
tions in the equatorial plane. Depending on the relative strength
of these two clouds, variations with the stellar rotation frequency
or its first harmonic may occur. Because the trapped matter is in
all coordinates only loosely locked and its amount will not be
constant, coherent variations are not predicted. The model may
not easily explain the mostly sinusoidal shape of the light curves
of many periodic Be stars.

Although Balona & Ozuyar do not point this out, the phe-
nomenon they describe seems to have its spectroscopic counter-
part in Stefl frequencies (Stefl et al. 1998; Baade et al. 2016).
Their signature is the variability in anti-phase with respect to
each other of double emission peaks in the extreme wings of
Hel and other lines and occurs in phases of enhanced mass loss
when there is enough gas to produce helium line emission. Stefl
frequencies are typically ~ 10% lower than that of the domi-
nating spectroscopic quadrupole g mode. Therefore, Stefl fre-
quencies are thought to form in newly ejected matter orbiting in
the inner disk that is not yet equalized in azimuth. They would,

therefore, be unrelated to the actual stellar rotation but to orbital
periods in the disk. However, they would be asymptotic tracers
of the critical stellar rotation rate, as it sets an upper limit for
the Stelf frequency.. For the same reasons as in the magnetic
model of Balona & Ozuyar, phase coherent variability is not ex-
pected. In spite of the large physical differences between the two
competing explanations of the Stefl frequencies, the expected
high similarity of the photometric behavior seems to suggest that
photometry alone is not likely to be able to distinguish between
them. However, this is only true if the discussion focuses on just
one frequency. For a more complete understanding of Be stars,
the full ensemble of frequencies needs to be considered.

One important point which plain rotating models necessar-
ily fail to account for is the large-scale, large-amplitude photo-
spheric velocity field that is particularly prominent at low in-
clinations. However, this characteristic line-profile variability is
well described by nonradial g-mode pulsation (Maintz et al.
2003).

2.2. Recent spectroscopic and photometric context

The viscous decretion disk (VDD; Lee et al. 1991; Carciofi 2011)
model successfully describes the majority of observed properties
of Be star disks and their variability with time, including the re-
gions in which certain observables are formed and the associated
timescale and magnitude of changes in these observables dur-
ing epochs of disk build up or dissipation (Haubois et al. 2012,
2014). Of particular relevance to the present study of y Cas, the
visible continuum arises in the inner-most disk (with about 1 —
2 stellar radii) due to an increased continuum emission by the
ejecta, mostly due to hydrogen free-bound recombination and
also electron scattering, and can change rapidly in response to
a change in the environment near to the star. By contrast, the
He line is formed over a large region of the disk where viscous
timescales are much longer, and small additions of material (rel-
ative to the already large amount of He-emitting material) con-
tribute little to the overall line strength.

The Ha emission has been gradually and steadily trend-
ing upward from about 2001 until the epoch of TESS, grow-
ing in the absolute value of the equivalent width (EW) from
~ 25 A to 37 A and in the flux ratio of emission-peak to
continuum (E/C) from ~ 3.5 to 5.5 (Pollmann 2009; Nem-
ravova et al. 2012; Borre et al. 2020). However, a disk has
existed for decades even prior to 2001 (Doazan et al. 1983;
Harmanec 2002). This trend has continued beyond the TESS
observations reported in this paper as seen in recent spectra
in the Be Star Spectra Database (BeSS'; Neiner et al. 2011).
In other words, the disk of y Cas was strong and apparently
growing during the TESS observations, having been built up
over decades, and the amount of material in the disk at the
time of the TESS observations was higher than during the
period studied by Borre et al. (2020). In a strong and dense
disk such as this the photometric sensitivity a la VDD to ad-
ditional matter injected may be (partly) saturated when the
scattering of stellar photons may increase underproportion-
ally (Ghoreyshi et al. 2018). This would (possibly strongly)
dilute the photometric signature of any discrete or short-
lived episodes of enhanced mass ejection, provided the ge-
ometry of the inner disk is not significantly altered. However
this effect would not drastically reduce the variability that
arises in the photosphere (e.g. pulsation).

' http://basebe.obspm. fr
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Table 1: TESS observation of y Cas.

BID start BJD end Sector Camera CCD  ngy
2458764.69 2458789.69 17 2 1 1070
2458790.67 2458815.02 18 2 2 1017
2458955.80 2458982.26 24 4 4 1225

3. Observations and data reduction
3.1. The TESS observatory

The four identical 10cm cameras of the Transiting Exoplanet
Survey Satellite (TESS; Ricker et al. 2015) cover a combined
field of view of 24° x 96° that extends from the ecliptic plane
to one of its poles. With 13 steps in ecliptic longitude, one
hemisphere is observed in one year. Depending on ecliptic lat-
itude, stars are observed in up to 13 such sectors, each spanning
~27.4d in time.

The focal-plane array of each TESS camera comprises a 2
X 2 mosaic of CCDs with 2048 x 2048 pixels each and records
light over the range 600 to 1050 nm, which includes the conven-
tional / and Z and portions of the V, R, and Y bands. 90% of the
flux contained in the point-spread function (PSF) is ensquared
within 4 X 4 pixels, eac which measure 0.35 arcmin on a side.

Stars brighter than ~7.5 in I saturate the pixel at the center
of the PSF on the TESS CCDs (but precise light curves are still
produced for stars much brighter than this; see Sect. 3.3). For op-
timal targets, the noise floor is approximately 60 ppm h~'. Pho-
ton noise dominates down to Ic = 13.5 mag. Owing to its very
wide and elongated orbit, TESS can perform uninterrupted ob-
servations for more than 300 h, is not plagued by near-Earth radi-
ation belts, and suffers only little from terrestrial and lunar stray
light (which is the main source of systematic trends). The Full
Frame Images (FFIs) for the entire CCD are available at a 30-
minute cadence from which light curves can be extracted for any
star observed by TESS, and a selection of targets are also ob-
served in a 2-minute cadence mode.

3.2. TESS observations of y Cas

The ranges in barycentric Julian Date (BJD), the TESS sectors,
the CCDs, and the number of data points used for time-series
analysis (TSA) are provided in Table 1. y Cas was observed in
two consecutive sectors (50.3 days; Sectors 17 and 18), followed
by a 141 day gap and was again observed in Sector 24 for an ad-
ditional 26.5 days. This makes it impossible to trace any varia-
tions with the binary orbital period of 203.55 d (Nemravova et al.
2012). y Cas was not among the targets pre-selected for 2-minute
cadence observations, so the full frame images with 30-minute
cadence, available for download at MAST?, were instead used
(TESS Input Catalog ID: TIC 51962733).

3.3. Data extraction and processing

For each sector, a target pixel file from the TESS Full Frame
Images (FFIs) centered on y Cas was downloaded with TESS-
cut® (Brasseur et al. 2019). The size in pixels was chosen to ad-
equately capture the extent of the bloom columns, which span
up to 101 rows (20 x 130 pixels for Sectors 17 and 18, and 20
X 150 pixels for Sector 24) . Although vy Cas is very bright and
highly saturates the CCDs, it is still possible to extract a reli-

2 https://mast.stsci.edu/
3 https://mast.stsci.edu/tesscut/
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able, high-quality light curve. Two different methods are viable.
Since the TESS CCDs are charge conserving, an aperture mask
that encloses all charge-containing pixels is one option. Alter-
natively, a light curve can be extracted from the PSF wings, ex-
cluding saturated pixels and columns (i.e. “halo photometry”).
Both extraction methods were performed, and are further de-
scribed in Appendix A. The resulting light curves are very sim-
ilar in that they contain the same features, but the version ex-
tracted using all charge-containing pixels is of higher quality (i.e.
higher signal-to-noise ratio (SNR), and less affected by system-
atics such as scattered light) and is adopted for the remainder of
this work. Both versions of the light curve (LC) are compared in
Appendix A.

The light curve is shown in the top panel of Fig. 1. In order
to facilitate the extraction of periodic signals, each sector of data
was detrended to remove low frequency signals with f < 0.2
d~!. The red curve shown in the upper panel of Fig. I represents
these low frequency signals, which are subtracted to produce the
detrended version of the light curve that is shown in the second
panel of Fig. 1. This detrended version is used to calculate the
amplitude spectra and periodic signals discussed throughout this
work. Because data for each sector must be extracted separately,
it is difficult to determine if trends with timescales similar to
the sector duration (~25 days) are astrophysical or systematic
in nature. This is discussed further in Sections 2.2 and 5.2 and
Appendix A, especially in regards to the apparent brightening
trend in Sector 18.

