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ABSTRACT30

Asteroseismology is playing an increasingly important role in the characterization of evolved host31

stars and their planetary systems. Here, we present the detailed asteroseismic modeling of two high-32

luminosity red-giant branch (HLRGB) hosts, KOI-3886 and ι Draconis, making use of end-of-mission33

Kepler (KOI-3886) and multi-sector TESS (ι Draconis) time-series photometry. This completes a three-34

article series dedicated to these systems by providing an account of the underlying seismic analyses.35

We test the impact of adopting different sets of observed modes as seismic constraints. Inclusion of36

` = 1 and 2 modes improves the precision, albeit marginally, on the stellar properties compared to37

radial modes alone, with 1.8–3.0% (radius), 5–9% (mass), and 19–25% (age) reached when using pure38

π modes as constraints. Given the very small frequency spacing of adjacent dipole mixed modes, the39

sparse set of observed g-dominated modes is not able to provide extra constraints, resulting in highly40

multimodal posteriors. Access to multi-year time-series photometry does not improve on the latter,41

meaning that detailed modeling of HLRGB stars based on (lower-resolution) TESS power spectra42
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attains a precision commensurate with that based on end-of-mission Kepler data. Furthermore, we43

test the impact of varying the atmospheric boundary condition. We find mass and radius estimates44

to be insensitive to the description of the near-surface layers, at the expense of substantially changing45

both the near-surface structure of the best-fitting models and the values of associated parameters like46

the initial helium abundance, Yi. Attempts to measure Yi from seismic modeling of red giants may47

thus be systematically dependent on the choice of atmospheric boundary condition.48

Keywords: asteroseismology — stars: evolution — stars: fundamental parameters — stars: individual49

(HD 190655, HD 137759, TYC 3130-2385-1)50

1. INTRODUCTION51

Throughout the course of the NASA Kepler/K2 mis-52

sion (Borucki et al. 2010; Howell et al. 2014), astero-53

seismology has played an important role in the char-54

acterization of host stars and their planetary systems55

(for recent reviews, see Campante et al. 2018; Lund-56

kvist et al. 2018). Kepler/K2 mainly targeted main-57

sequence stars, however, observing too few red giants to58

detect enough planets for robust statistics (Huber et al.59

2013; Lillo-Box et al. 2014; Grunblatt et al. 2017, 2019).60

This meant that the synergy between asteroseismology61

and exoplanetary science would remain mostly confined62

to unevolved stars. The advent of NASA’s Transiting63

Exoplanet Survey Satellite (TESS; Ricker et al. 2015)64

has since lifted this restriction, as it enables the system-65

atic search for transiting planets around seismic giants66

(Campante et al. 2016; Huber et al. 2019; Pereira et al.67

2019; Grunblatt et al. 2022; Saunders et al. 2022), as68

well as revisiting previously known (mostly from radial-69

velocity surveys) evolved hosts using asteroseismology70

(Campante et al. 2019; Ball et al. 2020; Jiang et al. 2020;71

Malla et al. 2020; Nielsen et al. 2020; Kane et al. 2021).72

The high-luminosity red-giant branch (HLRGB)73

host stars KOI-3886 A (HD 190655, KIC 8848288,74

TIC 185060864; hereafter KOI-3886) and ι Draconis75

(HD 137759, TIC 165722603; hereafter ι Dra) are76

paradigmatic cases in this regard (see Table 1 for a com-77

pilation of their properties as found in the literature and78

Fig. 1 for their location on an HR diagram). KOI-3886,79

observed by Kepler for nearly 4 years and later by TESS80

over 1 sector (27.4 days), has been a longtime candidate81

host (Rowe et al. 2015). In Lillo-Box et al. (2021), we82

concluded that the close-in planet candidate is in fact a83

false positive and reinterpreted the system as an eclips-84

ing brown dwarf in a hierarchical triple containing two85

evolved stars. The fundamental stellar properties de-86

rived from asteroseismology for KOI-3886 (the primary)87

were central to that work, eventually entering an itera-88

tive procedure to determine a final set of properties for89

the three bodies in the system.90

ι Dra, known for two decades to host a planet1 in a91

highly eccentric, 511-day-period orbit (Frink et al. 2002;92

Zechmeister et al. 2008; Kane et al. 2010), was observed93

by TESS over 5 sectors. In Hill et al. (2021), we pre-94

sented the results of continued radial-velocity (RV) mon-95

itoring of ι Dra over several orbits of its known planet.96

The newly acquired RV observations allowed us to detect97

curvature in the previously identified RV trend, which98

was interpreted as likely being caused by an outer com-99

panion. Making use of the precise seismic mass derived100

for ι Dra, we were able to improve on the precision of101

planet b’s minimum mass. Moreover, through the com-102

bination of the RV measurements with space astrometry,103

we confirmed the presence of an additional long-period,104

eccentric companion. Mass predictions from our anal-105

ysis — which used the seismic stellar mass as a prior106

— place the companion on the border of the planet and107

brown dwarf regimes.108

The presence of planets orbiting KOI-3886 and ι Dra109

(putative in the former case) is what originally moti-110

vated the detailed seismic analyses — conducted sepa-111

rately, although not in a strictly independent manner112

— of these two K giants. With the present follow-up113

paper, we complete a trilogy dedicated to these systems114

by providing a full account of the seismic analyses un-115

derpinning Lillo-Box et al. (2021) and Hill et al. (2021),116

placing special emphasis on the detailed asteroseismic117

modeling of both stars.118

Forward modeling of individual mode frequencies119

(other than radial modes) of HLRGB stars is a state-120

of-the-art affair (Li et al. 2018; Ong et al. 2021a). Evo-121

lutionary calculations in this phase of evolution are par-122

ticularly sensitive to small variations in the choices of123

input physics and model parameters, in a highly nonlin-124

ear fashion. For instance, small variations in the amount125

of envelope overshooting result in shifts to both the age126

and luminosity at which the red-giant luminosity bump127

1 ι Dra b was the first planet found to orbit a giant star (Frink
et al. 2002).
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occurs, as well as lateral adjustments to the position128

of the red-giant branch itself on the HR diagram (e.g.,129

Khan et al. 2018). These changes are degenerate with130

those induced by variations in the mixing-length param-131

eter, αMLT, and the initial helium abundance, Yi, neither132

of which can be directly constrained in cool stars. The133

same is also true of other inputs to stellar evolution, such134

as the reference values used for solar composition (e.g.,135

Grevesse & Sauval 1998; Asplund et al. 2009), equa-136

tions of state, or opacity tables, which are not typically137

treated as variable parameters in grids of stellar models138

used for this purpose.139

To make matters worse, the observational phe-140

nomenology for these evolved oscillators requires the in-141

volvement of both the usual acoustic waves in the con-142

vective stellar exterior, as well as buoyancy waves con-143

fined to the stellar interior, in order to fully describe144

the observed normal modes, which possess mixed p-145

(or pressure) and g-mode (or gravity) character (e.g.,146

Aizenman et al. 1977; Unno et al. 1989). The treat-147

ment of these mixed modes is a numerically sensitive148

affair (Christensen-Dalsgaard et al. 2020), and the use149

of mixed modes in stellar modeling itself involves both150

great computational expense (Ong et al. 2021b) and151

theoretical sophistication. While modes of quadrupole152

or higher degree in these red giants may be treated as153

purely acoustic waves to a good approximation (e.g.,154

Ball et al. 2018), the use of such a prescription for the155

dipole modes, which are an order of magnitude more156

strongly mixed (Ong et al. 2021a), is largely untested.157

Herein, we test the impact of the optimization pro-158

cedure by conducting detailed asteroseismic modeling159

based on three alternative approaches, namely, by using160

the full mode frequency lists (which include g-dominated161

modes), pure π modes alone (i.e., adopting the most p-162

dominated mixed modes), and only considering radial163

modes. Furthermore, we test the impact of varying the164

input physics, namely, the treatment of the model at-165

mosphere, on the inferred fundamental stellar proper-166

ties. This work hence constitutes a valuable incursion167

into the problematic of detailed asteroseismic model-168

ing of HLRGB stars, for which we make use of high-169

quality, end-of-mission Kepler (KOI-3886) and multi-170

sector TESS (ι Dra) time-series photometry.171

The rest of this paper is organized as follows. In172

Sect. 2, we present the adopted Kepler and TESS pho-173

tometry. This is followed in Sect. 3 by the analysis of174

both data sets, including the measurement of individ-175

ual mode frequencies. Detailed asteroseismic modeling176

is performed in Sect. 4. Finally, a summary and conclu-177

sions are presented in Sect. 5.178
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Figure 1. Location of KOI-3886 and ι Dra on an HR dia-
gram. The benchmark star KIC 8410637 (see Sect. 4) is also
displayed. Stellar evolutionary tracks (Bossini et al. 2015)
ranging in mass from 1.0 to 1.8 M� (in steps of 0.2 M�) are
shown as solid curves while on the red-giant branch. The
location of the red-giant luminosity bump across tracks is
delimited by the dotted lines.

