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ABSTRACT

PG 1159-035 is the prototype of the PG 1159 hot (pre-)white dwarf pulsators. This important
object was observed during the Kepler satellite K2 mission for 69 days in 59 s cadence mode and by
the TESS satellite for 25 days in 20 s cadence mode. We present a detailed asteroseismic analysis of
those data. We identify a total of 107 frequencies. The frequencies include 72 representing 32 ¢ = 1
modes with radial order k values ranging from 17 to 128, 27 frequencies representing 12 £ = 2 modes
with & values between 25 and 64, and 8 combination frequencies. The combination frequencies and the
modes with very high k values represent new detections. Multiple £ = 1 modes exhibit asymmetries
that are not well explained by the presence of a centered magnetic field. The multiplet structure
reveals an average splitting of 4.0 + 0.4 yHz for /=1 and 6.8 £ 0.2 pHz for £ = 2, indicating a rotation
period of 1.4 + 0.1 days in the region of period formation. In the Fourier transform of the light curve,
we find a significant peak at 8.904 + 0.003 pHz suggesting a surface rotation period of 1.299 + 0.002
days. We also present evidence that the observed periods change on timescales shorter than those
predicted by current evolutionary models. Our asteroseismic analysis finds an average period spacing
for £ =1 of 21.28 +£ 0.02 s. The ¢ = 2 modes have a mean spacing of 12.97 + 0.4 s. We performed a
detailed asteroseismic fit by comparing the observed periods with those of evolutionary models. The
best fit model has Tog = 129600 £ 11100 K, M, = 0.565+0.024Mp, and log g = 7.4170-3}, within the
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uncertainties of the spectroscopic determinations. We argue for future improvements in the current
models, as the best-fit model does not predict excitation for all the pulsations detected in PG 1159-035.

Keywords: PG 1159-35 stars — Pulsation modes — White dwarf stars

1. INTRODUCTION

White dwarf stars are the evolutionary end point of all
stars born with masses up to ~ 10.5 My, which corre-
spond to more than 98% of all stars (Lauffer et al. 2018).
White dwarfs range from Teg ~ 200000 K to around
4500 K, and have masses from ~ 0.15 to ~ 1.36 M.

PG 1159-035 is the prototype of the hot white dwarf
spectroscopic class called PG 1159, as well as the GW
Vir class of pulsating variable stars (PG 1159-035 = GW
Vir) (McGraw et al. 1979; Cérsico et al. 2019). The
PG 1159 spectroscopic class is characterized by a strong
H deficiency and high-excitation He II, C IV, O VI and
N V lines (e.g. Werner et al. 1989; Sowicka et al. 2021;
Werner et al. 2022). These are among the hottest pul-
sating stars known.

The pulsation modes observed in white dwarfs are
nonradial g (gravity) modes. Gravity acts as the restor-
ing force on the displaced portions of mass, moving it
mainly horizontally. These pulsations cause different
temperature zones that oscillate at eigenfrequencies, re-
stricted by the spherical symmetry of the star.

In asteroseismology, we describe a pulsation mode us-
ing a spherical harmonic basis with three integer quan-
tum numbers: k, £ and m. The number k is called the
radial index and is the number of radial nodes, related to
how “deep” a mode is located in the star. The larger the
radial index of a mode, the more superficial is its main
region of period formation. The number ¢ is called the
spherical harmonic index and is related to the number
of latitudinal hot and cold zones. Finally, the number m
is called the azimuthal index, and its absolute value is
related to the arrangement of those zones on the stellar
surface. The number m assumes integer values from —/¢
to +¢. Rotation of the star breaks the degeneracy of
the pulsation modes with same k and ¢ but different m,
causing the modes to split into 2/+4 1 components in the
Fourier Transform (FT) of its light curve.

Due to geometrical cancellation, we expect to observe
predominantly modes with £ = 1 and ¢ = 2 in white
dwarfs (Robinson et al. 1982). These modes should pro-
duce triplets and quintuplets in Fourier Transforms (FT)
of light curves of rotating white dwarfs. This expecta-
tion is supported by the work of Stahn et al. (2005). The
authors make use of the wavelength dependent flux vari-
ations, or chromatic amplitudes, for modes with differ-
ent ¢. They extracted the chromatic amplitudes from 20
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orbits of HST — STIS time resolved spectra of PG 1159-
035 between 1100 A and 1750 A. Comparing the results
to models, they concluded that the most prominent pul-
sation mode at 516 s matches £ = 1 or £ = 2 modes
only.

2. PREVIOUS DATASETS

PG 1159-035 has been observed by different ground-
based telescopes since 1979 (Table 1). The ground
based data consist primarily of photometric observa-
tions obtained with CCDs and photomultiplier tubes.
The Whole Earth Telescope (WET) runs in 1989, 1993,
and 2002 were multi-site international campaigns dedi-
cated to achieving 24 h coverage (Winget et al. 1991).
In 2016 and 2021, this important star was continuously
observed by space-based telescopes, enabling unprece-
dented quality data. Table 1 is a journal of the main
observational campaigns since 1983. This table shows
that, although the previous campaigns have comparable
— or even longer — total lengths, the K2 data (2016)
is by far the one with the highest on star observations,
followed by the TESS data (2021).

Year Telescopes Length | On star Spectral
(days) | (days) | resolution (uHz)
1983 | McDonald, SAAO® 96.0 2.7 0.12
1985 | McDonald, SAAO® 64.6 2.0 0.18
1989 WET® 12.1 9.5 0.96
1993 WET* 16.9 14.4 0.68
2002 WET* 14.8 4.8 0.78
2016 Kepler 69.1 54.5 0.17
2021 TESS 24.9 22.0 0.46

@ Winget et al. (1985); ® Winget et al. (1991); ¢ Bruvold (1993);
@ Costa et al. (2003)

Table 1. Main observational campaigns of PG 1159-035
between 1983 and 2021.

Figure 1 shows the Fourier transform (FT) for each
annual observation of PG 1159-035, in the range of
the higher amplitude peaks (1700-2300 pHz, or roughly
435 — 590s), and their respective spectral window on
the right side. As shown in this figure, the K2 data
spectral window has the sharpest structure, allowing the
triplets to appear more clearly in the FT. The TESS
data spectral window also has very little structure, but
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Figure 1. Fourier transform of PG 1159-035 of the years of 1983, 1985, 1989, 1993, 2002, 2016 and 2021, from 1700 to 2300
pHz. Their respective spectral windows are shown on the right side.

127 the TESS data is limited by the small size of the tele-
128 scope and the red sensitivity. PG1159-035 is very blue
v (Tefp =~ 140,000K) and faint (m, = 15.04). The higher
130 noise found in the TESS data hinders the detection of
131 the numerous low amplitude frequencies found in the K2
132 data.