Within 20 arcmin from y Cas, SIMBAD (Wenger et al. 2000)
lists two stars with known magnitude brighter than 10 mag: the
A5 star BD+59 148 (V =9.76 mag, distance: 708") and the F3
star BD+59 158 (V =9.81 mag, 738"). Both of these sources are
sufficiently distant from y Cas and the bloom columns caused
by saturation that they do not contribute flux to the pixels in the
aperture masks used for either version of light curve extraction.
This was verified visually for all sectors.

4. Time-series analysis

A frequency analysis was performed for the entire set of TESS
observations, and for each sector separately. The PEriop04 pack-
age (Lenz & Breger 2005) was used, and the amplitude spectra
are shown in Fig. 2 in black.

Because of the short TESS observing baseline, the window
function includes significant side-lobes (Fig.2, inset), which
overlap when multiple signals exist at similar frequencies (as is
the case with the frequency groups). This can cause spurious
peaks in the periodogram with power comparable to real signals.
Pre-whitening against each signal is a more reliable approach
for determining the underlying frequencies relative to the Lomb-
Scargle analysis without pre-whitening. However, some degree
of spurious peaks is unavoidable given the nature of variability
in vy Cas.

To determine the individual frequencies present in the data,
the VartooLs light curve analysis software (Hartman 2012) with
the LoMB-ScARGLE routine (Zechmeister & Kiirster 2009; Press
et al. 1992) was used to detect and iteratively pre-whiten the data
against each recovered frequency, and is also shown in Fig. 2 as
vertical red lines (again for the full light curve and each sector
separately). The frequency, phase, amplitude, SNR, false alarm
probability (FAP) and group membership (when applicable) are
printed in Table 2, with the phase being measured relative to
the time of the first observation of the data analyzed (BJD =
2458764.69 for Sector 17 and the full light curve, 2458790.67
for Sector 18, and 2458955.80 for Sector 24).


https://mast.stsci.edu/
https://mast.stsci.edu/tesscut/

J. Labadie-Bartz et al.: Short-term variability and mass loss in Be stars

1770 1780 1790
1 L L

30

1955 1960 1965 1970 1975 1980
| L L L L L

raw
20 A

10 A

Relative Flux (ppt)

sl7

r20

T T
o =
o

Relative Flux (ppt)

T
|
-
[=]

s18 s24 +-20

detrended
10 -|

Relative Flux (ppt)
Lo
o w [=] w
L 5 o
= w
o

Relative Flux (ppt)

10

Freq. (c/d)

Freq. (c/d)

Frequency (c/d)

1790
BJD - 2457000

L %
o w o
Frequency {c/d

T
s
&}

f
e
o

1965 1970 1975

BJD - 2457000

1955 1960 1980

Fig. 1: Top: TESS light curve of y Cas showing Sectors 17 and 18 (left) and 24 (right) in black, with low frequency trends traced in
red. There is a 141 day gap between Sectors 18 and 24. Sector 18 data are vertically offset from their mean to appear continuous with
Sector 17, while Sectors 17 and 24 have their mean value subtracted. Second from top: The light curve after removing low frequency
trends with timescales greater than five days. The remaining panels show the wavelet analysis of the detrended light curve. Note
that the color scale in the third, fourth, and fifth panels from the top are independent of each other, in order to see the relatively
low amplitudes of the two higher frequency groups. However, the color scale is consistent across the full time baseline. Horizontal
dashed lines mark the location of the strongest signal in each of the four groups. Hashed regions are gaps in the observations.

Both methods, with and without pre-whitening, are gener-
ally consistent in their identification of the dominant signals.
Whenever specific values for frequency or amplitude are used
in the following, they are from the pre-whitening analysis of the
combined light curve extracted from all count-containing pix-
els unless otherwise stated. Formal error estimates are given for
the frequency values, according to the method of Montgomery
& O’Donoghue (1999), which assumes Gaussian uncorrelated
noise. These, however, represent lower limits for the following
reasons. All but one of the significant signals detected in each
light curve exist in densely populated groups, where there is sig-

nificant overlap between the window function of adjacent sig-
nals, adding some degree of additional uncertainty in the values
of the recovered frequency and amplitude. The variable ampli-
tude of the groups further complicates this. In terms of error esti-
mation, the frequency groups, although astrophysically real, can
be considered as a form of correlated noise, meaning that error
estimates computed analytically under the assumption of Gaus-
sian uncorrelated noise will be too low. For these reasons, in
general the most relevant quantities here are not necessarily the
frequency and amplitude of specific frequencies, but more so the
location, strength, width, structure, and variability of the groups
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themselves. The most notable exceptions to this are the strongest
signal at f = 2.4796(1) d”!, and the isolated high frequency sig-
nal at f =7.571(1) d~!, which are introduced below.

4.1. Frequency groups

There are two main frequency groups. The first (group 1 =
gl) is centered around 1.1 d~!(the strongest signal being at
f = 1.1346(6) d~!) and the second group, g2, is centered around
2.4 d~! (with its strongest signal at f = 2.4796(1) d”!). A third
group (g3) near 5.1 d™!is also present (the strongest signal be-
ing at f = 5.0559(5) d™'), as is an isolated, single signal at
f =7.571(1) d~! (g4)*. These groups were identified visually
from the amplitude spectrum, and are consistent with the
dominant peaks identified through standard frequency anal-
ysis methods (i.e. those reported in Table 2). The center and
width of these groups are estimated by eye, as there exists no
standard method to measure these quantities.

g3 appears much narrower than gl and g2 (although this
could be a matter of instrumental sensitivity), with a width
of approximately 0.05 d~!, compared to widths of ~0.6 d~! for
gl and ~0.9 d~! for g2. There are no obvious harmonic relation-
ships between the strongest signals of these groups. g2 is cen-
tered around slightly more than twice the frequency of g1, and
g3 is slightly higher than twice the frequency of g2. The signal
at 7.571(1) d~! likewise is not obviously harmonically related to
any other frequencies, but is 1.4975(2) times the frequency of
the signal at f = 5.0559(5) d™!, and is very close to the sum of
the strongest signals in g2 and g3, differing by 0.036(1) d~'. It
is however possible for more complex combination frequencies
to manifest in the power spectrum of pulsators, including clas-
sical Be stars (e.g. Kurtz et al. 2015). Partly owing to a dearth
of well-defined frequencies that stand out in g1 and g2, no such
attempt was made to robustly test combination frequencies in
the TESS data for y Cas. There are no signals detected at fre-
quencies higher than 7.6 d~'; with the 30-minute cadence, the
Nyquist frequency is 24d™".

In addition to the clearly dominant signal of 2.4796(1) d~!,
there are two other frequencies in g2 that seem to stand out, these
being the second and third highest amplitude signals detected
in the amplitude spectrum for the full light curve (see Table 2).
While these signals are closely spaced, differing by 0.0581(4)
d~', and are not totally resolved in the individual sectors, each
sector has signals that appear to correspond to one or both of
these frequencies (and they are also present in the sum and prod-
uct of the amplitude spectra of all 3 sectors). These two signals
are marked with short black vertical lines in Figure 2.

Because of the short observational baselines, and the fact
that data reduction must be done separately for each sector,
there is significant difficulty in measuring signals with periods
greater than ~10 days in TESS data. Other studies find a low
frequency group (g0) in a large fraction of Be stars, typically
located around 0.05 d~! (see Section 1), which can neither be
confirmed nor ruled out in the present analysis of y Cas. Like-
wise, variability associated with the orbital period of 203.55 d for
v Cas is inaccessible with TESS. However, the overall bright-
ening trends seen in Sectors 17 and 18 (Figure 1) may be real
(see Sec. 5.2).

4 Although only one signal is detected in this “group,” for the sake of
consistency in nomenclature this is hereafter referred to as g4.
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4.2. Group variability

The position of the groups does not vary significantly between
Sectors 17, 18, and 24, but their strength and/or their compos-
ite frequencies do (with the exception of g4). The most notable
aspects of this variation are the increase in strength of g1 from
Sector 17 to 18, followed by a decrease between Sectors 18 and
24, and the decrease in strength of g2 from Sector 17 to Sector
18 followed by a return to near its original strength in Sector 24.
The most significant signal in g3 (near 5 d™') decreases in am-
plitude by ~40% from Sector 17 to 18, and also increases back
towards its original strength in Sector 24. The signal near 7.6
d~! (g4) may decrease in amplitude slightly after Sector 17, but
this is less certain and of a lower level compared to the variability
of the other groups.

In an attempt to coarsely visualize where the variability does
or does not appear coherent, the lower panel of Fig. 2 compares
the product of the amplitude spectra of Sectors 17, 18, and 24
to their sum. The product emphasizes Lomb-Scargle features
that are persistent in time, i.e., are strong at all times and do
not significantly shift in frequency. This view of the amplitude
spectrum illustrates a few aspects of the data. Especially in re-
gards to gl and g2, the densely populated groups and relatively
wide window function lead to a situation where the amplitude
spectrum within a group never approaches zero. In g1 there are
no signals that clearly stand out above the “continuum” of the
group. In g2, the three strongest signals are apparent in both the
sum and product amplitude spectrum. Likewise, in g3 and g4,
the structure appears the same in the sum and product versions,
suggesting stability of the frequencies (but not necessarily the
amplitudes) of these signals.