2. PHOTOMETRY179

KOI-3886 was observed by Kepler in long-cadence180

mode (29.4 minutes) between Quarters 0 and 17 (or181

for nearly 4 years). It would also be later observed182

by TESS during Sector 14 (27.4 days) at a faster 2-183

minute cadence. Owing to the much lower precision184

and shorter temporal coverage of TESS observations,185

we have nonetheless decided to base the seismic analysis186

of KOI-3886 solely on the available Kepler photometry.187

We make use of a kepseismic2 light curve, which has188

been optimized for asteroseismology. The light curve189

was extracted from the target pixel files using a cus-190

tom aperture and subsequently processed through the191

kadacs pipeline (Kepler Asteroseismic Data Analysis192

and Calibration Software; Garćıa et al. 2011). kadacs193

corrects for outliers, jumps, and drifts, also filling any194

gaps shorter than 20 days using in-painting techniques195

(Garćıa et al. 2014; Pires et al. 2015). The light curve196

was further high-pass filtered using an 80-day triangular197

smoothing function, after which it underwent an itera-198

tive (three iterations) σ-clipping procedure (3σ level) in199

order to mitigate the impact of the eclipses on the com-200

2 https://archive.stsci.edu/prepds/kepseismic/

https://archive.stsci.edu/prepds/kepseismic/
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Table 1. Stellar properties for KOI-3886, ι Dra, and KIC 8410637.

KOI-3886 ι Dra KIC 8410637a

Parameter Value Source Value Source Value Source

Gaia Photometry and Parallax

EDR3 ID 2082133182277361152 1 1614731957531452544 1 2105415749007167616 1

G-band Mag. 10.1 1 2.97 1 10.8 1

π (mas) 2.139±0.307 1 32.52±0.14 1 0.839±0.018 1

Spectroscopy

Teff (K) 4720±120 2 4504±62 3,4 4750±86 5

[Fe/H] (dex) 0.14±0.07 2 0.03±0.08 3,4 0.12±0.08 5

log g (cgs) 2.54±0.24 2 2.52±0.07 3,4 2.75±0.15 5

Spectral Energy Distribution (SED) / Joint Light and Velocity Curve Analysis

L (L�) 43.3±9.5 2 52.8±2.1 4 51.2+4.0
−3.7 6

Reference Fundamental Stellar Properties

M (M�) · · · · · · · · · · · · 1.56±0.03c 6

R (R�) · · · · · · 11.99±0.06b 7 10.74±0.11c 6

Global Asteroseismology

∆ν (µHz) 4.60± 0.20 8 4.02± 0.02 8 4.63±0.01 5

νmax (µHz) 46.9± 0.3 8 38.4± 0.5 8 46.3±0.9 5

a
Benchmark star (see Sect. 4).

b
From interferometry.

c
From the dynamical modeling of the eclipsing binary’s orbit.

References—(1) Gaia Collaboration et al. (2021), (2) Lillo-Box et al. (2021), (3) Jofré et al. (2015), (4) Hill et al. (2021), (5) Li et al. (2018),

(6) Frandsen et al. (2013), (7) Baines et al. (2011), (8) this work.

putation of the power spectrum. Figure 2 (left panel)201

shows Quarter 9 of the resulting Kepler light curve.202

ι Dra was observed by TESS during Sectors 15–16 and203

22–24 at a 2-minute cadence. The target’s high bright-204

ness (apparent TESS magnitude of T = 2.27) leads to205

saturation of the central pixels of a stellar image dur-206

ing a 2-second exposure (each TESS camera acquires a207

new image every 2 s). To deal with the target’s satu-208

rated nature, a large custom aperture was adopted and209

a background model applied to account for the spatially-210

varying background light (full details on the light curve211

preparation are given in Hill et al. 2021). There is no212

detection of a transit signal in the full TESS light curve.213

Figure 2 (right panel) shows Sectors 22–24 of the result-214

ing TESS light curve.215

3. ASTEROSEISMOLOGY216

3.1. Global Oscillation Parameters217

Figure 3 shows the power density spectra of KOI-3886218

(left panel) and ι Dra (right panel) based on the Lomb–219

Scargle periodogram (Lomb 1976; Scargle 1982) of the220

light curves extracted in Sect. 2. These reveal a clear221

power excess due to solar-like oscillations at ∼ 50 µHz222

and ∼ 40 µHz, respectively. We measured the large223

frequency separation, ∆ν, and the frequency of max-224

imum oscillation amplitude, νmax, of both stars using225

a range of well-tested automated methods (e.g., Huber226

et al. 2009; Mathur et al. 2010; Corsaro & De Ridder227

2014; Campante et al. 2017, 2019; Corsaro et al. 2020).228

Consolidated pairs of values are listed in Table 1 and229

stem from a single method for each star (for details, see230

Lillo-Box et al. 2021; Hill et al. 2021), their uncertainties231

being the corresponding formal uncertainties.232

3.2. Individual Mode Frequencies233
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Figure 2. Left Panel: Segment of the Kepler light curve of KOI-3886 (Quarter 9). The light curve has been resampled onto
a regular grid and short gaps filled. Right Panel: Segment of the TESS light curve of ι Dra (Sectors 22–24). Vertical dashed
lines mark the transition between sectors. Intra-sector gaps are due to the data downlink, separating the two spacecraft orbits
in each sector. Note the higher cadence and thus larger density of data points with respect to the Kepler light curve.

Figure 3. Power spectral density (PSD) of KOI-3886 (left panel) and ι Dra (right panel). Power spectra are shown in gray
(heavily smoothed version in black). Vertical dashed lines represent νmax. Solid red curves are fits to the background performed
with diamonds (Corsaro & De Ridder 2014), consisting of two Harvey-like profiles (blue dot-dashed curves) and a white noise
offset (yellow dot-dashed line). Joint fits to the oscillation power excess (blue dot-dashed Gaussian) and background are visible
as green dotted curves near νmax. Note the smaller frequency range of the PSD of KOI-3886, owing to the lower Nyquist
frequency of Kepler ’s long-cadence data. A residual signature of the eclipse harmonics can still be seen at the low-frequency
end in the PSD of KOI-3886.

We extracted individual mode frequencies from the234

power spectrum of each star (a process dubbed peak-235

bagging) using the famed pipeline (Fast and AutoMated236

pEak bagging with diamonds; Corsaro et al. 2020). Ta-237

bles A1 and A2 list all significant3,4 modes returned by238

famed for KOI-3886 and ι Dra, respectively. A total239

of 34 (23) modes of angular degree ` = 0, 1, 2, and 3240

3 A peak is tested against the noise only if its height in the
smoothed power spectrum is lower than 10 times the local back-
ground level, otherwise it is automatically considered as detected
(denoted as ‘—’ in Tables A1 and A2). A detection proba-
bility (pdet) is computed for each low-S/N peak based on a
Bayesian model comparison, peaks being deemed significant if
pdet ≥ 0.993. See sect. 5.3 of Corsaro et al. (2020) for details.