133 3. K2 AND TESS OBSERVATIONAL DATA

14 After a failure of the second reaction wheel control-
135 ling the pointing of the Kepler spacecraft, observations
136 along the ecliptic plane were enabled by the K2 mis-
1w sion (Howell et al. 2014). K2 observed PG 1159-035
s (EPIC 201214472) between July and September 2016
130 during Campaign 10. We downloaded the target pixel
o files (TPFs) in short cadence (58.85s) from the Barbara
11 A. Mikulski Archive for Space Telescopes (MAST), and
12 used the Lightkurve package (Lightkurve Collaboration
ws et al. 2018) to extract photometry from the TPFs. As
us K2 suffers a ~ 6.5 hr thruster firing to compensate for
s the solar pressure variation for fine pointing, we subse-

=

us quently used the KEPSFF routine (Vanderburg & John-
w7 son 2014) to correct the systematic photometric varia-
us tion that is induced by the low-frequency motion of the
1o target on the CCD module. A series of apertures of dif-
150 ferent pixel sizes were tested on the TPF to optimize
151 the photometry. We finally chose a fixed 30-pixel aper-
152 ture to extract our light curve. After extracting the
153 photometry we fit a third-order polynomial and sigma
154 clipped the light curve to 4.50 in order to detrend the
155 light curve and to clip the outliers. We also subtracted
156 the known electronic spurious frequencies and their har-
157 monics (Van Cleve et al. 2016). The K2 data starts
158 at Barycentric Julian Dates in Barycentric Dynamical
19 Time BJD_TDB=2457582.5799677 and extends 69.14
10 days, with 58.8 s cadence.

w1 The TESS data were collected in 2021 December dur-
162 ing Sector 46 with the spacecraft’s fastest 20 s cadence.
13 The data were downloaded from the MAST Portal and
e used PDCSAP simple aperture fluxes, after removal of
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165 bo outliers. PG 1159-035 is TIC 35062562 in the TESS
166 Target Input Catalog.

167 4. DETECTION OF PULSATION PERIODS

s We used the Period04 Fourier analysis software (Lenz
10 & Breger 2004) to detect the pulsation frequencies and
1o subtract their respective sinusoids from the light curves
n of K2 (pre-whitening). We estimated the false-alarm-
w2 probability (fap) of 1/1000 by randomizing the input
173 1000 times, as the data consists of multiple coherent
a frequencies.

s After the subtraction of each peak found in the Fourier
ws Transform (FT) directly from the light curve, we calcu-
17 lated the detection limit of the residual light curve. We
178 repeated this process until the highest amplitude peak
e had a false alarm probability larger than 1/1000.

——- random(1/1000)
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y y
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. 1_.‘llnll l
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Figure 2. Fourier Transform of the original K2 light curve of
PG 1159-035. The red dashed line indicates the false alarm
probability fap(1/1000)=0.119 mma we obtained randomiz-
ing the input times 1000 times. Frequencies are in yHz and
amplitude units use 1 mma = 1ppt = 0.1%.

1o Table 2, Table 3, and Table 4 list the frequencies
111 detected in the K2 and TESS data sets. The values
182 for the periods given in the tables were determined by
183 non-linear simultaneous multisinusoidal least-squares fit
18¢ and their uncertainties by Monte Carlo simulation, as in
155 Costa et al. (2008).

186 5. MODE COHERENCE

17 Asteroseismic analysis is based on the detected mode
18 properties. The basic underlying assumption is that the

189 frequencies and amplitudes of the pulsations modes are
190 stable on a much longer baseline than that of the obser-
11 vations. Changes in stellar structure do affect the am-
12 plitude and frequency of pulsation modes. The Fourier
13 transforms of PG 1159-035 from different epochs show
s different mode frequencies and amplitudes (Figures 1
s and 3), indicating that its pulsation modes are not
106 strictly coherent on time scales of months or years.

—— first half

Amplitude [mma]
w

) 4

| L 1

—— second half

0 500 1000 1500 2500

Frequency [uHz]

2000

Figure 3. Fourier transform of first half and second half of
the K2 data, showing amplitude changes during the 69 d ob-
servations, especially for peaks between 1100 and 1400 pHz.

197

198

19 The width of a mode in the power spectra is inversely
200 related with its lifetime. A coherent mode appears in
21 the power spectra as a single peak with a width dic-
22 tated by the length of the observations. Such a peak
203 has a lifetime considerably longer than the time span of
200 the data set. On the other hand, if the observational
205 campaign is lengthy enough to observe them, an inco-
206 herent mode with a short lifetime appears in the power
207 spectra as a multitude of closely spaced peaks (Basu &
Chaplin 2017).

200 Motivated by the results presented in Hermes et al.
210 (2017b) about the dichotomy of mode widths for ZZ Ceti
au (DAV) stars, we fitted Lorentzian envelopes by least-
a2 squares to every set of peaks detected in the K2 data
213 power spectrum, as in Bell et al. (2015). We used the
212 highest-amplitude peak within each set of peaks as an
215 initial guess for the central frequency and Lorentzian
26 height. For the half-width at half-maximum (HWHM),
217 we take twice the frequency resolution as an initial guess.
28 We used the Lorentzian fits to determine the inde-
210 pendent frequencies: we assume that all peaks covered
220 by the Lorentzian represent the same mode. And, for
21 modes whose Lorentzian fit covers more than one peak,
22 we defined its HWHM as a width range. For these

20i
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Figure 4. Detailed portions of the K2 data power spectrum of PG 1159-035 illustrating some Lorentzian fits as red lines. The
frequency is in Hz and the power is in units of mma? (1 mma = 1 ppt). All plots have the same frequency range of 4 uHz, but
different power ranges. In the top panel, we show some modes whose HWHM are very close to the frequency resolution and, in
the bottom panel, we show those modes with the widest HWHM.

modes, the uncertainties are unreliable, once they are
not coherent over the data set. The frequency and am-
plitude of the non-coherent modes are, respectively, the
central frequency and height of the fitted Lorentzian.
Some Lorentzian fits are very close to the shape of
a single peak, but others cover a few peaks, as illus-
trated by Figure 4. To determine if the distribution of
Lorentzian widths is random or presents some pattern,
we plot the HWHM of Lorentzian fits against period.
Figure 5 shows that the largest values of HWHM are in
the period range of &~ 400 — 1000 s. This is comparable
with the results on DAVs of Hermes et al. (2017b), who
found that the largest values of HWHM are in the pe-
riod range 800 — 1400 s. We note the largest values of
HWHM in this sample of DAVs are several times larger
than those seen in the PG 1159-035 data. Montgomery
et al. (2020) showed that the dichotomy in HWHM val-
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252

ues for the DAVs could be explained by changes in the
surface convection zone during pulsation. These changes
alter the reflection condition for modes, making these
modes less coherent.

Models of PG 1159 stars generally show neither sur-
face nor sub-surface convection zones (e.g. Miller Berto-
lami & Althaus 2006; Cérsico & Althaus 2006)!, so the
mechanism of Montgomery et al. (2020) is not expected
to lead to a lack of mode coherence for this case. It is
possible that other nonlinear effects come in to play near
the outer turning point of some modes, which leads to a
lack of coherent reflection. As an example, the large am-

1 Only PG 1159 models that have not reached the maximum Teg
and evolve towards the blue at constant luminosity, have a thin
sub-surface convective zone. However, it disappears completely

before reaching the region of interest for PG 1159-035.
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Figure 5. Half-width at half-maximum (HWHM) of

Lorentzian fit to the significant peaks in the Fourier Trans-
form of PG 1159-035 in pHz vs. their periods in seconds.
The horizontal blue dashed indicates the spectral window
HWHM of the K2 data.

plitudes of some modes could lead to a Kelvin-Helmholtz
instability (shear instability) in the outer layers of the
star, leading to energy loss and inconsistent reflection of
the modes.

6. THE PERIOD SPACING AND MODE
IDENTIFICATION

6.1. K2 data

According to pulsation theory, the period spacing AII;
between two g-modes with the same ¢, m = 0, and con-
secutive k is constant for a homogeneous model in the
asymptotic limit (k > ¢). We can write the following
general equation:

ey =g + KAIL (1)
where Il 5, is the period of a (k,¢,m = 0) mode, and
II;o is the period of the k¥ = 0 mode (Tassoul 1980;
Winget et al. 1991).