A wavelet analysis was performed to determine how the
power of the detected frequencies varies with a higher temporal
resolution compared to simply computing the power spectrum
separately for the different sectors. The Python package scaLe-
oGrAM® was used for this purpose. The wavelet analysis is shown
in Figure 1. The variability in g1, g2, and g3 is apparent. How-
ever, the structure of the variable group power has some com-
plexity. With many frequencies in g2, a complex beating pattern
in the light curve can manifest in the wavelet plot as a variable
group amplitude without a well defined period. The same logic
may apply to the variable amplitude of g1, however there is an
absence of any coherent dominant signals. The structure of g3
is relatively simple. In the amplitude spectrum of the full light
curve, g3 is made up of two signals spaced by 0.0351(1) d™!.
The isolated signal at f = 7.571(1) d~'is generally constant
from sector to sector, but appears mildly variable in strength on
shorter timescales. This may simply be an artifact owing to its
low amplitude, or any even lower amplitude signals below the
detection threshold in the vicinity.

4.3. Stochastic variability

In a study of 70 OB stars observed with TESS, each member of
the sample exhibits a certain level of stochastic variability that
manifests as red noise in their photometric amplitude spectra
(Bowman et al. 2020). y Cas is no exception to this rule. Figure 3
shows the amplitude spectrum of y Cas on a log-log scale. The
morphology of the amplitude spectrum carries information about
the physical origin of the stochastic variation. Following the pre-
scription of Bowman et al. (2019, 2020), in order to parameterize
this signal for convenient comparison to recent models, a func-

5 https://github.com/alsauve/scaleogram
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Fig. 2: A representation of the power spectrum computed from a classical Lomb-Scargle treatment (black) and through applying
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frequencies at 0.82 d™',1.25d7", and 2.48 d', and the two short vertical black lines mark the location of the second and third
strongest signals in g2. The blue shaded regions indicate the frequency groups. From top to bottom, the panels show Sectors 17, 18,
24 and the full light curve, respectively. The lower-most panel presents the multiplication and mean (with inverted amplitude) of the
periodograms from Sectors 17, 18 and 24. The window function for each is centered at 6 d=!, and with an arbitrary vertical scale.
There are no signals detected beyond 8 d=!. The grey bar from 0 to 0.2 d~! identifies the region where low frequency trends were

removed prior to the frequency analysis.

tional fit of the form (Bowman et al. 2020, their equation 2)
Qo

1+ (=)

Vehar

av) = +C,,

ey

is applied, where a = 0.136 ppt is the amplitude at v = 0 d~!,
v = 2.958 is the logarithmic amplitude gradient, v, = 3.618
d~'is the characteristic frequency of stochastic variability, and
C,, = 0.012 ppt is the constant white noise component. The
above function with these values is shown as the solid red line
in Figure 3. These values for these parameters are the result of
a Markov chain Monte Carlo (MCMC) fit following the method
of Bowman et al. (2020). The parameters derived for y Cas are
typical for the sample of Bowman et al. (2020), where it was
determined that internal gravity waves excited by core convec-
tion are the most likely physical explanation for this feature
given the values and ranges of «, v, and v, for the sample
(Rogers et al. 2013; Edelmann et al. 2019; Horst et al. 2020;
Ratnasingam et al. 2020). The red noise characteristics of y Cas
also lend themselves to the same conclusion, since internal grav-
ity waves are predicted to have values of 0.8 < y < 3, and
still contribute power to the frequency spectrum even out to-
wards 100 d~!. Although Bowman et al. (2020) prefer the in-

ternal gravity wave explanation, it remains plausible that sub-
surface convection zones can produce similar observables in OB
stars (Lecoanet et al. 2019, although it seems difficult for sub-
surface convection zones to produce an amplitude excess out to
the observed relatively high frequencies). Furthermore, there are
no classical Be stars among the 15 B dwarf stars in the Bowman
etal. (2020) sample, and the mean v sin i value of the 15 B dwarfs
is only 40 km s~! (with a maximum of 162 km s~!) — far lower
than typical values of the near-critically rotating Be stars. It is
therefore not a foregone conclusion that internal gravity waves
are a ubiquitous feature of classical Be stars, as they appear to
be for the more modestly rotating collection of Bowman et al.
(2020).

5. Discussion

Besides the stochastic variability discussed in Section 4.3 and
emphasized in Figure 3, the frequency groups gl and g2 are
the dominant features in the TESS light curve of y Cas. These
complexes are much wider than the core of the window function
(Fig. 2) and, therefore, unambiguously identify y Cas as a multi-
mode nonradial pulsator (since it is not plausible that all of the
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Table 2: Strongest frequencies detected. Up to the five strongest signals (by amplitude) for each group are listed here for each sector,
and also the full baseline. The SNR is calculated in the standard way in the varTooLs package by comparing the Lomb-Scargle
power of a given peak to the mean value of the periodogram after applying iterative 5-sigma clipping. The logarithm of the formal
false alarm probability (FAP) is also shown. The information in this table is from iterative pre-whitening of the light curve extracted
from all count-containing pixels, and the amplitudes are lower by about ~10-15% compared to those found using halo photometry.
Formal error estimates for the frequency determined according to Montgomery & O’Donoghue (1999) are given in braces in units of
the last significant digit. However, these should be understood as lower limits (see Section 4). Errors are not provided for amplitude
or phase, because the variability of the signals makes such determinations difficult and somewhat arbitrary.

Group Fregq. Amp.  Phase SNR  log(FAP) || Group Freq. Amp.  Phase SNR log(FAP)
@"')  (pp1) (@) (ppt)
Sector 17 Sector 24
gl 1.069(7) 1.04 -0.037 329.2 -15.8 gl 1.148(8) 0.80 -0.006  354.0 -19.4
gl 1.008(7) 1.00 -0.114 3442 -13.0 gl 0.816(9) 0.69 -0.085  265.3 -16.9
gl 0.585(9) 0.82 -0.337 189.5 -10.5 gl 1.02(1) 0.50 -0.269 114.6 -11.6
gl 0.90(1) 0.74 -0.189 1525 -10.2 gl 0.92(1) 045 0.163 99.9 -10.5
gl 1.26(1) 0.72 -0.465 147.0 -10.2 gl 1.11(1) 041 -0.382 81.2 -10.2
g2 2472(2) 3.65 0.129 52246 -85.8 g2 2479(1)  3.69 0.176  7640.2 -134.1
g2 2.323(3) 227 -0.082 1934.1 -52.5 g2 23144) 142 0305 1134.1 -38.9
g2 2.375(7) 1.03 0348  355.1 -12.8 g2 2277(5) 125  0.024 920.6 -35.3
g2 2.1949) 085 0324 2264 -10.8 g2 2411(6) 094 -0.067 5153 =222
g2 2.113(9) 0.79 -0499 176.8 -10.2 g2 2.61909) 0.73  0.329 285.2 -17.3
g3 5.051(7) 1.04 0.124 325.1 -12.1 g3 5.053(7) 091 -0.133  476.7 -23.1
g3 5.09(1) 048 0.052 53.9 -1.5 g3 5.09(1) 044 0.283 89.9 -10.3
g3 4.86(3) 024 -0.449 13.5 -4.3 g3 5.13(2) 0.24 -0.385 245 -5.4
g3 5.02(3) 0.23  0.355 12.5 -3.8 g3 5.19(3) 0.19 0.193 15.6 -4.1
g3 5.15(4) 0.18 0.243 10.4 -2.5 g3 4.86(3) 0.18 0.443 14.5 -3.9
g4 7.56(2) 0.37 -0.028  26.6 -5.6 g4 7.57(2) 0.29 -0.343 36.1 -5.9
Sector 18 All Sectors