4 The Doppler shift of the observed mode frequencies due to the
line-of-sight motion (Davies et al. 2014) is not significant for ei-
ther star and hence no correction has been applied.
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were extracted across 8 (7) radial orders for KOI-3886241

(ι Dra). Figures A1 and A2 illustrate the outcome of242

the peak-bagging process.243

Owing to the lower resolution of the TESS power spec-244

trum of ι Dra, we have introduced an additional step245

for selecting mode frequency lists for this star, which246

combines the output of several peak-bagging procedures.247

This was mainly motivated by the need to robustly iden-248

tify and measure long-lived mixed modes. Several peak-249

baggers (N = 7) initially extracted individual mode250

frequencies from the power spectrum of ι Dra. The251

methods employed included both iterative sine-wave fit-252

ting (e.g., Lenz & Breger 2005) as well as the fitting of253

Lorentzian and sinc2 mode profiles (e.g., Handberg &254

Campante 2011), the latter approach being the one im-255

plemented in famed. Two frequency lists were then pro-256

duced following the procedure described in Campante257

et al. (2011), namely, a maximal frequency list and a258

minimal frequency list. The former includes modes de-259

tected by at least 2 peak-baggers, whereas the latter in-260

cludes only those modes detected by more than bN/2c261

peak-baggers. The more conservative minimal list is262

thus a subset of the maximal list. Importantly, modes in263

the minimal list are the ones subject to detailed model-264

ing in Sect. 4. To guarantee reproducibility, we resort to265

a set of observed mode frequencies (and corresponding266

uncertainties) tracing back to a single method (famed),267

as opposed to an averaged set. We note that Zechmeister268

et al. (2008), using RV measurements, detected the pres-269

ence of solar-like oscillations in ι Dra with frequencies270

around 3–4d−1 (∼ 35–46µHz), fully consistent with our271

results. The dominant mode (3.45 d−1) found by those272

authors coincides with one of the radial modes in the273

minimal list.274

3.3. Evolutionary State275

Prior knowledge of the evolutionary state of either276

star is crucial towards an accurate determination of their277

fundamental properties in Sect. 4. KOI-3886 has been278

classified in the literature as a hydrogen-shell burning279

red giant (or RGB) following a number of complemen-280

tary analyses of its oscillation power spectrum, namely,281

based on the pressure-mode pattern (Kallinger et al.282

2012; Vrard et al. 2018), the morphology of the mixed283

modes (Elsworth et al. 2017), and deep learning (Hon284

et al. 2017). The evolutionary state of ι Dra, on the285

other hand, remains (seismically) unclassified, and we286

have adopted a number of approaches in this work to287

address this.288

Given the limited number of observed dipole mixed289

modes per radial order, estimation of the observed pe-290

riod spacing (∆P ; Bedding et al. 2011) of ι Dra based on291

100 101

∆ν/µHz
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ε c
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AGB

Figure 4. Classification of ι Dra using the p-mode phase
offset, εc. We show the data set from fig. 4 of Kallinger et al.
(2012) as colored points (‘RGB’ = red-giant branch, ‘RC’ =
red clump, ‘SC’ = secondary clump, ‘AGB’ = asymptotic-
giant branch) and the measured value of εc for ι Dra as the
black square. In the background, we show, using shaded re-
gions, the decision boundary of a one-vs-rest support vector
machine classifier fitted against the first-ascent red giants of
Kallinger et al. (2012). ι Dra lies close enough to the decision
boundary that either a first-ascent red giant or red-clump
star are plausible descriptions of it.

modes in the minimal list proved unsuccessful. An at-292

tempt was then made at constraining the asymptotic293

period spacing, ∆Π1, based on the stretching of the294

power spectrum (Vrard et al. 2016), which again was295

inconclusive. Alternatively, the asymptotic acoustic-296

mode offset, εc, can in principle be used as a dis-297

criminant between hydrogen-shell burning (RGB) and298

helium-core burning (HeB) red giants (Kallinger et al.299

2012; Christensen-Dalsgaard et al. 2014). The measured300

value of εc = 0.95±0.11, however, lies very close (within301

1σ) to the decision boundary of Kallinger et al. (2012),302

potentially allowing for either evolutionary state with303

this rudimentary method (see Fig. 4).304

Machine learning classification methods provided the305

first robust indication that ι Dra is an RGB star. We306

ran the time-domain classifier Clumpiness (Kuszlewicz307

et al. 2020) over the full TESS light curve, as well as308

the two contiguous data subsets, i.e., Sectors 15–16 and309

Sectors 22–24. The probability of the star being on the310

RGB is respectively p = 0.78, 0.56, and 0.81. The corre-311

sponding probability of it being an HeB star is p = 0.21,312

0.44, and 0.19, with the remaining (negligible) probabil-313

ity being assigned to a noise class (e.g., main sequence).314

Moreover, application of the deep learning classification315

method of Hon et al. (2017, 2018) to the full TESS light316

curve, which uses folded background-corrected power317
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spectra and ∆ν as input, gives support to this by fa-318