To identify sequences of consecutive k£ modes for differ-
ent £ values, we need initial guesses for the constants of
the equation above. We used the Kolmogorov-Smirnov
test (type: KP - Kuiper statistic) to get an initial value
for the period spacing AIl; and Ally. Figure 6 shows
the K-S test applied to our list of independent frequen-
cies. We identified six significant peaks in the test:
AlIl; = 21.23 s, All; = 12.97 s and two multiples of
each one. The AII; peak is significantly stronger than
its multiples. This is not true to Alls, which has log @
value similar to its multiples. This may result from the
smaller number of £ = 2 frequencies observed compared
to the sample of ¢ = 1 frequencies.
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Figure 6. K-S test applied to our list of independent fre-
quencies. There are six significant peaks: two of them corre-
spond to AIl; and AII; values, and the others are multiples
of these.

We would also like to place constraints on the values
of Iy ¢—1 and Il ¢—o. For slow rotation in the absence
of a magnetic field, the components of a split mode are
equally spaced in frequency by a constant dv,. To iden-
tify multiplets in the set of frequencies observed, it is im-
portant to estimate dvy. As initial guesses, we took the
values obtained by Winget et al. (1991), ovp—y = 4.22
and dvy—o = 6.92. Further, using the results of Winget
et al. (1991) to assume that the triplet at 517 s is the
kE =20+2, £ =1 mode, we find from equation (1):
IMye=1 = 92.6 s. Using the results of Costa et al.
(2008) to assume that the quintuplet of 387 s is the
k=27+2, { =2 mode, we obtain Il y—o = 37.98 s.

Taking these values to classify the K2 frequencies in
the range of 300 — 3000 pHz, we identified 32 £ = 1 in-
dependent modes (Table 2) and 12 ¢ = 2 independent
modes (Table 3). The fourteen ¢ = 1 modes with the
largest values of k are out of the frequency range ana-
lyzed by Costa et al. (2008), and the k = 61, ¢ = 2 mode
was not detected in their data.

After identifying the modes, we were able to use their
observational values to improve our constants. We plot-
ted the periods vs. their assigned k value to the £ =1
and ¢ = 2 modes, as shown in Figure 7. So, fitting a line
according to Equation (1), we obtain:

All; =21.2840.02s and Allp=13.02+0.045s (2)

These values are very similar to the ones found by
Costa et al. (2008): All; = 21.434+0.03 s and Allp =
12.38 £ 0.01 s. The ratio between the period spacings
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k+2 m Period Frequency Amplitude | k+£2 m Period Frequency Amplitude
[s] [1Hz] [mmal [s] [1Hz] [mmal
14 +1 386.8818 +-0.0013 2584.769 4+ 0.008 0.26 &0.02 | 35* +1 835.75 +0.38 1196.53 4+ 0.55 0.15
14 0 387.5045 4 0.0013 2580.61540.009 0.2540.02 | 35* 0 838.50 £ 0.29 1192.61 +0.41 0.13
14 -1 35% -1 841.05 4+ 0.36 1188.99 4+ 0.52 0.10
17 +1 451.6086 £+ 0.0002 2214.307 +0.001 2.70 £ 0.02 42 +1  981.7223 +0.0100 1018.618 £0.010 0.21 4+ 0.02
17 0  452.4465 + 0.0002 2210.206 £ 0.001 1.87 £0.02 42 0 985.6528 + 0.0093  1014.556 £ 0.010 0.23 4+ 0.02
17 -1 453.2911 £0.0001 2206.088 4 0.001 3.14 4+ 0.02 42 -1 988.4763 £0.0011 1011.658 £0.001 1.88 £ 0.02
18 +1 48 +1
18 0 473.0622 £ 0.0009 2113.887 +0.004 0.52 £ 0.02 48 0 1116.0179 +0.0096 896.043 +0.008  0.29 4 0.02
18 -1 48 -1
20%  +1 516.10 4+ 0.06 1937.59 +0.23 1.28 50 +1 1159.3618 + 0.0085 862.543 +0.006  0.35 4+ 0.02
20 0 517.2150 £ 0.0001 1933.432 +0.001 5.34 £+ 0.02 50 0 1164.8798 +0.0107 858.458 +0.008  0.28 +0.02
20* -1 518.34 +0.05 1929.24 4+ 0.20 1.46 50 -1 1168.7091 £ 0.0088 855.645 + 0.006  0.34 £ 0.02
21 +1 536.9727 £0.0001 1862.292 4+ 0.001 5.92 £ 0.02 54 +1 1242.0046 +0.0150 805.150 £0.010  0.23 £0.02
21 0 538.1587 £ 0.0002 1858.188 +=0.001 4.08 £ 0.02 54 0 1246.2601 +0.0216 802.401 +0.014  0.16 = 0.02
21 -1 539.3473 £ 0.0001 1854.093 & 0.001 4.74 £ 0.02 54 -1 1252.6274 £0.0178 798.322 +£0.011  0.19 £0.02
22 +1 557.1217 £0.0006 1794.940 +0.002 1.14 £+ 0.02 56 +1
22 0  558.4483 +£0.0004 1790.676 +0.001 1.53 £ 0.02 56 0 1284.5235 4 0.0254 778.499 +£0.015  0.14 £ 0.02
22* -1 559.78 4+ 0.06 1786.42 + 0.19 0.27 56 -1
23*  +1 579.07 &£ 0.06 1726.90 + 0.18 0.11 61 +1 1379.2645 + 0.0309 725.024 £0.016  0.14 £ 0.02
23* 0 580.38 4= 0.06 1723.00 +0.19 0.18 61 0 1387.0651 +0.0210 720.947 +0.011  0.20 &= 0.02
23* -1 581.78 4+ 0.06 1718.85 +0.17 0.20 61 -1 1392.6642 £ 0.0299 718.048 +£0.015  0.14 £ 0.02
24 +1 600.6547 - 0.0023 1664.850 & 0.006 0.344-0.02 | 62* +1 1398.74 4+ 0.58 714.93 £ 0.30 0.16
24 0 62 0  1406.5058 +0.0122 710.982 +0.006  0.36 4+ 0.02
24 -1 604.0409 £ 0.0041 1655.517 +0.011 0.20 4+ 0.02 62 -1 1412.1701 £ 0.0000 708.130 0.72 £0.02
26 +1 641.5557 £0.0006 1558.711 +0.001 1.49 £ 0.02 68 +1
26 0 643.2361 £0.0004 1554.639 +0.001 2.54 £+ 0.02 68 0 1539.0279 4 0.0342 649.761 £0.014  0.15 £ 0.02
26 -1 644.9279 £ 0.0002 1550.561 + 0.001 3.68 £ 0.02 68 -1
27 +1 69 +1
27 0 664.1985 £ 0.0068 1505.574 +0.015 0.14 £ 0.02 69 0  1555.7422 +0.0335 642.780 +0.014  0.16 4+ 0.02
27 -1 69 -1
28 +1 685.7765 £ 0.0067 1458.201 +0.014 0.15+ 0.02 70 +1
28 0 70* 0  1572.9948 + 0.0000 635.730 0.37£0.02
28 -1 689.6951 £ 0.0056 1449.916 + 0.012 0.19 £0.02 70 -1 1589.91 4+ 0.49 632.95 4+ 0.20 0.29
29%  +1 706.08 = 0.12 1416.27 +0.24 0.27 80 +1 1788.9168 +0.0392 558.998 +0.012  0.18 = 0.02
29 0 708.1235 £ 0.0021 1412.183 +0.004 0.51 £ 0.02 80 0 1802.1048 4+ 0.0437 554.907 +0.013  0.16 = 0.02
29 -1 710.3398 £ 0.0018 1407.777 & 0.004 0.61 £ 0.02 80 -1 1811.2402 £0.0400 552.108 £0.012 0.18 £0.02
30 +1 89 +1
30* 0 729.60 £ 0.18 1370.61 4+ 0.35 0.11 89 0 1982.7768 + 0.0504 504.343 +0.013  0.17 +0.02
30 -1 731.6054 £ 0.0037 1366.857 + 0.007 0.32 £0.02 89 -1 1993.56 + 0.07 501.615£0.017  0.13£0.02
32 +1 90 +1
32 0 773.7070 £ 0.0066 1292.479 +0.011 0.20 £ 0.02 90 0  2010.0490 4 0.0569 497.500 +0.014  0.16 &+ 0.02
32 -1 776.0878 £ 0.0078 1288.514 +0.013 0.17 £ 0.02 90 -1 2021.2441 £0.0613 494.745 +0.015  0.15 £ 0.02
33* 41 791.56 £+ 0.30 1263.33 +0.48 0.16 94 +1
33* 0 793.89 £+ 0.21 1259.62 4+ 0.34 0.20 94 0  2084.6910 4+ 0.0501 479.687 +0.012  0.19 4+ 0.02
33* -1 795.5298 +£0.0092 1257.024 +0.015 0.15£0.02 94 -1
34* 41 813.77 +0.28 1228.85 4+ 0.43 0.08 128  +1
34%* 0 816.68 +=0.14 1224.46 +0.21 0.13 128 0  2807.9405 4+ 0.0463 356.133 +0.006  0.37 &= 0.02
34%* -1 819.02 +0.33 1220.98 4= 0.49 0.15 128 -1