gl 1.1154) 1.85 0.125 13099 -38.1 gl 1.1346(6) 0.71  0.245 572.6 -21.8
gl 0.967(8) 1.00 -0.179 274.1 -13.5 gl 1.0206(7) 0.62  0.133 709.6 -25.5
gl 1.253(8) 096 0.241 2422 -14.7 gl 0.8099(8) 0.59 -0.350  373.0 -16.1
gl 0.788(8) 096 0.487  239.7 -16.2 gl 1.111(1) 046 -0.126  913.0 -29.1
gl 0.85(1) 0.75 0468 126.6 -10.9 gl 0.916(1) 040 -0.443 4763 -19.2
g2 2485(3) 256 -0.326 21769 -54.9 g2 24796(1) 3.67 -0.218 132443  -256.9
g2 2.286(6) 1.24 0.066  498.6 -19.6 g2 2.324433) 130 -0.400 2356.9 -68.0
g2 2417(8) 098 0.117  260.5 -14.2 g2 2.2663(4) 1.01 0442 12895 -40.7
g2 2.18(1) 0.80 0.002 160.8 -11.6 g2 24161(5) 095 -0.483  487.1 -19.0
g2 2.06(1) 0.64 0.009 99.6 -94 g2 2.2902(7) 0.69  0.255 476.6 -19.9
g3 5.05(1) 0.64 0.235  100.0 -10.0 g3 5.0559(5) 090 -0.382  934.0 -28.9
g3 5.142) 033 -0.175 17.2 -4.7 g3 5.091¢(1) 045 0.319 269.8 -14.1
g3 5.093) 025 -0477 12.1 -3.2 g4 7.571(1) 030 -0.442 103.4 -8.1
g4 7.56(2)  0.31 -0.381 16.7 -4.5

periodic photometric signals are circumstellar or directly related
to rotation considering the timescales and lack of exact harmon-
ics). The visualisations of the variability as two sets of many
individual frequencies (Fig.2) with strong mutual beat patterns
in light curves (Fig. 1, top panel) and as wavelet transforms of
four frequency ranges with strong amplitude variations (Fig. 1,
bottom panels) are complementary presentations of the same be-
havior (Rivinius et al. 2016). The considerable variability in the
total power of each frequency group revealed by Fig. 1 (bottom
panels) is matched by changes in the appearance of the light
curve (top panels). Because this activity does not seem to be pe-
riodic (although a timescale of ~ 5d may be indicated for g2),
more than two frequencies must be involved, provided that the
frequencies are constant.

Considering the wavelet analysis in Figure 1, the variations
in power of the groups are not globally correlated. Although g3
and g4 appear at first glance to be qualitatively different from
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gl and g2, the former pair being much narrower and relatively
simple, this could just be a matter of reduced photometric am-
plitude with increasing frequency, and the noise floor of the
data. Although g3 only has two confidently detected frequen-
cies in the framework of the amplitude spectrum of the full light
curve, its variability seen in the wavelet analysis of Figure 1 sug-
gests a higher degree of complexity. If g3 only contained these
two frequencies, a beat period of 28.5 days is expected. While
this seems to be approximately realized in the TESS data (g3
is stronger in the first half of each ~27 day-long sector, and
weaker in the second), g3 also appears to be variable on shorter
timescales, which could be an artifact of its somewhat low am-
plitude or intrinsic variability in the amplitudes of one or both
main frequencies, or it could reflect the presence of additional
nearby frequencies with low amplitudes, analogous to the struc-
ture of g2. Figure 3 hints at the latter, where there seems to be
structure above the Fourier “continuum” in the vicinity of g3 that
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Fig. 3: Amplitude spectrum of y Cas. The green curve is iden-
tical to what is plotted in Figure 2 for the combined light curve,
but on a log-log scale. The black curve is computed in the same
way, but after pre-whitening against the signals in the frequency
groups, which is then fit with Equation 1 (solid red line). The
white noise floor is marked by a horizontal dashed line.

extends beyond the two frequencies identified in Figure 2 and
Table 2. Comparative conjectures concerning g4 are even more
difficult, again owing to its low amplitude. Despite this, it is rea-
sonable to claim that g4 is located at approximately three times
the frequency of the strongest signal in g2 (and about 1.5 times
the frequency of the strongest signal in g3), that g4 does not ap-
preciably vary in frequency or amplitude from sector to sector,
and that there does not seem to be any further structure besides a
single peak in the vicinity of g4 DBA: Doesn’t this single peak
CONSTITUTE g4 so that it can’t be in its vicinity? above the
noise level in Figure 3.

5.1. Stochastic variation, internal gravity waves, angular
momentum transport, mode excitation, and Rossby
waves

Especially since internal gravity waves excited by core convec-
tion in differentially rotating massive stars are predicted to be
efficient at transporting angular momentum from the core out-
wards (Aerts et al. 2019; Lee & Saio 2020), this is an impor-
tant topic to consider in Be stars, whose envelopes are somehow
made to spin rapidly. If, as seems likely for many other OB stars,
a spectrum of internal gravity waves is the origin of the bulk of
the stochastic variability in y Cas (Section 4.3), this can aid in
transporting angular momentum to the envelope, which would
otherwise spin down as the star evolves and the envelope ex-
pands (and loses angular momentum to winds and mainly to the
disk in the case of Be stars). If angular momentum is transported
to the outer layers of an already rapidly rotating star, then out-
bursts may be a way to remove this excess angular momentum,
thus allowing the star to avoid super-critical rotation (Krticka
et al. 2011; Georgy et al. 2013; Rimulo et al. 2018; Baade &
Rivinius 2020).

A complication in the picture of the amplitude spectrum of
v Cas (and the majority of all early-type Be stars) is the presence
of periodic signals in the standard g mode regime (namely, gl
and g2). However, this delineation is blurred by rapid rotation.
With a spectral type of B0.5I'Ve, y Cas is too hot for the x mech-
anism to drive g modes in the standard view of low frequency
pulsation in SPB stars (f < 4 d7!), yet the bulk of its periodic
signals lie in this regime. Global Rossby waves (r modes) are
expected and observed in moderately to rapidly rotating stars

(Van Reeth et al. 2016; Saio et al. 2018b), which tend to form
frequency groups just below the rotation frequency (for m = 1)
and/or just below twice the rotation frequency (for m = 2). In
all the examples of Saio et al. (2018b), including one Be star,
the m = 1 group is both predicted and observed to be signifi-
cantly stronger than the m = 2 group. In the case of y Cas, g2
is stronger than g1 (or even in the most conservative estimates
they are of similar strength if the strongest signals in g2 are dis-
counted), suggesting that g1 and g2 are not simply the manifesta-
tions of two groups of global r modes of m = 1 and m = 2. This
bears resemblance to the Be star analyzed in Saio et al. (2018b),
KIC 6954726, which has a first frequency group centered near
0.9 d~! that is consistent with r modes of m = 1, and a second
group centered near 1.7 d~! (and of similar strength to the first
group) that is inconsistent with m = 2 r modes (both in location
and relative strength). As discussed in Rivinius et al. (2016), this
star was undergoing a quasi-continuous series of small outbursts
at the time of the Kepler observations so that circumstellar ac-
tivity likely contributes to aspects of the amplitude spectrum. r
modes are necessarily retrograde in the co-rotating frame of the
star, and thus do not positively contribute to the outward angu-
lar momentum transport (and in fact can slightly decrease the
angular momentum in near-surface layers).

It is possible that low-frequency g modes are excited by res-
onant coupling with internal gravity waves excited by core con-
vection (Lee & Saio 2020). The role of observable periodic sig-
nals excited in this way were explored for the Be star HD 51452
(BOIVe), observed with the CoRoT satellite (Neiner et al. 2012).
Like other early-type Be stars, the most prominent periodic sig-
nals are at frequencies between 0.5 — 3 d~!, and are inconsistent
with rotation and p-mode oscillations. The proposed origin of
these signals are stochastic gravito-inertial modes that are ex-
cited by core convection and modified by the Coriolis accelera-
tion, in addition to possible r-modes driven by the Coriolis ac-
celeration. HD 51452 is also mentioned in Saio et al. (2018b),
where the authors suggest odd and even r-modes of m = 1 as
sufficient to explain the observed frequency groups without the
need to invoke internal gravity waves driven by core convection
as an excitation mechanism.

A recent study of the Be star HD 49330 (B0.51Ve) by
Neiner et al. (2020) demonstrates all the salient points of
this section. HD 49330 has similarities to y Cas, being of the
same spectral type and having frequencies in both the g and
p mode regimes, although its disk is far weaker and less per-
sistent compared to y Cas. In an effort to understand the ob-
served amplitude spectrum of HD 49330 and its correlations
with outbursts observed by CoRoT (Huat et al. 2009; Flo-
quet et al. 2009), Neiner et al. (2020) modeled various aspects
of the system and found that stochastically excited internal
gravity waves act to transport angular momentum to the sur-
face layers, which then become destabilized and oscillate in
stochastically driven g¢ modes, whereupon outbursts can be
triggered. Neiner et al. (2020) conclude that the xk mechanism
drives the observed p modes, but cannot drive the observed
g modes. Instead, the g modes are excited by stochastic inter-
nal gravity waves.