voring an RGB scenario with high confidence (p > 0.9).319

Finally, we assessed the evolutionary state of ι Dra320

based on a preliminary grid-based modeling exercise,321

having considered as observational constraints its global322

oscillation parameters, Teff , [Fe/H], and a parallax-based323

luminosity (see Table 1). We modeled the star twice,324

assuming it is either on the RGB or in the red clump325

(RC). We found that assuming the star to be on the326

RGB yields a solution fully consistent with the obser-327

vational constraints as determined by comparing their328

posterior and input values. On the contrary, if the RC329

evolutionary state is assumed, the grid-based model-330

ing yields a solution for which the posterior values of331

the combination Teff–[Fe/H] are inconsistent with the332

input data at the 4σ level (i.e., RC model tracks are333

unable to simultaneously reproduce the Teff and [Fe/H]334

constraints). Moreover, if the luminosity constraint is335

dropped altogether from the analysis, the RC solution336

then yields L = 69.5±3.3L�, which is inconsistent with337

the parallax-based input value of L = 52.8 ± 2.1 L�.338

As a result, the global likelihood of the star being on339

the RGB is several orders of magnitude higher than it340

being in the RC. Interpreting this in terms of a Bayes’341

factor provides decisive evidence in favor of the RGB342

scenario given the adopted set of seismic and spectro-343

scopic constraints. To test whether this conclusion is344

robust against the adopted spectroscopic constraints (cf.345

Campante et al. 2019), we also considered the Teff and346

[Fe/H] derived from high-resolution optical and near-347

infrared CARMENES spectra (see table A2 of Marfil348

et al. 2020), having obtained similar results.349

4. DETAILED MODELING350

This study makes use of two independent pipelines —351

hereafter labeled ‘TL’ and ‘JO’ — for the detailed mod-352

eling. We resort to the TL Pipeline to test the impact353

of the optimization procedure (Sect. 4.1), investigating354

how different sets of observed oscillation modes con-355

tribute to the characterization of the two HLRGB stars356

being considered. We next use the JO Pipeline to assess357

how the choice of model physics, more specifically, the358

atmospheric boundary condition, modifies the inferred359

stellar properties (Sect. 4.2). Since the two pipelines360

employ different underlying grids of stellar models, we361

are able to roughly characterize the relative importance362

of these methodological decisions (Sect. 4.3).363

Besides KOI-3886 and ι Dra, we also model the364

benchmark HLRGB star KIC 8410637 (TIC 123417372,365

TYC 3130-2385-1; Frandsen et al. 2013; Gaulme et al.366

2016; Li et al. 2018, 2022; Themeßl et al. 2018), for which367

multi-year Kepler time-series photometry is available.368

This star was selected both for having a νmax similar to369

that of KOI-3886 and ι Dra, as well as for being in an370

(detached) eclipsing binary. Owing to the latter feature,371

its mass and radius have been accurately determined via372

the dynamical modeling of the eclipsing binary’s orbit373

(Frandsen et al. 2013), and can thus provide a direct374

test to the seismic determination. Observed mode fre-375

quencies for KIC 8410637 are taken from table A2 of376

Li et al. (2018). We also note that a precise (0.5%) in-377

terferometric radius is available for ι Dra (Baines et al.378

2011), hence providing an additional test. These refer-379

ence fundamental stellar properties are listed in Table380

1.381

4.1. Testing the Impact of the Optimization Procedure382

(TL Pipeline)383

4.1.1. Stellar Models, Input Physics, and Grid384

Computation385

We use the stellar evolution code mesa (Modules386

for Experiments in Stellar Astrophysics, release version387

12115; Paxton et al. 2011, 2013, 2015, 2018) and the388

stellar oscillation code gyre (v5.1; Townsend & Teitler389

2013) to compute a grid of stellar models. We adopt390

the solar chemical mixture, (Z/X)� = 0.0181, provided391

by Asplund et al. (2009). The mesa ρ–T tables, based392

on the 2005 update of the opal equation of state tables393

(Rogers & Nayfonov 2002), are adopted and we use opal394

opacities supplemented by the low-temperature opaci-395

ties from Ferguson et al. (2005). The mesa ‘simple’ pho-396

tosphere is used for the set of boundary conditions for397

modeling the atmosphere, i.e., the opacity of the model398

atmosphere is specified by the temperature of the out-399

ermost mesh point of the interior model via a gray Ed-400

dington T–τ relation. The mixing-length theory of con-401

vection is applied, parameterized by αMLT. We consider402

convective overshooting in the core, H-burning shell, and403

envelope. The exponential scheme by Herwig (2000) is404

applied. The overshoot parameter is mass-dependent405

and follows the relation fov = [0.13M(M�)−0.098]/9.0406

(Magic et al. 2010). For models with masses above407

2.0 M�, we adopt a fixed fov of 0.018. For a smooth408

convective boundary, we also apply the mesa predictive409

mixing scheme. The mass-loss rate on the RGB is char-410

acterized by a Reimers’ efficiency parameter (Reimers411

1975) of η = 0.2, constrained by seismic targets in the412

old open clusters NGC 6791 and NGC 6819 (Miglio et al.413

2012). Atomic diffusion is only considered for mod-414

els with masses below 1.1 M� during the main-sequence415

phase (it is turned off when the central hydrogen frac-416

tion falls below 0.01).417

We compute a grid of models with masses ranging418

from 0.76 to 2.20 M� and a step size of 0.02 M�. Besides419
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the stellar mass, M , there are three other independent420

model inputs, namely, the initial helium fraction, Yi,421

the initial metallicity, [Fe/H]i, and the mixing-length422

parameter, αMLT. Model input ranges and step sizes423

are provided in Table 2. We evolve stellar evolutionary424

tracks from the Hayashi line and terminate them either425

when log g ≤ 1.5 dex on the RGB or helium-core burning426

starts (corresponding to an increase in the core heavy-427

element fraction).428

4.1.2. Optimization429

The fitting scheme is based on a maximum likelihood430

estimation (MLE) approach and is described in detail431

in Li et al. (2020). We adopt the spectroscopic Teff and432

[Fe/H] as classical constraints. A luminosity constraint433

is also adopted, although only in the cases of KOI-3886434

and ι Dra. KIC 8410637 is in an eclipsing binary, which435

can potentially give rise to a biased estimate of the ab-436

solute luminosity, that being the reason why we opt for437

not imposing a luminosity constraint for this star. The438

fitting scheme employs the two-term surface correction439

method of Ball & Gizon (2014) and further considers a440

model systematic uncertainty, which is estimated as the441

median frequency difference between observations and442

the best-fitting model. Moreover, mode frequencies are443

re-weighted as a function of their frequency difference444

with respect to νmax when calculating the likelihood.445

We test three optimization procedures. The differ-446

ences between procedures have solely to do with the seis-447

mic constraints adopted. The first of these procedures448

only considers ` = 0 modes; the second includes ` = 0449

and 2 modes, as well as the most p-like ` = 1 modes; and450

the third procedure makes use of all observed mode fre-451

quencies (which include g-dominated modes). We refer452

to these three procedures as methods ‘0’ (radial modes),453

‘P’ (p-dominated modes), and ‘A’ (all modes), respec-454

tively. The most p-like dipole modes are manually se-455

lected (cf. Tables A1 and A2). Since these modes are456

p-dominated, they have relatively high amplitudes and457

large widths in the power spectrum. Moreover, their458

frequency pattern on an échelle diagram should exhibit459

a curvature similar to that of radial modes. We follow460

both these criteria in manually selecting the most p-like461

dipole modes.462

4.1.3. Results and Discussion463

Table 3 lists the estimated stellar properties (mass,464

radius, surface gravity, and age) stemming from each465

of the three optimization methods. This is comple-466

mented by Fig. 5, where the dynamical mass and radius467

of KIC 8410637, as well as the interferometric radius of468

ι Dra are also represented. Figure 6 shows the best-469

fitting models (method ‘A’) on an échelle diagram as470

well as the probability distributions (all three methods)471

for the stellar mass.472

We are able to accurately retrieve (i.e., within the473

quoted measurement uncertainties) the available refer-474

ence stellar properties using each of the optimization475

methods (see Fig. 5). Inspection of the mass probability476

distributions (see Fig. 6) further reveals that the esti-477

mates returned by the different optimization methods478

are consistent within 1σ for all three stars (a statement479

that holds true when applied to the remaining stellar480

properties, as can be seen in Fig. 5).481

The agreement with the dynamical solution for482

KIC 8410637 is particularly encouraging, especially483

bearing in mind the systematic overestimation of mass484

and radius for red giants by asteroseismic scaling re-485

lations reported by Gaulme et al. (2016). We ap-486

plied the scaling relation corrections of Mosser et al.487

(2013) to all three stars and found, on average, a non-488

significant overestimation5 of 〈∆M/M〉 = 1.6% ± 7.0%489

(〈∆M/M〉 = 5.0%± 7.1%) and 〈∆R/R〉 = 2.3%± 3.3%490

(〈∆R/R〉 = 3.2%±3.3%) with respect to the results ob-491

tained using method ‘0’ (method ‘P’). Although based492

on a small three-star sample, we nevertheless note that493

this is in tension with Li et al. (2022), who found a sys-494

tematic offset of ∼ 15% in mass and ∼ 7% in radius495

between the output of the scaling relations and that of496

detailed modeling (using radial modes) based on a sam-497

ple of a few thousand RGB stars.498

Radial modes alone (method ‘0’) are capable of pre-499

cisely constraining the stellar properties, reaching a pre-500

cision of 2.4–3.5%, 6–10%, and 23–28% on the radius,501

mass, and age, respectively (cf. Li et al. 2022). The in-502

clusion of ` = 1 and 2 modes in the fitting process (meth-503

ods ‘P’ and ‘A’) leads to a marginal gain in precision at504

best for both KOI-3886 and ι Dra. For KIC 8410637,505

the extra constraints provided by these modes lead to a506

more noticeable improvement not only in the precision507

(e.g., 5.8% on the mass with method ‘P’ versus 10%508

with method ‘0’) but also in the accuracy of the stellar509

property estimates (e.g., a mass accurate within 1.3%510

with method ‘P’ versus 7.7% with method ‘0’). Overall,511

a precision of 1.8–3.0%, 5–9%, and 19–25% respectively512

on the radius, mass, and age is attained with method513

‘P’. We note that these are relatively low-mass stars —514

eventually igniting helium in the core in degenerate con-515

ditions — and thus have core conditions that do not vary516

significantly. This can be used to explain why the im-517

pact of including seismic indicators that probe the core518

(i.e., ` = 1 g-dominated modes as well as the combi-519

5 In the sense (scaling − modeling)/modeling.
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Table 2. Model grids: Input ranges, step sizes, and main differences in terms of the input physics.