Table 2. Identified £ = 1 pulsation modes in K2 data. The frequencies with an '*’ after the k number are not coherent during
observations, and their parameters are the values referring to Lorentzian fits.




k+2 m Period Frequency Amplitude | k+£2 m Period Frequency Amplitude
[s] [Hz] [mma] [s] [pHz] [mma]
25 +2 32 +2
25 +1 32 +1
25 0 362.5385+0.0014 2758.328 +0.011 0.21 £0.02 32 0  449.3623 +£0.0032 2225.376 +0.016 0.14 +0.02
25 -1 32 -1
25 -2 32 -2
27 +2 36 +2
27 +1 387.1166 £ 0.0005 2583.201 +0.003 0.65 £ 0.02 36 +1 497.0416 £ 0.0028 2011.904 +0.011 0.19 £ 0.02
27 0 36 0 498.7392 £0.0011 2005.056 +0.004 0.50 £ 0.02
27 -1 389.2308 +0.0002 2569.170 + 0.002 1.45 4 0.02 36 -1
27 -2 390.2865 £ 0.0002 2562.220 + 0.001 2.12 £0.02 36 -2
28 +2 38 +2
28 +1 398.9886 + 0.0013 2506.337 +0.008 0.28 + 0.02 38 +1
28 0  400.0776 £ 0.0010 2499.515 4+ 0.006 0.34 +0.02 | 38* 0 528.21 + 0.05 1893.20 +0.18 0.11
28 -1 38 -1
28 -2 38 -2
29 +2 410.8695 £ 0.0025 2433.863 +0.015 0.15£0.02 61 +2
29% 41 412.04 +0.04 2426.97 £ 0.23 0.24 61 +1
29 0 61 0
29 -1 414.4032 +£0.0004 2413.109 +0.002 1.05+0.02 | 61* -1 833.58 £ 0.12 1199.65 + 0.18 0.17
29 -2 415.5943 +0.0008 2406.193 + 0.005 0.48 4+ 0.02 61 -2
30 +2  422.5439 £ 0.0006 2366.618 +0.003 0.65 £+ 0.02 63 +2
30 +1 423.7669 + 0.0004 2359.788 +0.002 0.94 £+ 0.02 63 +1
30 0 63* 0 856.55 + 0.21 1167.47 +0.29 0.28
30% -1 426.26 4+ 0.04 2346.01 £ 0.22 0.19 63* -1 861.00 4+ 0.25 1161.44 +0.33 0.11
30 -2 427.4673 +0.0017 2339.360 + 0.009 0.23 4+ 0.02 63 -2 866.2231 £0.0081 1154.437 +0.011 0.20 £ 0.02
31 +2 64* 42 859.36 + 0.27 1163.66 4= 0.36 0.14
31 +1 64*  +1 864.21 +0.16 1157.13 £ 0.21 0.20
31 0 64 0
31 -1 439.3573 £ 0.0007 2276.052 + 0.004 0.57 +0.02 64 -1
31 -2 440.7055 +0.0021 2269.089 + 0.011 0.20 4+ 0.02 64 -2

Table 3. Identified ¢ = 2 pulsation modes in K2 data. The frequencies with an '*’ after the k number are not coherent during
observations, and their parameters are the values referring to Lorentzian fits.

311 we obtained 1is:

ATI4
1 — 1,634 +0.005

AIL 3)

3 that is, 94% of /3, the value expected by asymptotic
su pulsation theory.

315 6.2. TESS data

ss  In Fig. 1 we observe that TESS data is much noisier
siv than K2 data. The higher noise levels make it impossi-
a1 ble to detect low amplitude frequencies. We are unable
310 to complete a deep analysis. Fig. 1 does show that both
»0 data sets have common frequencies. We compared the
a1 F'T's to identify the pulsation modes present in the TESS
a2 data. Table 4 lists the identified modes whose its am-
223 plitudes are higher than 3.60. Since we do not gain any

324 new insights from the TESS data compared to the K2
»s data, we only consider the K2 data for the remainder of
36 this manuscript.

sz 7. MODE STRUCTURE AND ASYMMETRIES
328 71.

29 The 32 ¢ = 1 modes identified in the K2 light curve are
330 distributed in 8 singlets, 8 doublets, and 16 triplets. For
s the 24 modes with multiplet structure, we find 15 with
32 approximately symmetric splitting of (0vyo1) = (4.0 £
333 0.4) pHz. The remaining nine ¢ = 1 multiplets have a
s very similar asymmetric frequency structure, as shown
35 in Figures 8 and 13. The asymmetric modes present a
136 larger spacing average (5V$t’1> = (4.06 £0.05) pHz and

{ =1 modes

» a smaller spacing average (37, ;) = (2.81 & 0.06) pHz.
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Figure 7. Observed periods sequences for £ = 1 (blue line)
and £ = 2 (red line) modes from K2 data.

k+2 m Period Frequency Amplitude
[s] [Hz] [mma]

17 1

17 0 4524624+ 0.006 2210.13+0.03 3.7+04
17 -1 453.307 +0.009 2206.01 £0.04 24+04
20 1 516.107 £0.006 1937.58 +0.02 4.5+£04
20 0 517.211+£0.005 1933.45+0.02 5.7+0.4
20 -1 518.370 £0.005 1929.12+0.02 5.2+0.4
21 1 536.996 +0.015 1862.21 +£0.05 2.04+0.4
21 0 538.1554+0.006 1858.20+0.02 5.5+04
21 -1 539.333 +0.005 1854.144+0.02 5.5+04
22 1 557.141+£0.014 1794.88+£0.05 2.3+0.4
22 0

22 -1

Table 4. Identified pulsation frequencies in TESS data.