The stochastic low frequency excess observed in the am-
plitude spectrum of y Cas likely reflects the presence of in-
ternal gravity waves driven at the inner boundary of the ra-
diative zone. This spectrum of internal gravity waves can ex-
cite g mode pulsation similar to the case of HD 49330, which
can explain the presence of gl and g2 in y Cas. At the same
time, r modes may (and probably do) exist which can also
contribute to the observed frequency groups. Circumstellar
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activity may also cause photometric variability in the vicin-
ity of g1 and g2. The « mechanism is likely the driving force
behind the higher frequency signals in g3 and g4 (under the
assumption they are p modes). Given that the disk of y Cas
was growing at the time of the TESS observations, it is pos-
sible that all three of these processes (stochastically driven
g modes, r modes, and circumstellar activity) are contribut-
ing to g1 and g2. Detailed modeling and spectroscopic iden-
tification of the line profile variability associated with these
frequencies is needed to determine the physical processes re-
sponsible for, and their relative contribution to, the observed
amplitude spectrum of y Cas.

5.2. Mass ejection and comparison to other early-type Be
stars

The signals recovered in the TESS data of y Cas are perfectly
ordinary compared to those found in large samples of classi-
cal Be stars (Labadie-Bartz & Carciofi 2020; Balona & Ozu-
yar 2020). There are a number of different types of variability
seen in the brightness of Be stars, including frequency groups
as well as individual isolated frequencies, stochastic variabil-
ity, and longer timescale (a few days and longer) changes in the
mean brightness. In some Be stars monitored with the BRITE-
Constellation satellites, mean brightness variations by up to a
few per cent and on timescales of weeks to months have been ob-
served at times when the amplitude of g1 modes was temporarily
increased. In some instances, the growth in amplitude appeared
larger, and was more peaked in time, than would follow from the
mere temporary agreement in phase (beating) of frequencies and
can be due to nonlinear amplification (Baade et al. 2016, 2018a;
Baade & Rivinius 2020). The proposed explanation of the vari-
able brightness (Haubois et al. 2012; Ghoreyshi et al. 2018) is in
terms of discrete mass-loss events that are driven by the nonlin-
ear amplitude superposition of several NRP modes and lead to
an increased continuum emission by the ejecta. However, if the
matter is ejected into the line of sight, the total brightness can be
reduced.

In spite of the - in comparison to BRITE and SMEI (e.g.
Borre et al. 2020) - much shorter time baseline of less than a
month (mostly one TESS sector), about one-quarter of early-
type Be stars observed by TESS (BO — B3) show variability in
their mean brightness on timescales of a few days or longer and
with amplitudes typically of a few percent. TESS data for four
early-type Be stars are shown in Appendix B to illustrate this
point and serve as a comparison to y Cas. In most, but not all,
cases of days-long net brightening events, they are accompanied
by increased amplitudes of one or more of the main frequency
groups (mostly g1 or g2). By analogy to the much slower and of-
ten higher-amplitude events that are well understood to trace the
build up of the circumstellar disk (e.g. Baade et al. 2016, 2018a;
Labadie-Bartz et al. 2018), these more rapid changes in mean
brightness are likely the result of varying amounts of material be-
ing lifted above the photosphere. This leads to the notion that, as
the result of the temporary phase-coherent combination of mul-
tiple NRP modes, active Be stars can quasi-permanently (when
averaged over months or years) eject matter that can be picked
up by viscosity to build a disk. The process may be stochastic as
already discussed by Kurtz et al. (2015).

The TESS light curve of y Cas does not clearly invite for a
similar conclusion because the variations in mean brightness do
not include clearly defined extrema (the mean brightness may
also be affected by the signal and background extraction). Ac-
cordingly, the time intervals of temporary in-phase superposi-
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tion of multiple NRP modes that stand out as bright blobs in
the wavelet transform but are also visible in the light curve (see
bottom and top panels, respectively, of Fig. 1) do not clearly cor-
relate with changes in the mean brightness.

The lack of such a correlation neither invalidates the
interpretation given above of the cases presented in Ap-
pendix B nor is it expected that the correlation is seen in
TESS data of a given Be star at all times or in all Be stars. In
fact, the saturation effect described in Sect.2.2 even implies
that in stars with a very dense inner disk small mass-ejection
events may become photometrically very insignificant. At the
time of the TESS observations, the disk of y Cas was clearly
very strongly developed. Furthermore, there can also be ex-
tended time intervals with significant mass loss but so small
changes in its rate that the light curve is smooth over the du-
ration of a single TESS sector (Labadie-Bartz et al. 2017;
Rimulo et al. 2018). Any superimposed discrete mass-loss
events may also be so separated in time that a single TESS
sector does not capture one of them. Nevertheless, it is well
possible that the longer term increase in brightness seen in
Sectors 17 and 18 reflects enhanced mass loss rates over this
time period. However, this is more ambiguous than the cases
discussed in Appendix B, where the evidence for brief mass
ejection events is less hampered by a strong disk that has
been growing for decades.

5.3. Historical and new photometric frequencies

There is no clear indication in TESS Sectors 17, 18, or 24
of the 1.215811 + 0.000030 d period (0.82250(2) d~! frequency)
found by Henry & Smith (2012) with an initial amplitude of ~5-
7 ppt and confirmed by Borre et al. (2020) to have faded and
eventually dropped below detectability. In the combined TESS
data, the closest signal appears at 0.8099(8)d~! and is the third
strongest signal in g1 with an amplitude of 0.59 ppt. Formally,
the 0.82d"! frequency has not, therefore, returned although, in
view of the challenges discussed above of accurately and con-
sistently measuring a frequency in a highly variable frequency
group, the uncertainty may be larger than the numbers suggest.
Smith et al. (2016) do not identify the physical property that is
supposedly rotationally modulated with 0.82d~", and they do
not explain the phase coherence reported by Smith et al. (2006)
which is not an obvious property of weak, stochastically gener-
ated magnetic structures. Therefore, there is no reason to pick
a convenient frequency in gl and call it the stellar rotation fre-
quency.

As Borre et al. (2020) reported, the 0.82 d~! frequency seems
to have given way to a newly developing variability with fre-
quency 2.47936(2) d~! (which falls into g2) and time-dependent
amplitudes between 1.5 and 4.5 mmag (ranging between about 1
— 3 mmag in the red filter of BRITE and 3 — 5 mmayg in the blue
filter). This amplitude difference considering the red and blue
filters is expected for pulsation in hot stars, as photometric am-
plitudes are higher at shorter wavelengths. TESS found the latter
of these signals still present in all sectors and at 2.4796(1)d ™" in
their combination. In agreement with Borre et al. (2020) and the
group behavior described above, the amplitude was variable be-
tween 2.6 and 3.7 ppt but was at all times the largest of all indi-
vidual signals (Table 2). Borre et al. (2020) determined that the
0.82d7! and 2.48 d™! frequencies are not 1:3 harmonics, having
a conservatively estimated ratio of 3.0158(1). The TESS value
for the latter frequency is in agreement with this conclusion. The
1.25 d"! variability tentatively identified by Borre et al. (2020)
is not confirmed by TESS (see Fig.2). The detection was de-
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clared tentative because the feature appeared surrounded by oth-
ers in the power spectrum. In this region, TESS now found group
gl. The strongest signal in g3, 5.0559(5) d™', seen by TESS is
also apparent in the blue-filter BRITE data at a similar ampli-
tude (about 1 ppt, Borre et al. 2020). But, owing to its low SNR
and proximity to an integer multiple of 1 d=!, the signal could
not be unambiguously attributed to y Cas. Since TESS does not
suffer from daily aliases, this problem is avoided and the 5.06
d~! signal tentatively reported in Borre et al. (2020) is confirmed.

Frequencies persistently present during the TESS observa-
tions were the strongest feature in g2 at 2.4796(1)d™! (and,
more tentatively, at 2.3244(3) and 2.2663(4)d™") and the two
strongest ones in g3 at 5.0559(5) and 5.091(1)d"as well as
the seemingly isolated frequency at 7.571(1) d~! (see Table 2 and
Fig. 2). Of these variabilities, the last one had the most constant
amplitude.

Frequency group g1, which in y Cas includes the 0.82 and
1.25d! frequencies, is, in other Be stars, near its lower limit of-
ten home to the Stefl frequencies (Sect. 2.1) that are thought to
trace activity in the innermost disk. In the latter, only in Sector
18 a feature at 1.115(4) d~' stands out above the remainder of
g1 (Table 2). The apparent lack of Stefl frequencies in photome-
try, however, does not exclude ongoing star-to-disk mass trans-
fer. Because Stefl frequencies may arise in newly ejected matter
not yet in circularized orbits and/or not yet homogeneously dis-
tributed in azimuth, the indicated high inner-disk density could
accelerate this process and reduce its amplitude. Frequent small
events would further equalize the matter density in azimuth and
circularize the orbits more quickly. The photometric signature
of Stefl frequencies is also more likely to manifest in systems
with higher inclination angles, whereas the intermediate in-
clination angle of y Cas (~ 42°, Stee et al. 2012) can be a hin-
drance to their detection. Furthermore, such circumstellar
signals could exist among g1 and/or g2, but their identifica-
tion as such would require spectroscopic confirmation.