Input Parameters TL Pipeline JO Pipelinea

From To Step From To

M (M�) 0.76 2.20 0.02 1.2 2.0

[Fe/H]i (dex) −0.5 0.5 0.1 −0.4 0.4

Yi 0.24 0.32 0.02 0.25 0.32

αMLT 1.7 2.5 0.2 1.55 1.95

Chemical Mixture Asplund et al. (2009) Grevesse & Sauval (1998)

Overshooting Mass-dependent None

Model Atmosphere ‘Simple’ Varies

Surface Correctionb Ball & Gizon (2014) Roxburgh (2016)

a
Step sizes undefined as stellar models were computed over a quasirandomly sampled mesh of input parameters.

b
Concerns the optimization procedure rather than the input physics.

nation of ` = 0 and 2 modes) is limited. This is illus-520

trated, for instance, in figs. 4 and 5 of Lagarde et al.521

(2016), where the mass dependence of ∆Π1 along the522

RGB can be seen to almost vanish for M . 1.8 M� (see523

also fig. 4 of Stello et al. 2013). Any residual mass depen-524

dence of ∆Π1 thus effectively becomes commensurate525

with the characteristic uncertainties, i.e., including sta-526

tistical and systematic6 contributions, on the observed527

frequencies for the stars in this study. This explanation528

holds true except perhaps where the mass approaches529

the degenerate transition. This is most noticeable in the530

case of KIC 8410637, for which a luminosity constraint531

was not imposed, although KOI-3886 also has mass solu-532

tions above 1.8 M� that are not removed when including533

the ` = 1 modes (see Fig. 5).534

Moreover, we do not find significant differences be-535

tween methods ‘P’ and ‘A’ in all three cases, i.e., g-536

dominated dipole mixed modes seem not to provide ex-537

tra constraints on the inferred stellar properties. By in-538

specting the mode frequencies of the best-fitting models539

(see Fig. 6), we notice that these HLRGB stars have very540

densely spaced dipole mixed modes. At the same time,541

not every g-dominated mixed mode in the neighborhood542

of a given p-dominated mixed mode is observed here.543

If the g-mode (frequency) spacing is sufficiently small,544

an arbitrary identification of the radial order for each545

mode may be adopted to fit the dense forest of model546

g-dominated mode frequencies to the sparse set of ob-547

served modes (except perhaps at the highest frequencies,548

for which the spacing becomes larger than the character-549

istic uncertainties on the observed frequencies). The re-550

6 For reference, the model systematic uncertainty for KIC 8410637,
estimated as the median frequency difference between observa-
tions and the best-fitting model (cf. Sect. 4.1.2), takes the values
0.012, 0.025, and 0.009 µHz for ` = 0, 1, and 2 modes, respec-
tively.

sulting posterior distribution for the mass is then highly551

multimodal (see, e.g., the mass distribution for KOI-552

3886 corresponding to method ‘A’ in Fig. 6), with each553

peak corresponding to a different choice of mode iden-554

tification (cf. Ong & Basu 2020). This multimodality555

may in principle be alleviated with an a priori identifi-556

cation of these mixed modes, e.g., through measurement557

of ∆Π1.558

Another aspect worth noting is that the precision559

achieved on the stellar properties is very similar across560

the three-star sample. For HLRGB stars, the core be-561

comes increasingly decoupled from the envelope, result-562

ing in surface amplitudes for the g-dominated modes563

that are too small to make them detectable (see, e.g.,564

Grosjean et al. 2014). Consequently, one ends up with565

only a few observed g-dominated modes (or a sparse set566

thereof) per radial order. This is an intrinsic feature567

and so having access to multi-year time-series photome-568

try (resulting in a high-resolution power spectrum) will569

not significantly improve on the detailed modeling re-570

sults for this type of star. For this reason, we obtain571

similar precision on the stellar properties for the multi-572

year Kepler targets KOI-3886 and KIC 8410637, and the573

multi-sector TESS target ι Dra, whose temporal cover-574

age is substantially shorter (5 noncontiguous TESS sec-575

tors). We tested whether the fact that ι Dra is brighter576

and closer than the other two stars (see Table 1), thus577

resulting in more precise non-seismic constraints, could578

also be an important factor in this regard (cf. Stello579

et al. 2022). Having artificially degraded the precision580

on Teff and the luminosity so that they approximately581

match those for KOI-3886, both methods ‘P’ and ‘A’ are582

able to return similarly precise stellar properties with re-583

spect to having adopted the pristine uncertainties. This584

reinforces our assessment above. We, however, stress585

that the temporal coverage is still critical for HLRGB586

stars, as it allows to robustly identify and measure (long-587
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lived) mixed modes, ultimately determining their relia-588