For the major asymmetric modes, the larger spacing is
that between the m = 0 and m = 1 frequencies. The
k = 54 mode is an exception, with the larger spacing

between the m = —1 and m = 0 frequencies. Please
note that the x-axis of the k& = 54 panel is inverted in
Figure 8.

Figure 9 shows the asymmetry observed in ¢ = 1

modes in PG 1159—035 as a function of the radial node
k. While the pulsations are global, each pulsation sam-
ples the star in slightly different ways. The lower k
modes have outer turning points that are far below the
stellar surface, so these modes preferentially sample the
deeper interior. High & modes preferentially sample the
outer layers. Figure 9 shows that the larger asymme-
tries are found in modes with larger values of k. This
argues that the cause of the asymmetries, whether it

0.25 1
0.00
o
E
E,
W
=
=
g
= 710 715
_ ] T
0.2 N k—ﬁl 1 1
1
0.0 - f
720 725

T
805 800

2 1k=42

D = ‘d T =
1010 1015
Frequency [uHz]
Figure 8. The panels show detailed portions of the K2 FT
centered in the m = 0 frequency of the asymmetric modes.
The red dashed lines indicates the (dvrot,1) frequency spacing
averages.
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be magnetic fields, differential rotation or some other
symmetry-breaking agent, predominately influences the
outer layers corresponding to 40 < k < 80 rather than
in the inner zone corresponding to k& < 30.

1.5

1.0 A

0.5 1

0.0

Asymmetry [uHz]

—-0.5 4

—-1.0 4
—-1.54
T T T T T T T

20 30 40 50 60 70 80
k

Figure 9. Asymmetry of the £ = 1 modes as a function of
the radial node k. The height of the square markers corre-
spond to the internal uncertainties calculated by MC Monte
Carlo simulation. The error bars indicate the uncertainties
obtained by the Lorentzian fit.

In the case of weak magnetic fields and slow (wpys >
Qo) uniform rotation, the observed frequency spacing
depends on both the rotation period and the magnetic
field of the star. Assuming that the pulsation axis, the
rotation axis and the magnetic field are aligned, the fre-
quency spacing can be approximated in first order by
(e.g. Hansen et al. 1977; Jones et al. 1989; Gough &
Thompson 1990; Dintrans & Rieutord 2000) :
m(l = C) o + m*7B 4)
where the Ledoux constant C = C(k, ) is the uniform
rotation coefficient (Ledoux 1951), Q.0 is the rotational
frequency, 7 is a proportionality constant and B is the
magnetic field. Because of its dependence on m?, the
magnetic field term in equation 4 causes an asymmetric
splitting about m = 0 if combined with the rotational
effect. Defining:

v =~

Asymmetry(k, £) =~ dv(k,,m = +1) + év(k, £,m = —1)

(5)

with the asymmetry directly related with the square of
the magnetic field.

From Figure 13, however, we can see that the exact
morphology of the splitting does not follow the form of
equation 4. While the m = —1 components are shifted

Asymmetry(k, () ~ 2yB?
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to the right (toward the m = 0 modes), the m = +1
components should also be shifted to the right, away
from the m = 0 modes. This is not observed. Thus, the
simple model of uniform rotation plus a uniform mag-
netic field in which the magnetic and rotation axes are
aligned cannot be valid. But if we assume differential
rotation, as suggested by Figure 13, a lower rotational
frequency in the period formation zone of the asymmet-
ric modes plus an off-center magnetic field could explain
Figure 9.

However, it is important to point that all this dis-
cussion is based on the assumption that the quantum
numbers k, ¢ and m assigned to the frequencies lower
than 1100 pyHz are correct. We have suggested a mode
identification in table 2 using the Il ; model we have
calculated in section 6.1. In the range of low frequen-
cies, this model present a strong superposition of both
¢ =1 and ¢ = 2 modes (see Figure 10). Therefore,
there are other identification modes equally possible to
these frequencies. It includes the possibility that these
sets of frequencies are not asymmetric £ = 1 modes but
superpositions of £ =1 and ¢ = 2 modes.
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Figure 10. K2 data FT in the range of asymmetric modes.
Vertical blue lines indicate the component m=0 of the £ =1
model calculated in section 6.1, similarly, the red ones indi-
cate the component m=0 of the = 2 model. Red horizontal
dashed line indicates the FAP limit.

7.2. £ = 2 modes

Our sample for ¢ = 2 contains 12 modes distributed
in 3 singlets, and 9 multiplets. We do not find any ¢
= 2 modes where all 5 m subcomponents are detected.
Based on this small sample, we did not observe any pat-
tern of asymmetry. The frequency spacing average and
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standard deviation are:

(Otrot,2) = 6.8 £0.2 uHz (6)

As here we used only the K2 data, both the values of
frequency spacing average we estimated are less accu-
rate than the values calculated by Costa et al. (2008):
(Otrot,1) = 4.134 £ 0.002 pHz and (0vyer2) = 6.90 =
0.01 pHz.

7.3. Regions of period formation

Figures 11 and 12 show the weight functions versus
radius for the k=16 mode and for the k=56 mode, for a
representative model. Due to the large k values, there
are not large differences in the regions of period forma-
tion.

I=1, k=16, P= 388 s

1 T T T T T

T T T
Weight Function

Wil |
\}\ M’MAA |
U \Mﬂ \/ \/ \\//\\v/ A\ :

. . . . . . . . .
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Figure 11. Weight function of k=16 mode in blue. The
chemical composition is also indicated by different color lines.

I=1, k=56, P= 1251 s
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Figure 12. Weight function of k=56 mode.

8. THE ROTATIONAL PERIOD

At first glance, the rotation period of PG1159-035 ap-
pears well established. Analysis of the K2 modes find
an average splitting of v = 4.0 + 0.4 pHz for ¢ = 1,
and v = 6.8 £0.2 uHz for ¢ = 2. Using the equa-
tions for uniform rotation in the asymptotic limit, we
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find a rotation frequency of 8.16 pHz and a period of
P,ot = 1.4+ 0.1 days. This is in agreement with the
1.38+0.013 day rotation period reported in Winget et al.
(1991) and 1.393540.0008 day period reported in Costa
et al. (2008).

The Fourier Tranform of K2 light curve reveals a sig-
nificant (1.46 mma) peak at 8.906 &+ 0.003 pHz as well
as its harmonic at 17.811 4+ 0.006 pHz. The modulation
is apparent in visual inspection of the K2 light curve.
There is no evidence that PG 1159-035 is a member of a
binary system, so we propose that this modulation rep-
resents a surface rotation of 1.299+0.001 days. PG 1159-
035 now joins PG 01124104 (Hermes et al. 2017a) as one
of only two white dwarfs with photometrically detected
surface rotation frequencies.

If 8.906 pHz is the surface rotation frequency and
PG 1159-035 rotates as a solid body (Charpinet et al.
2009), we would expect ¢ = 1 triplets with splittings of
ov = 4.4 pHz and ¢ = 2 quintuplets with dv = 7.4 uHz.
This predicted ¢ = 1 splitting is at the outer range of
permitted values from K2 data. The predicted ¢ = 2
splittings are several sigmas from the values observed.

Figure 13 shows the observational frequency splitting
of £ =1 and ¢ = 2 compared with the theoretical split-
ting if PG 1159-035 rotates as a rigid body with fre-
quency .ot = 8.16 uHz. We do not find good agree-
ment.