Yang et al. (1988) reported periods between 7000 and
10000 s for the traveling subfeatures in spectral lines (high-order
NRP modes). The corresponding frequency range from 8.6 to
12.3d7"in the TESS amplitude spectra is devoid of significant
features, indicating long-term amplitude variations or cancella-
tion of high-spatial-frequency signals in integral-light data.

6. Conclusions

The presence of frequency groups proves that y Cas pulsates
in low-order NRP modes because frequency groups have been
found and attributed to low-order NRP in many Be stars, in
B Cep and SPB stars, and even outside the B-star domain in
v Dor stars (cf. Introduction). Another commonality suggested
by the TESS observations is the involvement of NRPs in sev-
eral discrete mass-loss events within a month in some Be
stars (Appendix B). At the time of the TESS observations, the
strongly developed disk of y Cas probably diluted the photo-
metric evidence of individual events while the mean star-to-
disk mass-transfer rate must have been high to let the disk
grow even further. Considering all other available observed
properties, these findings reduce to a minimum the qualitative
difference between y Cas and the class of classical Be stars as a
whole. This concerns the properties of central stars and circum-
stellar disks alike as well as the physical processes governing
them.

The establishment of low-order NRP also reinforces the
spectroscopic identifications of higher-order NRP (Yang et al.

1988) that have also been seen in other Be (Vogt & Penrod
1983; Kambe et al. 1997) and non-emission-line B stars (Smith
1985). It is, therefore, very difficult to instead imagine unde-
tectable magnetic fields producing azimuthally roughly equidis-
tant super-photospheric cloudlets (Smith et al. 2016). Even more
challenging is it to anchor anything in a stellar atmosphere such
that it does not show detectable phase wobble. If the principle
is that same objects require same explanations, y Cas is to be
explained by what explains other Be stars. Since most other Be
stars do not require an explanation of hard X-rays, because they
do not emit them, and there is nothing in the standard toolbox for
single Be stars suggesting that X-rays could arise anyway, the X-
ray properties of y Cas need to be explained by something that
is not needed to understand the basics of Be stars. A good can-
didate is the presence of helium-star companions (Langer et al.
2020, and references therein) that are tracers of an important for-
mation channel of Be stars.

The picture conveyed by Appendix B is that, in their equato-
rial regions, some Be stars are continuously bubbling like some
hot springs on Earth. The part made visible by TESS goes down
to small events of up to a week (very few stellar rotations) in du-
ration. In addition, there can be sometimes cyclically repeating
major events and a putative floor of activity powered by high-
order NRPs and turbulence. The relative contributions to the to-
tal mass loss to the disk are unknown. In vy Cas, the star-to-disk
mass-transfer rate seems to have increased in recent years be-
cause the profile of the emission in Ha has slowly grown in
EW and E/C textcolorblueDBA: The following has not been
mentioned (correctly so, I think) before: has changed from flat-
topped to peaked, indicating an overall growth in disk mass and
an increased density in the outer disk.

The 2.48d7"and 5.06d7! signals have probably persisted
from 2015 (Borre et al. 2020) through 2020 (TESS). The
0.82d"! frequency found between 1997 and 2011 by Henry &
Smith (2012) has not returned in 2019/2020. It falls into gl
which exhibited amplitude variability over the TESS timeline.
Nevertheless, at ~ 6.5 mmag, the initial amplitude of the 0.82 c¢/d
variability was large. This frequency seems too high for the Stefl
frequency of y Cas which is at the extreme high end of possi-
ble stellar rotational frequencies (Henry & Smith 2012). Like
2.48d7!, itis likely just one of several frequencies in its parental
group, and there is no reason to single it out for specific inter-
pretative purposes. The two magnetic models for Be stars zoom
into just one frequency and, therefore, are not likely to capture
the full picture. Most notably, they do not seem to offer provi-
sions for the (nonlinear) coupling of several frequencies to initi-
ate mass-loss events. The case of 7 Aqr (Nazé et al. 2020) may
show that y Cas-like stars are not exempt from this. 0.82d~! and
2.48 d™! are confirmed by Borre et al. (2020) to be not obviously
numerically related despite being nearly at a 1:3 ratio.

The lack of phase coherent variability in gl seems in agree-
ment with the nondetection of spectroscopic signatures of low-
order NRP modes in y Cas. On the other hand, the yearslong
presence at high amplitude of the 0.82 c¢/d frequency in g1 indi-
cates that the nature of gl may be more mixed than it appeared
at the time of the TESS observations.

The amplitude spectrum of y Cas contains frequencies well
above the conventional g-mode domain. This includes g3 near
5.1d7" and the seemingly solitary feature at 7.57 ¢/d. The latter
should be outside the domain of rotationally split low-order g-
modes. Because y Cas is close to the hot limit of the 8 Cephei
instability strip, it may be a hybrid B Cep/Be(SPB) pulsator
(Mozdzierski et al. 2019). This property is shared by about one-
third of all Be stars in the S Cephei domain (Balona & Ozuyar
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2020). Like other early-type Be stars with pulsation in the
traditional g-mode domain, it remains to be explained what
mechanism(s) act to drive these modes. Excitement by inter-
nal gravity waves is one attractive possibility (Neiner et al.
2020). Angular-momentum transport by gravity waves may
aggravate the possible surface-angular-momentum crisis of
Be stars (Krtic¢ka et al. 2011; Rimulo et al. 2018). Mass loss
driven by NRP would avoid this problem, so that NRP modes
might couple such as to enable mass loss (Baade & Rivinius
2020). r modes may also contribute to these lower frequency
groups.
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Appendix A: Light curve extraction from TESS
images

At an [-band magnitude around 2.4, y Cas heavily saturates
the TESS detectors. However, since primarily the core of the
PSF and bloom columns are affected, valid brightness measure-
ments can be extracted from the non-saturated pixels in the PSF
wings (i.e. halo photometry). Alternatively, a much larger aper-
ture mask can be used if it includes all charge-containing pix-
els. The TESS CCDs are designed to conserve charge even for
highly saturated objects. That is, excess charges from saturated
pixels flow to neighboring unsaturated pixels along the column
and can be collected and measured from them. Tests carried out
prior to launch demonstrated this for stars at least as bright as
4th magnitude in the TESS band (according to the TESS instru-
ment handbook v0.17). Using an aperture mask that includes all
pixels that collect charge from the incident flux of a very bright
star (e.g. y Cas) is therefore a valid method for extracting a light
curve provided that the brightness limit at which charge is no
longer conserved does not significantly interfere with the astro-
physical signals.

Light curves were extracted using both of these methods
and compared. The aperture masks used are shown in Figures
A.1 and A.2 for the methods using all charge-containing pix-
els and only including non-saturated halo pixels, respectively.
The resulting light curves are compared in Figure A.3, along
with their respective power spectra, computed with the TIME-
SERIES.LOMBSCARGLE package (VanderPlas et al. 2012; Vander-
Plas & Ivezi¢ 2015) of AsTtroPY (Astropy Collaboration et al.
2013, 2018). The properties of these light curves are very simi-
lar, with the main differences being that halo photometry results
in a lower SNR and an increase in apparent low frequency trends
which are likely due to systematic effects. After removing lin-
ear and low frequency trends (with f < 0.2 d™!), the frequency
spectra of the two versions of the data are essentially identical, in
that the same signals are detected in both but with slightly higher
amplitudes in the halo photometry (typically 15%). This ampli-
tude suppression is most pronounced for y Cas in Sector 24, and
may be related to the longer central bloom column (and/or the
higher number of saturated pixels) compared to Sectors 17 and
18. However, the SNR of each photometric data point and also
the spectroscopic SNR of the periodogram peaks are at least 2x
greater for the LC extracted using all charge-containing pixels.
Both light curve extraction methods were performed for other
variable stars of similar brightness as y Cas, and in all cases the
same signals are recovered with both methods, with higher SNR
resulting from including all charge-containing pixels and a sim-
ilar mild suppression of variability amplitude, empirically sup-
porting the validity of the methods used for y Cas in this work,
with the caveat that reported amplitudes are suppressed by ~10
— 15% (and perhaps slightly higher for data from Sector 24).