bility (cf. Sect. 3.2).589

4.2. Testing the Impact of the Input Physics: Model590

Atmosphere (JO Pipeline)591

4.2.1. Stellar Models, Input Physics, and Grid592

Computation593

A different set of stellar models was generated with594

mesa release version 12778 using the relative elemental595

abundances of Grevesse & Sauval (1998), without ele-596

ment diffusion or convective overshooting, and permit-597

ting the initial helium abundances, initial metallicities,598

and mixing-length parameter to vary freely. A mass-loss599

rate characterized by a Reimers’ efficiency parameter of600

η = 0.2 was adopted, as in the previous section. We re-601

tained stellar models at a constant temporal spacing of602

0.2 Myr, starting from the point where ν2∆Π1/∆ν = 5603

(corresponding to roughly log g ∼ 3.2) up to core helium604

exhaustion at the end of the horizontal branch phase of605

evolution.606

Two model grids (grids ‘1’ and ‘2’) were constructed in607

this manner, although with a different treatment of the608

model atmosphere. Even if both model grids use pho-609

tospheric boundary conditions with respect to a gray610

atmosphere in the Eddington approximation, for grid611

‘1’ (or ‘spherical atmosphere’) the model mesh was ex-612

tended outwards to an optical depth of τ = 10−3 under613

spherical geometry (joined with a small plane-parallel614

section from τ = 10−4 to τ = 10−3), while in grid ‘2’ (or615

‘plane-parallel atmosphere’) the photospheric boundary616

condition was integrated under plane-parallel geometry617

from an optical depth of τ = 10−3 to τ = 4
3 , where it618

was joined with the inner spherical mesh. The latter619

boundary condition is the same as that used in the pre-620

vious section, except that here the atmospheric opacity621

is allowed to vary consistently with the local tempera-622

ture and pressure in the atmosphere, rather than being623

held fixed to the outermost cell of the interior model.624

For each choice of input physics, we then computed625

stellar models over a quasirandomly sampled mesh of626

initial parameters {M, [Fe/H]i, Yi, αMLT}. These val-627

ues were distributed uniformly over the intervals M ∈628

[1.2, 2.0] M�, [Fe/H]i ∈ [−0.4, 0.4] dex, Yi ∈ [0.25, 0.32],629

and αMLT ∈ [1.55, 1.95] by sampling over this parameter630

space with respect to a joint Sobol sequence, 4000 ele-631

ments long. The initial mass and metallicity were twice632

as densely sampled as the other parameters, owing to633

the wide ranges spanned by these parameters.634

4.2.2. Optimization635

For sufficiently evolved red giants (∆ν . 5 µHz), the636

uncoupled π-mode frequencies of nonradial modes asso-637

ciated with stellar models may be used in lieu of mixed-638

mode frequencies to match the most p-dominated ob-639

served mixed modes (cf. Ong et al. 2021b), such that640

the statistical error associated with the mode frequen-641

cies still dominates over any systematic errors caused642

by, e.g., an inappropriate surface-term correction. The643

numerical evaluation of these π modes is by far compu-644

tationally cheaper than for mixed modes and, for this645

reason, we hereafter restrict our attention to these p-646

dominated modes.647

π-mode frequencies (in the sense of Ong & Basu 2020)648

were computed for ` = 0, 1, and 2 modes within ±4∆ν649

of νmax. As in Ong et al. (2021a), we applied the650

ε`-matching algorithm of Roxburgh (2016) to yield a651

surface-independent discrepancy function, χ2
ε, on the in-652

ternal structure from the mode frequencies. This al-653

gorithm operates by constructing diagnostic quantities654

out of both the model and observed mode frequencies,655

independently for each degree `. Agreement with the656

internal structure of the model, insensitive to the stel-657

lar surface, is achieved when these quantities collapse658

to a single function of frequency, in principle minimiz-659

ing χ2
ε when a nonparametric functional model is fitted660

against the data points. In order to permit the inclusion661

of the dipole modes in this procedure, the most p-like662

dipole mode was identified manually for each radial or-663

der and the associated frequency measurement error was664

inflated by adding in quadrature the local g-mode spac-665

ing, ν2∆Π1, which was also estimated manually. While666

this mode selection was conducted independently of that667

in Sect. 4.1.2, almost exactly the same modes ended up668

being used here (cf. Tables A1 and A2). We chose to use669

the three lowest-frequency modes (without regard for670

degree) for the purpose of regularizing the ε`-matching671

algorithm, as described in Ong et al. (2021a).672

For each model in the grid, we compute a likelihood673

function, L ∼ exp[−χ2/2], where the discrepancy func-674

tion, χ2, is comprised of several terms:675

— χ2
glob, being the sum of error-normalized discrep-676

ancies for global properties, namely, the classical677

spectroscopic quantities Teff and [Fe/H], the lu-678

minosity (adopted only for KOI-3886 and ι Dra;679

cf. Sect. 4.1.2), and νmax, computed from models680

using the scaling relation.681

— χ2
ε, which is the reduced χ2 statistic returned by682

the nonparametric ε`-matching algorithm of Rox-683

burgh (2016).684

— χ2
reg, the regularization term describing the dis-685

crepancy for the three lowest-frequency modes.686

This term is downweighted by a factor of 4, so as687
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Figure 5. Estimated stellar properties for KOI-3886, ι Dra, and KIC 8410637. Detailed modeling results from the TL (dark
purple) and JO (yellow) Pipelines are shown. Procedures/Grids are labeled as ‘0’, ‘P’, ‘A’ (cf. Sect. 4.1), and ‘1’, ‘2’ (cf. Sect. 4.2).
Blue shaded areas represent the 1σ confidence intervals of the dynamical mass and radius of KIC 8410637, as well as of the
interferometric radius of ι Dra.

not to unduly influence the shape of the posterior688

distribution.689

With this likelihood function in hand, we then esti-690

mate probability distributions for the stellar properties691

using the Monte Carlo procedure described in Ong et al.692

(2021a). In summary, the posterior means for various693

properties are computed with respect to the likelihood694

function over the grid of models, normalized by the sam-695

pling function of the grid (to impose the assumption of696

uniform priors). This is done repeatedly with the likeli-697

hood function being re-evaluated under randomized per-698

turbations to the observable constraints, as specified by699

their nominal measurement errors. The resulting distri-700

bution of the posterior means is then used to report the701

values and uncertainties of the desired properties. While702

it would be prohibitively expensive — computationally703

speaking — to include perturbations to the mode fre-704

quencies, omitting their errors from this procedure has705

been shown, for main-sequence stars at least, not to ap-706

preciably affect the resulting posterior distributions, ex-707

cept that for the stellar age (cf. Cunha et al. 2021). In708

the case of red giants, however, their rapid evolution is709

such that their ages and masses are tightly correlated,710

and so this omission also leads to an underestimation of711

the uncertainties in properties other than the age. For712

this reason, we instead report, for each property, the713

quadratic mean of two different error estimates: the 1σ714

quantiles of the distribution of the posterior means (the715

usual approach), as well as the posterior standard devia-716

tion associated with a single realization of the procedure717

(representing the frequency uncertainties).718

4.2.3. Results and Discussion719

We list in Table 4 the mass, radius, surface gravity,720

and age estimates returned by the above procedure for721

each star, as applied to the two model grids (see also722

Fig. 5). As in the previous section, we find very good723

agreement (i.e., within 1σ) between the results of this724



12 Campante et al.

Table 3. Estimated stellar properties for KOI-3886, ι Dra, and KIC 8410637 (TL Pipeline).

Star M (M�) R (R�) log g (cgs) t (Gyr) Norm. RMS Dev.a Seismic Constraintsb

KOI-3886 1.73+0.16
−0.14 11.17+0.36

−0.30 2.580+0.012
−0.011 1.77+0.46

−0.36 0.21 (0.44) 0

1.71+0.14
−0.16 11.13+0.32

−0.36 2.577+0.011
−0.012 1.89+0.36

−0.36 0.04 (0.25) P

1.69+0.14
−0.12 11.13+0.28

−0.28 2.576+0.012
−0.008 2.06+0.56

−0.32 0.21 (0.24) A

ι Dra 1.56+0.12
−0.08 11.85+0.30

−0.28 2.486+0.010
−0.009 2.45+0.68

−0.60 0.12 (0.45) 0

1.56+0.08
−0.08 11.85+0.22

−0.22 2.483+0.007
−0.007 2.45+0.64

−0.58 0.09 (0.51) P

1.54+0.10
−0.06 11.81+0.26

−0.20 2.483+0.007
−0.006 2.57+0.64

−0.70 0.14 (0.33) A

KIC 8410637 1.68+0.16
−0.18 10.97+0.34

−0.42 2.584+0.014
−0.017 2.01+0.76

−0.36 0.84 (0.82) 0

1.54+0.06
−0.12 10.71+0.14

−0.30 2.565+0.006
−0.011 3.11+0.50

−0.76 0.54 (0.59) P

1.52+0.10
−0.10 10.65+0.26

−0.24 2.563+0.009
−0.010 2.97+0.74

−0.66 0.60 (0.61) A

0.31 (0.47)†

aNormalized RMS deviation about the mean (dnorm; see Eq. 1). Values outside (inside) brackets are computed considering mean
property values across the set of procedures ‘0’, ‘P’, and ‘A’ (all procedures/grids, i.e., ‘0’, ‘P’, ‘A’, ‘1’, and ‘2’). See Sect. 4.3
for details.
b ‘0’: ` = 0 modes only; ‘P’: ` = 0 and 2 modes, as well as most p-like ` = 1 modes; ‘A’: All observed modes.

†Average value, i.e., 〈dnorm〉.