The K2 data shows evidence for two different rotation
periods, the first from direct detection of a peak in the
FT and a second from the average multiplet structure.
If we interpret the rotation period derived from the mul-
tiplet structure as a globally averaged rotation rate, this
provides evidence that differential rotation plays a role
in PG1159-035. Further analysis of differential rotation
in PG1159-035 will surely be the subject of future work.

Figure 15 shows the observed Ledoux rotation coeffi-
cients C(¢, k) versus the predicted ones in the best as-
teroseismic model, which are close to the asymptotic
values, for Q,ot = 8.38 uHz (Winget et al. 1991). The
observed values are in general larger than the predicted
ones, indicating second order terms are necessary. If we
assume the rotation frequency of Q.. = 8.90 uHz , all
values are larger than the model and asymptotic value.

9. PERIOD CHANGES

The evolution of a typical white dwarf is dominated by
cooling. An observable effect of white dwarf evolution
is change in pulsation periods. Measurements of period
change can be used to constrain fundamental physical
properties and constrain evolutionary models.

For a typical white dwarf, we expect P values between
10712 — 1075 ss~!. Hot white dwarfs evolve rapidly, so
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ara higher values of P will be associated with hotter stars.
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Figure 15. Observed Ledoux rotation coefficients C'(¢, k)
(red) versus the predicted ones (black) in the best asteroseis-
mic model, in terms of the periods. The horizontal dotted
line corresponding to C'(£,k) = 0.5 is the asymptotic value
for large radial-order modes. If Q. = 8.38 pHz, all values
are larger than the model ones.

PG 1159-035 is very hot (T ~ 140,000K) and is evolv-
ing quickly. The period changes can be measured di-
rectly. However, PG 1159-035 has not yet completed the
contraction of its outer layers. In this case, we must also
consider the effects of contraction of the stellar atmo-
sphere, which can produce decreasing periods (P < 0).
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Figure 16. Relative change of pulsation period with time %
over time to k = 17, k = 20, kK = 21 and k£ = 22 modes. The
error bars were calculated by Markov Chain Monte Carlo
Simulation.

We used periods measured in the earlier data cited in
Table 1 to calculate the period changes of PG 1159-
035’s high-amplitude modes. We choose four modes
They are the
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k =17,20,21,22 modes, all £ = 1. For each given index
radial £ mode, the period change between two consecu-
tive data sets n and n + 1 was evaluated as:

E Et— tn+1 + tn _ 1 Hk(tn-l-l) - Hk(tn)
m\" 2 11 (to) toi1 — tn
(7)

where IIg(t,) is the period of index radial k¥ mode ob-
served in the year t, and tq is the year of the first ob-
servation (from the considered datasets).

The period changes of these modes over the years do
not present a clear pattern. However, Figure 16 shows
that, overlapping, they look to be converging to some
value and then scattering again. The m components of
the k=17 and the k=21 modes switch between positive
and negative P values. Clearly, we are neglecting an
important effect that acts on timescales of months and
years, as nonlinear mode coupling. Other possible ef-
fects include reflex motion and proper motion, but these
would be expected to act equally on all modes. Magnetic
fields would also affect P, and could affect each mode
differently.

10. COMBINATION FREQUENCIES

It was previously reported that PG 1159-035 had no
combination frequencies, since none were detected in the
previous data (e.g. Costa et al. 2008). However, due to
the extended time base and signal-to-noise of the K2
data set, for the first time we are able to identify com-
bination frequencies in its pulsation spectrum (see Ta-
ble 5).

The amplitudes of these frequencies are small, but
then so are those of the parent linear modes. A measure
of the strength of the nonlinearity is

Aitj

R.= ——
niinAj

(8)
where A; and A, are the parent amplitudes (in units
of modulation amplitude ma), A;4; is the amplitude of
the combination frequency, and n;; = 2 for ¢ # j and 1
otherwise (van Kerkwijk et al. 2000; Yeates et al. 2005).

From Table 5 we find R, values in the range ~ 4-14.
We note that these values are not smaller than those
found in the DAVs, and are in fact completely consistent
with them (see Yeates et al. 2005).

In the DAVs and DBVs, the dominant mechanism
producing combination frequencies and nonlinear light
curves is thought to be the interaction of the pulsations
with the surface convection zone (Brickhill 1992a,b; Wu
2001; Montgomery 2005). PG 1159-035 is sufficiently
hot that models show no surface convection zone (e.g.,
Werner et al. 1989), so the presence of combination
frequencies is something of a mystery. An alternative
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mechanism is the nonlinear temperature to flux rela-
tionship described in Brassard et al. (1995). While this
mechanism is not generally successful in explaining the
nonlinearities seen in the DAVs (e.g., Vuille & Brassard
2000), we consider whether it could be viable for the
amplitudes of the combination frequencies observed in
the DOV PG1159-035.

To simplify the calculation, we approximate the stellar
flux as a blackbody, Bx(T), and expand it to second
order in the temperature perturbations, AT":

aBA(TO)AT+ 19°Bx(To)

B BN = AT

(AT)? + ...
(9)

Assuming just one mode with temperature perturbation
AT;, we find that the fractional flux perturbations are

As= B,\(lTo) aBé\ij(ﬂTO)ATi (10)
with the result that
szfg::;Bﬂﬂﬁ(a€§?ﬁ>_%$§;fw (12)
ol
<

1072 F

0.0 0.2 0.4 0.6 0.8 1.0 1.2 14
Terr (K)

x10°

Figure 17. Expected value of R. (Equation 12) as a func-
tion of Tyg for observations centered on A = 5500 A. A black-
body spectrum was assumed for this calculation.

In Figure 17, we plot R. as a function of T for ob-
servations centered at the wavelength A = 5500 A. At
Teg ~ 140,000 K, we see that R. < 0.01, which is much
smaller than the observed values. Thus, if a blackbody
spectrum is a good proxy for the actual flux distribution,
then the mechanism of Brassard et al. (1995) cannot ex-
plain the observed nonlinearities in PG1159-035. How-
ever, it is possible that using actual model atmospheres
could produce larger values of R, but the atmospheres
would need to be calculated on a fine enough grid in Tog
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Frequency (p¢Hz) Amplitude (mma) Combination frequencies f;, Difference (pHz) R. ‘
75.31 £0.03 0.17£0.05 f20 — fa1 —0.06 (2.10) 3.9
142.74 £ 0.03 0.19 +£0.05 f20 — fa2 +0.01 (0.50) 11.6
419.28 + 0.06 0.08 £ 0.05 fi7 — foo +0.25 (4.20)  14.0

3412.82 £0.03 0.20 £ 0.05 fo1 + fae +0.01 (0.10) 9.6
3716.39 £ 0.02 0.24 £0.05 2fa1 —0.01 (0.50) 14.4
3791.56 £ 0.03 0.18 £0.05 f20 + fa1 +0.06 (1.70) 4.1
3866.84 £ 0.03 0.19£0.05 2f20 +0.03 (0.70) 6.7
4143.67 £0.03 0.15£0.05 fi7 + f2o —0.03 (1.00) 7.5

Table 5. Combination frequencies in K2 data.

that accurate first- and second-order derivatives can be
computed. Clearly, understanding the origin of these
combination frequencies will require further analysis.