Appendix B: Mass-loss indicators in TESS
observations of other early-type Be stars

The following subsections show and discuss sample light curves
for four early-type Be stars which illustrate variability patterns
representative of the types of photometric signals seen in Be stars
with TESS (Labadie-Bartz & Carciofi 2020). These light curves
were extracted using methods similar to that for y Cas (but with-
out the complications of heavy saturation) and preserve the slow

7 https://archive.stsci.edu/missions/tess/doc/TESS_
Instrument_Handbook_v@®.1.pdf
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Fig. A.1: TESS “postage stamp” showing the region of the sky
around vy Cas for Sectors 17, 18, and 24. Pixels used to extract
the light curve are marked in green. Pixels with counts greater
than approximately five times the background level are used.

variability that illustrates that changes in the mean brightness
and times of in-phase superposition of variabilities with several
frequencies in gl or g2 are correlated. Because the time inter-
vals concerned can be as long as ~5d and several of them can
occur in a single TESS sector of ~ 27 d, the identification of such
simultaneities is necessarily subjective.

Globally, there is no doubt that such a correlation exists,
especially since qualitatively identical, probably cyclic correla-
tions have been found on larger timescales and at much higher
amplitudes (Baade et al. 2017, 2018a). Only its prevalence can-
not be quantified on the basis of the data used. As explained
in Sect.5, a change in mean magnitude can be the result of
increased light scattering by additional matter ejected through
the temporary (nonlinear) in-phase superposition of several NRP
modes.

Appendix B.1: HD 58050 (HR 2817, OT Gem, TIC 14498757)

Bozi¢ et al. (1999) distinguished photometrically quiet and ac-
tive phases with peak-to-peak ranges of up to 0.4 mag in V and
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Fig. A.2: TESS “postage stamp” in the same style as Figure A.1
showing the aperture mask used for halo photometry, where sat-
urated pixels are not included.

timescales up to hundreds of days. In observations obtained dur-
ing the active phase they found cyclic variability with a repetition
time of nearly 72 d and a peak-to-peak amplitude of ~ 0.15 mag.
The authors attributed this variability to binarity but did not have
corroborating spectral evidence. Because of the link to enhanced
photometric activity, a relation to the beating of NRP modes
is equally plausible and supported by the triangular shape of
the light curve, characteristic of short-lived mass ejection events
(Bernhard et al. 2018; Labadie-Bartz et al. 2018)

With a peak-to-peak range of ~ 0.06 mag, HR 2817 is rel-
atively active in regards to its secular brightening and fading
events compared to other Be stars observed by TESS, but much
less variable than during the active state described by Bozi¢ et al.
(1999, where the authors use a significantly longer time base-
line). The TESS light curve (Fig. B.1) includes two rather strong
local maxima during which the in-phase superposition of g2 fre-
quencies is particularly clearly visible.

Appendix B.2: HD 71042 (TIC 52929072)

From observations in 3 of 5 consecutive annual seasons,
Labadie-Bartz et al. (2018) classified HD 71042 as Be star with
outburst behavior and a full range of ~ 0.2mag in V. Contrary
to the majority of Be stars, the outburst activity mainly consisted
of dimmings rather than brightenings, suggesting that the line of
sight passes through the disk. There may be a 23.5 d period with
very unusual light curve. Observed in two consecutive TESS sec-
tors, the light curve in Fig. B.2 shows three time intervals when
the mean magnitude dropped and subsequently ascended (the
observations ended before a possible recovery after the third de-
cline). In all three intervals, the temporary in-phase superposi-
tion of gl frequencies is prominent, and to a lesser extent those
in g2. The short-term variability, too, is consistent with a near-
equator-on perspective. However, there are no published spectra.
The 23.5 d period may also be present in the TESS data, although
the short observational baseline makes this uncertain.

Appendix B.3: HD 144555 (TIC 215511795)

In Fig.B.3, five humps in mean magnitude appear in the light
curve of HD 144555. On the ascending branch of all of them,
variations with frequencies from g1 are temporarily co-phased.
Around TID = 1644 (TJD = BJD - 2457000), an additional phe-
nomenon occurred in the form of a strong admixture of variabil-
ity with g2 frequencies. That multiple g1 as well as g2 frequen-
cies are in phase both alone and together may be a coincidence.
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But the probability of this happening in a single TESS sector of
one month may be low. Therefore, this phase could also be an
indication of strong nonlinearity as gl and g2 are in a crudely
harmonic relation. This phenomenon is seen in other Be stars
observed by TESS. The difference between the two strongest
signals in g1 is 0.24377 d~', consistent with the amplitude of
g1 being modulated with a period of ~4 days.

Appendix B.4: HD 156172 (TIC 216875138)

The photometric variability in Fig B.4 belongs to the most un-
usual ones described to date for any suspected classical Be star.
Firstly, the Lomb-Scargle amplitude spectrum of this late O-type
star contains very little power below 4 d~! , and frequency groups
gl and g2 are not discernable in a broad distribution of weak
peaks. The strongest features appear at the unusually high fre-
quencies of 6.9724 and 6.660d™", respectively, and seem to be
members of a small group. This has led to the classification of
HD 156172 as a 8 Cep star by Pigulski & Pojmanski (2008) who
listed a single frequency of 6.97258(3)d™! and an amplitude of
12.4 mmag in V. There is a much lower-amplitude pair of signals
at frequencies of 13.9468847 and 13.635789d~!. The higher
frequency of these is consistent with being the first harmonic
of the strongest signal at 6.9724d~!, and the lower-frequency
signal is equal to the sum of the two frequencies near 7d'.
Secondly, the difference, 0.312 d™!, between these these two
main frequencies appears as the beat frequency in the wavelet
transform (Fig. B.4). Since the beat frequency also exists in the
amplitude spectrum (as the peak with the fourth highest ampli-
tude, but not necessarily Lomb-Scargle power), there seems to
be a nonlinear mode interaction. Thirdly, the mean brightness
of HD 156172 varies with the same beat period and a semi-
amplitude of 0.1 — 0.2%. The amplitude is tiny but clearly de-
tectable by plain visual inspection, and there is a well isolated
peak in the unfiltered Lomb-Scargle spectrum at 0.312

,d~'. The maxima coincide with times of constructive interfer-
ence of the said two frequencies (blobs in the wavelet transform).

If these frequencies correspond to p-modes, HD 156172
might be one of the first Be stars in which indications of mass-
loss due to p-mode pulsations is found (see also Nazé et al.
2020). Frequencies in the nominal p-mode domain are not un-
common in Be stars (Labadie-Bartz & Carciofi 2020; Balona
& Ozuyar 2020). However, in HD 156172, only the absence of
the mostly much stronger gl and g2 variabilities permitted the
minute variation in mean brightness to be detected. Generally,
caution should be exercised in uncritically adopting a p-mode
identification merely on the basis of the observed frequencies
because rapid rotation may greatly modify the frequencies in the
inertial frame. However, the absence of significant gl and g2
frequencies as possible parent frequencies may make a p-mode
identification safer.

Inspired by the above peculiarities, an echelle spectrum was
obtained on July 01 2020 with the NRES instrument attached
to the 1-m telescope at South African Astronomical Observa-
tory operated by LCOGT. The Ha and Hg line are shown in
Figure B.5. This spectrum is entirely consistent with that of a
classical Be star, and seemingly inconsistent with other types of
objects that may show hydrogen emission (i.e. interacting bina-
ries, rapidly rotating OB stars with strong magnetic fields, su-
pergiants, or Herbig Ae/Be. Other absorption lines are consis-
tent with the spectral classification of a rapidly rotating late O
or early B star. A more detailed investigation of this system is
beyond the scope of this work, but is certainly warranted.
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Fig. A.3: Left: Comparison of the light curve extracted using all charge-containing pixels (black) and using only non-saturated halo
pixels (red) for sectors 17, 18, and 24 after detrending. Right: Lomb-Scargle periodogram for the light curve extracted using all
charge-containing pixels (black) and using only non-saturated halo pixels (inverted, red) showing the main features. Owing to the
different extraction apertures, there are slight differences in the systematic trends in the two versions of the light curves, requiring
removal of data at slightly different times near the beginning and end of each half of each observing sector.
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Fig. B.1: Top: Raw TESS light curve (after removing trends
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common to other pixels in the vicinity of the target) in black,
with the red curve showing the low frequency component. Sec-
ond: TESS light curve after removing the low frequency compo-
nent. Third: Wavelet analysis showing the variability of the main
frequency groups. Fourth: Lomb-Scargle periodogram, com-
puted after removing the low frequency component.
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Fig. B.2: Same as Figure B.1, but for TIC 52929072.
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Appendix C: Full frequency table for combined light

curve

All frequencies found through iterative pre-whitening of the
combined Sectors 17 + 18 + 24 data are given in Table C.1,

up to a false alarm probability of log;o(FAP) = -4.

Table C.1: Frequencies detected through iterative pre-whitening
for the full TESS light curve, according to the frequency groups

(when applicable) and ordered by the semi-amplitude.