exercise and both the dynamical mass and radius of725

KIC 8410637. The radius for ι Dra is in slight (∼ 2σ)726

tension with the interferometric radius from Baines et al.727

(2011). We note that interferometric angular diame-728

ters can be subject to calibration biases (White et al.729

2018), in particular for measurements taken over a lim-730

ited range of baselines or with partially resolved cali-731

brators. Some of the systematic differences in angular732

diameters between stars observed with different instru-733

ments (Tayar et al. 2022) could account for the observed734

difference with respect to the asteroseismic radius. The735

Monte Carlo procedure also allows estimating and com-736

paring both the marginal and joint posterior distribu-737

tions of the stellar properties, which we show in Figs. 7738

to 9. Note, following our discussion above, that the739

widths of the distributions returned by the bootstrap-740

ping procedure, which quantify the variations in the pos-741

terior mean under different realizations of the random742

error, are smaller than the reported uncertainties (these743

also include the posterior variances associated with in-744

dividual realizations).745

In Figs. 7 to 9, results corresponding to each choice of746

the atmospheric boundary condition are represented by747

the blue (grid ‘1’ or ‘spherical atmosphere’) and orange748

(grid ‘2’ or ‘plane-parallel atmosphere’) contours and749

histograms. We see marked differences in some of the in-750

ferred stellar properties. In particular, although the es-751

timated masses and radii are not substantially changed752

relative to the reported uncertainties, the changes in753

the estimated mean densities (which combine them as754

ρ ∼ M/R3) are larger than the reported uncertainties755

for both KOI-3886 and ι Dra. This is likely in part be-756

cause the mean density is constrained (albeit indirectly,757

via the seismic data) with an order of magnitude more758

relative precision than either M or R separately. On the759

other hand, this effect is not seen for KIC 8410637, for760

which a luminosity constraint was not adopted in this761

exercise. Since L is not imposed, changing the atmo-762

spheric boundary condition may allow the best-fitting763

model to have potentially a different luminosity (and764

therefore mass and age) in order to better satisfy the765

very tight ∆ν constraint.766

Aside from these statistical considerations, there are767

also significant physical and methodological implica-768

tions associated with changing the atmospheric bound-769

ary condition. In terms of the spectroscopic observ-770

ables, it is well-established that the choice of atmo-771

spheric boundary condition strongly determines the lo-772

cation of the RGB on the HR diagram associated with773

any given pair of Yi, the initial helium abundance, and774

αMLT, the mixing-length parameter. Accordingly, when775

the atmospheric boundary condition is changed, the val-776

ues of Yi and αMLT that produce consistency with a777

fixed set of temperature and luminosity constraints must778

also be adjusted. Indeed, we see this happening in the779

bottom rows of Figs. 7 to 9, which show the joint and780
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Figure 6. Left Column: Échelle diagrams of the best-fitting models for (from top to bottom) KOI-3886, ι Dra, and KIC 8410637
constrained by all the observed mode frequencies (method ‘A’). Circles, triangles, and squares represent ` = 0, 1, and 2 modes,
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red). The vertical dashed line in the bottom panel represents the dynamical mass of KIC 8410637.
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marginal distributions of Yi for each of the three stars,781

where the value of Yi that best describes each star is782

significantly modified (this is particularly noticeable in783

the case of ι Dra) between each choice of atmospheric784

boundary condition.785

Changing the atmospheric boundary condition also786

modifies the mode frequencies of a stellar model (induc-787

ing a numerical seismic surface term). Existing method-788

ological comparisons of surface term treatments for red789

giants (Ball et al. 2018; Jørgensen et al. 2020; Ong et al.790

2021a), or even in general (Basu & Kinnane 2018; Comp-791

ton et al. 2018; Nsamba et al. 2018), have usually con-792

sidered the effects of different parameterizations of, or793

corrections for, modeling errors in stellar surfaces, under794

numerical experiments in which these modeling errors795

(arising from how the underlying set of stellar models796

is being generated) are kept the same. In this case,797

however, we have performed a converse experiment: We798

have maintained the use of a single algorithm to miti-799

gate the asteroseismic surface term throughout — the800

surface-independent ε`-matching scheme of Roxburgh801

(2016) — while changing the atmospheric boundary con-802

dition associated with the 1D evolutionary models. In803

particular, we have chosen a mitigation scheme that is804

designed to yield seismic constraints which are insensi-805

tive to the near-surface layers altogether, rather than806

attempting to correct their effects on the mode frequen-807

cies per se. Accordingly, the resulting systematics which808

we obtain originates from how the spectroscopic, rather809

than seismic, properties of the stellar models depend on810

the construction of their surface layers.811

We see here that seismic estimates of mass and ra-812

dius appear methodologically insensitive to the descrip-813

tion of these near-surface layers. This occurs at the ex-814

pense of substantially changing both the near-surface815

structure of the best-fitting models (i.e., changing the816

calibration constant in the scaling relation between ∆ν817

and the mean density, which relies on homology argu-818

ments) and the values of associated parameters like the819

initial helium abundance (in tandem with the interac-820

tion with the spectroscopic constraints above). This has821

been illustrated in this work by the atmospheric bound-822

ary condition, but other unknown/incomplete contri-823

butions of the near-surface physics may have a simi-824

lar impact. Some alternatives are the modeling of the825

superadiabatic layer, incorporation of atmospheric con-826

vective overshooting, or incorrect atmospheric opacities.827

This issue implies that attempts to measure Yi from828

seismic modeling of red giants, e.g., for the purpose829

of Galactic chemical evolution (measuring dY/dZ re-830

lations) or Galactic archaeology studies, are systemati-831

cally impacted by the modeling of the surface layers.832

4.3. Intra- vs. Inter-pipeline Dispersion833

Since the input physics underlying the TL and JO834

Pipelines differs in a number of aspects (cf. Table 2),835

a meaningful investigation of the source(s) of inter-836

pipeline systematics would not be possible. The exer-837

cises carried out in Sects. 4.1 and 4.2 should instead be838

regarded as independent, i.e., we are interested in assess-839

ing the intra- as opposed to the inter-pipeline dispersion.840

We find it nonetheless instructive to roughly char-841

acterize the relative importance of the methodological842

choices made when operating each of these pipelines. To843

that end, we introduce a simple statistic, namely, the844

normalized root-mean-square (RMS) deviation about845

the mean:846

dnorm =

√√√√1

4

∑
i

(
pi − µpi

σi

)2

, (1)847

where pi represents each of the four estimated stellar848

properties (M , R, log g, and t), σi is the associated un-849

certainty, and µpi is the property’s mean value across a850

set of procedures/grids. We compute dnorm for each star851

and procedure/grid combination and list it in Tables 3852

and 4. Values outside brackets are computed considering853

mean property values across the set of procedures/grids854

within the same pipeline (i.e., TL or JO). Values inside855

brackets are computed considering mean property values856

across all procedures/grids (i.e., TL and JO combined).857

Average values, 〈dnorm〉, are also provided, which can858

be interpreted as proxies for the intra- and inter-pipeline859

systematics, respectively. Figure 5 provides a visual aid.860

Two features are worth noting. First, the inter-861

pipeline systematics dominates over the intra-pipeline862

systematics. This is more noticeable in the case of the863

JO Pipeline, whose intra-pipeline systematics is a fac-864

tor of ∼ 2 smaller than for the TL Pipeline. Second,865

the uncertainties on the stellar properties returned by866

both pipelines are robust in the sense that their magni-867

tudes are larger than the inter-pipeline (and hence intra-868

pipeline) systematics, i.e., 〈dnorm〉 < 1 everywhere.869

5. SUMMARY AND CONCLUSIONS870

We have conducted detailed asteroseismic modeling871

of the HLRGB host stars KOI-3886 and ι Dra, mak-872

ing use of two independent pipelines. A third star,873

KIC 8410637, a member of an eclipsing binary, was also874

modeled and used as benchmark. Multi-year Kepler875

time-series photometry is available for both KOI-3886876

and KIC 8410637, whereas multi-sector TESS time-877

series photometry is available for ι Dra (ι Dra is, fur-878

thermore, a saturated target in the TESS photometry).879

Using one of the pipelines (TL Pipeline; Sect. 4.1),880

we first tested the impact of the optimization procedure881



Detailed Asteroseismic Modeling of KOI-3886 and ι Draconis 15

Table 4. Estimated stellar properties for KOI-3886, ι Dra, and KIC 8410637 (JO Pipeline).