11. ASTEROSEISMIC MODELING

The location of PG 1159-035 in the logTeg — logyg
plane is displayed in Fig. 18 with a blue dot and a cyan
circle with error bars. If the star has T.g = 140000 %
5000 K and logg = 7.0 + 0.5 (Werner et al. 2011), the
PG 1159 evolutionary tracks of Althaus et al. (2005) and
Miller Bertolami & Althaus (2006) indicate that the star
has just turned its “evolutionary knee” (maximum Tog ),
and is entering its white-dwarf cooling track. The spec-
troscopic stellar mass of the star, taking into account
the uncertainties in Tog and log g, is derived by linear
interpolation and results in M, = 0.54 + 0.07My. We
note that the star falls in the region where our pulsation
models predict a mix of positive and negative rates of
period changes (Fig. 18), as found by Costa & Kepler
(2008) (see also Sect. 8).

In the next sections, we apply the tools of white-dwarf
asteroseismology for inferring the stellar mass and the
derivation of an asteroseismic model for PG 1159—035.
Sect. 6.2 shows that TESS has detected very few periods
(see Table 4), and they are almost identical to the corre-
sponding K2 periods. Therefore, we will carry out our
asteroseismic modeling considering only the K2 periods
(Tables 2 and 3).

11.1. Derivation of the stellar mass from the period
spacings

The approach we use to extract information on the
stellar mass of PG 1159—035 is the same employed in,
e.g., Corsico et al. (2021). Briefly, a way to estimate
the masses of GW Vir stars is by comparing the ob-
served period spacing AIl with the asymptotic period
spacing AIT} (Tassoul et al. 1990) at the effective tem-
perature of the star (see the pioneering work of Kawaler
1988). Since GW Vir stars generally do not have all of
their pulsation modes in the asymptotic regime, and are
not chemically homogeneous, it is more reliable to infer
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N: ® PG1159-035 spectroscopy
= 6,5 !
g ’ ® PG 1159-035 seismology
; ® GW Virstars
3 Gls9-035 ® GW Vir (TESS)
—0— °

SDSSJ075415

7,5

TIC 095332541 and
TIC 333432673

&3 5.2 5.1 5 2.9
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Figure 18. Location of the known GW Vir variable stars
in the log Tex — log g diagram, depicted with small red cir-
cles. Thin solid curves show the post-born-again evolution-
ary tracks from Althaus et al. (2005) and Miller Bertolami
& Althaus (2006) for different stellar masses in the range
0.530 — 0.741My. The location of the GW Vir stars ob-
served with TESS (with published results) are emphasized
with large orange circles. PG 1159—035 is displayed with
a small blue circle with the error bars (within a box with
dotted lines), according to Werner et al. (2011) (Teg =
140000 + 5000 K and logg = 7 £+ 0.5). The location of
PG 1159—035 according to the asteroseismic model (see Sect.
11.2) is depicted with a black, small circle. The violet curves
divide the plane in three regions: one in which all the g
modes have II < 0, another region where some modes have
II < 0 and others have IT > 0, and finally a region in which
all the modes have IT > 0. The gray curves correspond to
the theoretical blue edge of the GW Vir instability strip for
¢ =1 and ¢ = 2 g modes, according to Cdrsico et al. (2006).

ses the stellar mass by comparing AIl with the average of
s0 the computed period spacings (Allg). It is assessed as
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Figure 19. Upper panel: dipole (¢ = 1) average of the
computed period spacings, All, assessed in a range of pe-
riods that includes the periods observed in PG 1159—035,
shown as dashed red (solid black) curves corresponding to
stages before (after) the maximum T.¢ for different stel-
lar masses. The location of PG 1159—035 when we use
the effective temperature derived by Werner et al. (2011),
Ter = 140000 £+ 5000 K, and the period spacing AlIl; =
21.28 +0.02 s derived in Sect. 6, is highlighted with a blue
circle. Lower panel: same as in upper panel, but for the case
in which the period spacing is assumed to be associated to
£ =2 modes (AIlz = 13.02 £ 0.04 s).

oo Al = (ne — 1)~ 37 | Ally, where the “forward” pe-
so1 riod spacing (Ally) is defined as AIly = I — i (k
s02 being the radial order) and n. is the number of computed
e03 periods laying in the range of the observed periods. Note
e0s that this method for assessing the stellar mass relies on
e0s the spectroscopic effective temperature, and the results
s0s are unavoidably affected by its associated uncertainty.

s We have calculated the average of the computed pe-
s0s Ti0d spacings for £ = 1 and ¢ = 2, in terms of the effec-
600 tive temperature, for all the masses considered. We em-
s10 ployed the LP-PUL pulsation code (Coérsico & Althaus
su 2006) for computing the dipole and quadrupole adia-
s12 batic periods of g modes on fully evolutionary PG1159
13 models generated with the LPCODE evolutionary code
s (Althaus et al. 2005). The results are shown in the up-
as per (£ = 1) and lower (¢ = 2) panels of Fig. 19, where we
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a1s show AII, corresponding to evolutionary stages before
617 the maximum possible effective temperature, TogMAX
e (that depends on the stellar mass) with red dashed
o lines, and the phases after that Tpg“A% (the white-
20 dwarf stage itself) with solid black lines. The location of
e PG 1159—035 is indicated by a small blue circle with er-
622 TOr bars, and corresponds to the effective temperature of
s the star according to Werner et al. (2011) and the period
624 spacings derived in Sect. 6. We perform linear interpola-
65 tions between the sequences and obtain the stellar mass
o6 shown in Table 6. If the star is after the “evolutionary
s2r knee” | as suggested by its spectroscopic parameters (see
o2 Fig. 18), then the stellar mass is ~ 0.58 M, according to
29 the £ = 1 modes, and ~ 0.54M, according to the £ = 2
630 modes.

(=1
0.59470 955

(=2
0.5600 0%

Before the maximum T.g

After the maximum Teg | 0.57670°007  0.53870005

Table 6. Stellar mass (in M) derived for PG 1159—035
by comparing the the average of the computed period spac-
ings (Allx) of our PG 1159 models with the observed period
spacings derived in Sect. 6.

e If the star were at an earlier stage, before the evo-
22 lutionary knee, the mass would be ~ 0.59Ms and
63 ~ 0.54Mg, according to the modes with ¢ = 1 and
e £ = 2, respectively. We conclude that the stellar mass of
es PG 1159—035, as derived from its period spacings AlIly
36 and Ally, is in the range 0.54 — 0.59M. This range
67 of masses is compatible with the spectroscopic mass,
e M, = 0.54+0.07 Mg (Werner et al. 2011).

639 11.2. Asteroseismic period fits

s An asteroseismic tool to disentangle the internal
éa1 structure of GW Vir stars is to search for theoreti-
62 cal models that best match the individual pulsation
63 periods of the target star. To measure the good-
s Ness of the agreement between the theoretical periods
s (Il ) and the observed periods (II?), we adopt the
ws quality function: x*(M,,Tex) = + vazl min[(Ig ), —
o7 119)%] (Cérsico et al. 2021), where N is the num-
as ber of observed periods. In order to find the stel-
eo lar model that best replicates the observed periods
exhibited by each target star — the “asteroseismic”
st model —, we assess the function y? for stellar model
es2 masses M, = 0.530,0.542,0.565, 0.589, 0.609, 0.664, and
3 0.741 M. For the effective temperature, we employ a
ese much finer grid (AT, = 10—30 K). The PG 1159 model
sss that shows the lowest value of x2 is adopted as the best-
es6 fit asteroseismic model.
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Figure 20. Schematic distribution of the £ = 1 and £ = 2 (m = 0) pulsation periods of PG 1159—035 observed by K2 (black
lines, upper panels), observed by Costa et al. (2008) (CEA08, blue lines, middle panels), and observed by Winget et al. (1991)
(WEAO91, red lines, lower panels). At least 14 additional £ = 1 modes only detected by K2 at periods longer than 1000 s have
been cut off and not shown here, but are detailed in Table 2. The amplitudes have been arbitrarily set to one for clarity.