Group Freq. Amp. Phase SNR logo(FAP)
d™h (ppt)
gl 1.1346(6) 0.71  0.245 572.6 -21.8
gl 1.0206(7) 0.62  0.133 709.6 -25.5
gl 0.8099(8) 0.59 -0.350 373.0 -16.1
gl 1.111(1) 046 -0.126  913.0 -29.1
gl 0916(1) 040 -0.443 4763 -19.2
gl 1.002(1) 0.34 0.324 125.0 -8.9
gl 0.839(1) 0.31 -0.491 280.4 -14.5
gl 0.526(1) 0.28 -0470  138.8 -9.6
gl 1.412(1) 0.28 0.045 153.6 -10.0
gl 0.866(1) 0.28 -0.059 109.8 -8.0
gl 1.165(2) 0.24 0.441 112.6 -8.2
gl 1.332(2) 023 -0411 449 -5.3
gl 0.732(2) 0.22  0.393 73.1 -6.6
gl 1.246(2) 0.19 0.254 310.3 -14.8
gl 1.0592) 0.19 -0.170 2424 -14.0
gl 1.449(2) 0.18 -0.281 53.4 -5.8
gl 0.789(2) 0.17 -0.113 110.9 -8.8
gl 1.094(3)  0.15  0.002 333.8 -15.6
gl 1.118(3) 0.14  0.229 187.3 -11.5
gl 1.299(3) 0.13  0.108 27.9 -4.8
gl 0.9234) 0.12 0.124 67.0 -6.8
gl 0.644(4) 0.12 -0.330 50.1 -5.6
gl 1.206(4) 0.11  0.020 286.7 -14.7
gl 0.893(5) 0.09 0.106 42.6 -5.0
gl 0.956(5) 0.09 -0.456  296.7 -15.2
gl 0.958(5) 0.09 0.406 137.5 9.8
gl 1.032(6) 0.08 -0.237 42.5 -5.1
gl 1.090(6) 0.08 0.150 168.5 -11.2
gl 0.683(6) 0.08 0.217 43.7 -5.2
gl 1.207(6)  0.07  0.355 127.6 -9.0
gl 1.230(8) 0.06  0.473 73.1 -6.6
gl 0.958(8) 0.06  0.252 169.1 -11.0
gl 1.093(8) 0.06 -0.365 43.1 -4.9
gl 1.090(9) 0.05 -0.052 60.9 -6.2
gl 1.244(9) 0.05 -0478 91.0 -71.3
gl 1.2449) 0.05 -0.493 55.8 -5.9
gl 0.955(9) 0.05 -0.036 1954 -12.1
gl 1.242(9) 0.05 -0.189 126.1 -8.9
gl 1.09(1) 0.04 -0342 1162 -8.6
gl 0.58(1) 0.04 -0.200 33.8 -4.5
gl 1.20(1) 0.04 -0.132 69.4 -6.7
gl 1.20(1) 0.04 0.212 110.3 -8.2
gl 1.23(1) 0.03 -0.297 41.9 -4.8
gl 1.23(1) 0.03 -0416 24.8 -4.2
gl 0.95(1) 0.03  0.485 42.1 -5.0
gl 1.20(1) 0.03 -0.201 43.2 -5.3
gl 1.21(1) 0.03 -0.321 88.8 -7.0
gl 1.21(1) 0.03  0.236 52.8 -6.1
gl 1.11(1) 0.03 -0.018 50.2 -5.7
gl 1.05(1) 0.03 -0.149 31.5 -4.5
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gl L11(1) 003 -0378 313 45
gl 0952) 002 0375 464 5.4
gl 1.062)  0.02 0278 233 39
gl 1.06(2)  0.02 0289 458 5.3
gl 0952) 002 0193 252 4.4
gl 1L112) 002 0.190 449 52
gl 0952) 002 -0483 750 6.9
gl 1202) 002 -0375  27.1 47
gl 0952) 0.02 0.156 562 6.0
gl 121(2) 002 0437 736 6.7
gl 1202) 002 -0320 386 47
gl 1.062)  0.02 -0464  69.6 7.1
gl 0952) 0.02 0014 658 6.6
gl 1.0622) 002 -0.108 435 5.0
gl 0954) 001 -0.033 814 7.0
gl 1.06(4) 001 -0.075 592 6.0
gl 124(4) 001 -0426 255 4.4
gl 1204) 001 -0347 248 4.1
92 24796(1) 3.67 0218 132443 2569
g2 23244(3) 130 -0.400 23569 -68.0
g2 226634) 101 0442 12895 -40.7
g2 24161(5) 095 -0483  487.1 -19.0
g2 22902(7) 0.69 0255 4766 -19.9
g2 2.5421(8) 056 -0.085 3487 -16.1
g2 26331(8) 055 0034 2978 -14.8
¢2 2118790 053 0041  390.1 -16.1
g2 1.9452(9) 052 -0.142 2976 -142
g2 23607(9) 050 -0257 577.8 216
g2 2581(1) 042 0045 1823 112
g2 1968(1) 037 -0.046  94.1 7.1
g2 2057(1) 036 -0221 1486 9.8
g2 2211(1) 036 -0.157 2245 -135
g2 2605(1) 036 -0281 69.4 6.5
g2 2380(1) 033 0475 3155 -14.9
g2 2509(1) 033 0363 3466 -15.0
g2  21821) 033 0177 7395 25.8
g2 23421) 032 -0.125 367.1 -15.7
¢2  1.865(1) 029 0.163 975 7.9
g2 2260(1) 025 -0235 974 7.1
g2 24572) 023 0500 8244 280
¢2  1.89822) 021 0380 425 52
2 17642) 020 0076 240 4.1
g2  21512) 020 -0425 426 48
g2 1982(2) 0.17 0483  30.1 49
g2 2684(3) 0.6 -0458 313 4.5
g2  22383) 0.6 0477 245 4.1
g2  2863(3) 0.16 0025 642 6.5
g2 2.6983) 0.6 -0321 986 7.3
g2 2462(3) 0.5 -0414 5340 215
g2 20173) 0.5 0476 1066 7.8
g2  20893) 0.14 0077 297 4.4
2 27773) 0.14 0468 368 4.7
g2 23403) 0.3 0379 834 7.0
g2 26993) 0.3 -0288 293 47
g2 2506(4) 0.1 -0.051 1110 7.9
g2  23714) 0.1 0116  86.1 7.8
g2 21785 0.09 -0451 258 4.4
g2 2417(5) 0.09 -0.102  47.1 5.4
g2 23046) 008 0192 383 4.7
g2 24596) 008 0.130 3636 -15.8
g2  23636) 007 0287 243 4.1
g2 24598) 0.06 -0.066 2045 127
g2  21758) 006 0038 573 5.9
g2 2460(9) 005 -0263 712 7.4
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g2 2.46(1) 0.04 -0.230 120.2 -8.7
g2 2.17(1) 0.04 0.362 71.1 -6.8
g2 2.46(1) 0.04 -0.119 102.9 -7.6
g2 2.45(1) 0.04 -0.095 139.9 -9.7
g2 2.45(1) 0.03 -0.482 45.4 -5.3
g2 2.51(1) 0.03 -0.371 26.6 -4.6
g2 2.45(12) 0.02 -0.027 24.3 -4.1
g2 2.45(2) 0.02 0.013 40.7 -4.8
g3 5.0559(5) 0.90 -0.382 9340 -28.9
g3 5.091(1) 0.45 0.319 269.8 -14.1
g4 7.571(1) 0.30 -0.442 103.4 -8.1
1.542(1) 0.42 0.028 117.6 -8.5
3.721(1) 0.26 0.438 24.3 -4.0
4.044(2) 0.24 0.197 40.0 -4.8
4701(2) 020 -0.344 58.4 -5.9
0.453(2) 020 -0.147 79.9 -6.9
0.281(2) 0.18 0.398 196.3 -12.1
0.427(2) 0.17  0.429 123.0 -8.6
1.688(3) 0.13 -0211  39.7 4.7
0.309(3) 0.13 0.126 119.7 -8.6
0.426(4) 0.11 -0.184 33.9 -4.6
0.364(4) 0.11 0.401 40.7 -4.8
0.481(5) 0.09 -0292 1263 92
0.235(6) 0.07 -0.031 45.0 -5.2
0.480(9) 0.05 -0.258 44.8 -5.5
0.48(1) 0.04 -0.064 24.9 -4.2
0.28(1) 0.03 -0.259 42.8 -4.9
0.28(1) 0.03 -0.045 57.7 -5.9
0.26(1) 0.03 -0.264 40.5 -4.9
0.31(2) 0.02 0.168 24.7 -4.1
0.26(4) 0.01 0.240 23.9 -4.1
0.28(4) 0.01 -0.077 24.1 -4.1
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