Star M (M�) R (R�) log g (cgs) t (Gyr) Norm. RMS Dev.a Model Gridb

KOI-3886 1.60+0.09
−0.09 10.87+0.30

−0.30 2.569+0.005
−0.005 2.06+0.30

−0.30 0.16 (0.75) 1

1.60+0.09
−0.09 10.84+0.30

−0.30 2.572+0.005
−0.005 2.01+0.29

−0.29 0.16 (0.56) 2

ι Dra 1.46+0.07
−0.07 11.51+0.26

−0.26 2.479+0.005
−0.005 3.07+0.45

−0.45 0.21 (0.75) 1

1.45+0.07
−0.07 11.44+0.26

−0.26 2.483+0.005
−0.005 3.09+0.44

−0.44 0.21 (0.78) 2

KIC 8410637 1.59+0.16
−0.16 10.93+0.55

−0.55 2.558+0.009
−0.009 2.50+0.83

−0.83 0.13 (0.48) 1

1.61+0.16
−0.16 10.95+0.53

−0.52 2.562+0.009
−0.009 2.28+0.76

−0.76 0.14 (0.34) 2

0.17 (0.61)†

aNormalized RMS deviation about the mean (dnorm; see Eq. 1). Values outside (inside) brackets are computed considering
mean property values across grids ‘1’ and ‘2’ (all procedures/grids, i.e., ‘0’, ‘P’, ‘A’, ‘1’, and ‘2’). See Sect. 4.3 for details.

b ‘1’: Spherical atmosphere; ‘2’: Plane-parallel atmosphere. See Sect. 4.2.1 for details.

†Average value, i.e., 〈dnorm〉.

by adopting different sets of observed oscillation modes882

as seismic constraints, namely, radial modes (method883

‘0’), p-dominated modes (method ‘P’), and all modes884

(method ‘A’). The main outcomes of this exercise are as885

follows:886

— Radial modes alone (method ‘0’) are capable of887

accurately and precisely constraining the stellar888

properties. A precision of 2.4–3.5%, 6–10%, and889

23–28% respectively on the radius, mass, and age890

is thus attained (cf. Li et al. 2022). Inclusion of891

` = 1 and 2 modes (methods ‘P’ and ‘A’) im-892

proves precision only marginally, with 1.8–3.0%,893

5–9%, and 19–25% being reached when ` = 0 and 2894

modes, as well as the most p-like ` = 1 modes, are895

used as constraints (i.e., method ‘P’). The limited896

impact of including seismic probes into the core of897

these relatively low-mass stars (M . 1.8 M�) can898

be explained by the fact that their core conditions899

do not vary significantly, as attested by the vanish-900

ing mass dependence of ∆Π1 along the RGB (cf.901

Stello et al. 2013; Lagarde et al. 2016). However,902

for masses above this threshold, and limited clas-903

sical constraints, core seismic constraints can have904

an impact. This is seen in the case of KIC 8410637,905

for which a luminosity constraint was not imposed.906

Here, ` = 0 modes alone produce statistically sig-907

nificant solutions for masses beyond 1.8 M�, which908

are ruled out when the ` = 1 modes are included909

in the fitting process.910

— Given the very small frequency spacing of adja-911

cent dipole mixed modes characteristic of HLRGB912

stars, the sparse set of observed g-dominated913

modes is not able to provide extra constraints on914

the inferred stellar properties. This happens be-915

cause an arbitrary identification of the radial order916

for each mode may be adopted to fit the dense for-917

est of model g-dominated mode frequencies, result-918

ing in posterior distributions for the stellar mass919

that are highly multimodal (cf. Ong & Basu 2020).920

In principle, this multimodality may be alleviated921

by supplying an a priori identification for the ra-922

dial orders of the observed mixed modes. In prac-923

tice, however, doing so would require both accu-924

rate estimation of ∆Π`, as well as constraints on925

allowable values for the g-mode phase function, εg,926

near νmax. Such constraints may be provided, for927

example, by JWKB analysis of the g-mode cav-928

ity when the star is significantly more or signifi-929

cantly less evolved than the RGB luminosity bump930

(Pinçon et al. 2019), or by homology relations in931

stars with degenerate helium cores given ∆Π` (De-932

heuvels et al. 2021). However, more general con-933

siderations may require further theoretical inves-934

tigation.935

— For the reasons stated above, it is the shorter-936

lived p-dominated mixed modes that mostly end937

up constraining the stellar properties of HLRGB938

stars. Therefore, despite the much shorter tem-939

poral coverage (and thus lower resolution of the940

power spectrum) available for TESS targets com-941

pared to multi-year Kepler observations, detailed942

modeling of the former can lead to similarly pre-943

cise stellar properties.944
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Figure 7. Joint posterior distribution of the stellar properties for KOI-3886, showing a comparison between each choice of
physics in the underlying grids of evolutionary models.

Next, using the other pipeline (JO Pipeline; Sect. 4.2),945

we tested the impact of the model physics, namely, the946

atmospheric boundary condition, on the inferred stellar947

properties. Changing the atmospheric boundary condi-948

tion is known to substantially modify the asteroseismic949

surface term — the differences in the mode frequencies950

between those of a star and a stellar model with iden-951

tical interior structure, owing to modeling errors in the952

near-surface layers. Because these mode frequencies are953

measured far more precisely than the spectroscopic con-954

straints, this surface term is typically assumed to domi-955

nate the systematic error when estimating stellar prop-956

erties, if left uncorrected or corrected inappropriately.957

However, we have shown that even when using a seis-958

mic constraint designed to be independent of the near-959

surface structure of stellar models, inferences of stel-960
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lar properties are still significantly dependent on choices961

of atmospheric physics, as the spectroscopic properties962

of the models are also modified by changing the atmo-963

spheric boundary condition.964

Facilities: Kepler, TESS, Gaia.965

Software: kepseismic (https://archive.stsci.edu/966

prepds/kepseismic/), kadacs (Garćıa et al. 2011, 2014;967

Pires et al. 2015), diamonds (Corsaro & De Ridder968

2014), famed (Corsaro et al. 2020), mesa (Paxton et al.969

2011, 2013, 2015, 2018), gyre (Townsend & Teitler970

2013).971

https://archive.stsci.edu/prepds/kepseismic/
https://archive.stsci.edu/prepds/kepseismic/
https://archive.stsci.edu/prepds/kepseismic/
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APPENDIX972
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Table A1. Extracted mode frequencies for KOI-3886.

np ` Frequency (µHz) 1σ Uncertainty (µHz) pdet

6 0 32.629 0.047 1.000

6 1†,‡ 34.846 0.021 0.996

6 1 34.971 0.031 1.000

6 2 36.434 0.065 1.000

6 1 36.806 0.012 0.996

7 0 37.080 0.036 1.000

7 1 39.011 0.044 1.000

7 1†,‡ 39.302 0.042 —

7 2 40.813 0.057 1.000

8 0 41.408 0.065 —

8 1†,‡ 43.830 0.041 —

8 2 45.452 0.057 —

9 0 46.049 0.057 —

9 1 47.833 0.038 0.999

9 1†,‡ 48.444 0.045 —

9 2 50.045 0.070 —

10 0 50.604 0.063 —

10 1 52.573 0.030 1.000

10 1†,‡ 53.030 0.041 —

10 1 54.068 0.021 1.000

10 1 54.397 0.035 1.000

10 2 54.703 0.046 —

11 0 55.233 0.068 —

11 1 56.196 0.078 0.994

11 1†,‡ 57.715 0.061 —

11 1 58.213 0.033 1.000

11 2 59.482 0.061 1.000

11 1 59.705 0.026 1.000

12 0 59.830 0.025 1.000

12 1 61.922 0.006 0.993

12 1 62.155 0.025 0.998

12 1†,‡ 62.370 0.011 1.000

12 1 62.509 0.015 0.997

12 2 64.136 0.100 1.000

†Manually selected p-like dipole modes (see Sect. 4.1.2).

‡Manually selected p-like dipole modes (see Sect. 4.2.2).
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Figure A1. Stacked PSD of KOI-3886 showing the outcome of the peak-bagging process. The green curve is a smoothing
of the power density by an amount equivalent to the average radial-mode linewidth found by famed. The sloping dashed line
represents the local background. Extracted individual mode frequencies are tagged according to their pressure radial order (np)
and angular degree (`), with color bands indicating their 3σ uncertainties.
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Figure A2. Stacked PSD of ι Dra showing the outcome of the peak-bagging process. Plot style similar to that of Fig. A1. The
lower resolution of the TESS power spectrum of ι Dra is readily noticeable.
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