We employ the periods identified with £ = 1 and ¢ = 2
modes of Tables 2 and 3, respectively. We consider only
m = 0 components in the case of multiplets. When fre-
quency multiplets have the central component (m = 0)
absent, we adopt a value for this frequency, estimating
it as the mean value between the components m = —1
and m = 41 (if both frequencies exist). We have 32
¢ =1 periods and 9 ¢ = 2 periods available to perform
the period fits. These periods are shown in Table 7,
and they are also plotted in Fig. 20, along with the
m = 0 periods of Winget et al. (1991) (WEA91) and
Costa et al. (2008) (CEA08). Regarding £ = 1 modes
(the 3 upper panels in Fig. 20), we can observe that,
in general, the periods which are common to the three
data sets are in excellent agreement with each other.
This is encouraging, because the results of the previous
works, obtained from extensive ground-based observa-
tions, are confirmed with the new space data. Second,
we can notice that for periods shorter than ~ 1000 s,
the K2 observations have fewer periods than those of
WEA91 and CEA08. Finally, we draw attention to the
fact that in the K2 data there are many periods longer
than ~ 1000 s, which are not present in the sets derived
from ground-based observations. These are completely
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new periods of PG 1159—035. These long periods were
not detectable by ground based observations, mainly be-
cause of the relatively short length of each data set and
the variable effects of extinction due to the Earth’s at-
mosphere. These effects generate frequency dependent
noise, limiting sensitivity to longer periods. As for ¢ = 2
modes (the 3 lower panels in Fig. 20), we note again
much fewer periods in the K2 observations compared to
the other two data sets. On the other hand, there is
very good agreement between the K2 periods and those
of CEA08. We also note, in passing, that the periods
from WEA91 longer than ~ 500 s are somewhat differ-
ent from those of CEAOS, possibly due to alias contam-
ination in the older data sets.

The results of our period-to-period fit using the K2
periods are shown in Fig. 21, in which we depict the
quality function of the period fit in terms of Teg for the
PG 1159 sequences with different stellar masses. Black
(red) lines correspond to stages before (after) the evolu-
tionary knee (see Fig. 18). There is a very pronounced
minimum of the quality function, corresponding to a
model of M, = 0.565Mg and Teg = 129613 K. This
model produces the best agreement between observed
and theoretical periods. Note that this model is out-
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Figure 21. The quality function of the period fit in terms of the effective temperature for the PG 1159 sequences with different
stellar masses (in solar units), indicated at the left-bottom corner of each panel. Black (red) lines correspond to stages before
(after) the evolutionary knee (see Fig. 18). Only the periods with m = 0 (see Tables 2 and 3) have been considered. There is
a strong minimum in panel ¢ (marked with an arrow), corresponding to a model with M, = 0.565Ma and Teg ~ 129600 K.
Panel h is a zoom of the region with the strong minimum seen in panel c; the y-axis scale is linear in this case. The vertical
dashed line is the spectroscopic Teg of PG 1159—035 (140 kK) and the gray zone depicts its 1o uncertainty (£5 kK).

s side the lo Teg range indicated by the spectroscopy.
76 We have also carried out an additional period fit ignor-
707 ing the modes with ¢ = 2, and only fitting the modes
s £ = 1. The result of that period fit indicates exactly
700 the same y2 minimum as in the case of the mode fitting
7m0 with £ = 1 and ¢ = 2. We conclude that this model
m constitutes the asteroseismic model for PG 1159—035.
712 This model is very similar to the one derived by Coérsico
s et al. (2008) considering the Winget et al. (1991) and
ne Costa et al. (2008) period sets, only differing slightly in
75 temperature. Indeed, the current model is ~ 1600 K
76 hotter than the model derived by Cdrsico et al. (2008).
77 The adopted asteroseismic model corresponds to an evo-
78 lutionary stage just after the star reaches its maximum
no effective temperature (Teﬂ?MAX = 167000 K; see Fig.
720 18).

=1 In Table 7 we show a detailed comparison of the
72 observed periods of PG 1159—035 and the theoreti-
=3 cal m = 0 periods of the asteroseismic model. To
74 quantitatively assess the quality of the period fit, we
725 compute the average of the absolute period differences,

e OIL; = (ZL |5Hi|) /N, where 8II; = (Il — II9)
727 and N = 41, and the root-mean-square residual, o =
e /(DN 18I0 2)/N = /X?. We obtain 31T, = 2.12's and
729 0 = 3.08 s. To have a global indicator of the goodness of
70 the period fit that takes into account the number of free

7

oy

71 parameters, the number of fitted periods, and the prox-
72 imity between the theoretical and observed periods, we
733 computed the Bayes Information Criterion (BIC; Koen
& Laney 2000): BIC = n, (lo]ng
735 the number of free parameters of the models, and N is
736 the number of observed periods. The smaller the value of
77 BIC, the better the quality of the fit. In our case, n, = 2
78 (stellar mass and effective temperature), N = 41, and
70 0 = 3.08s. We obtain BIC = 1.06, which means that
no our period fit is acceptable. The asteroseismic model
1 has (Allg)p=; = 22.02 s and (Allg)e—2 = 12.60 s, in
2 agreement with the measured values, AIl; = 21.28 s
73 and AHQ =13.02 s.

7e We also include in Table 7 (column 7) the rates of
s period change (I = dII/dt) predicted for each g mode
s of PG 1159—035 according to the asteroseismic model.
7 Note that all of them are positive (H > 0), imply-
ns ing that the periods are lengthening over time. The
9 rate of change of periods in WDs and pre-WDs is re-
70 lated to T (T being the temperature at the region
1 of the period formation) and R, (R4 being the stel-
752 lar radius) through the order-of-magnitude expression
(I1/11) ~ —a (T/T) + b (R./R,) (Winget et al. 1983),
=4 a,b being positive constants close to 1. According to
75 our asteroseismic model, the star is entering its cool-
6 ing stage after reaching its maximum temperature (Fig.

73 ) +log o2, where n,, is

X

75.

@
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ik 2° I 0k Ol II Unstable
(s) (s) (s) (107 s/s)
(387.19) 1 | 388.29 1 16 —1.10 1.11 no
45245 1 | 45246 1 19 —0.01 1.15 no
473.06 1 | 47424 1 20 —1.18 0.81 no
51722 1 | 51569 1 22  1.53 1.22 no
538.16 1 | 537.78 1 23  0.38 1.07 no
558.45 1 | 557.60 1 24  0.85 0.60 no
580.40 1 | 579.02 1 25  1.38 1.29 no
(602.35) 1 | 601.90 1 26 0.45 1.22 no
64324 1 | 642.93 1 28 0.31 1.51 no
66420 1 | 66531 1 29 —1.11 1.07 no
687.74 1 | 68585 1 30 1.89 1.01 no
708.12 1 | 70725 1 31 087 1.60 no
72958 1 | 72855 1 32  1.03 1.30 no
77371 1 | 77182 1 34  1.89 1.49 no
793.95 1 | 79326 1 35  0.69 1.85 no
816.74 1 | 81477 1 36 1.97 1.31 no
838.36 1 | 836.14 1 37 222 1.66 no
985.65 1 | 987.59 1 44 —1.94 1.87 no
1116.01 1 | 112053 1 50 —4.52 2.62 no
1164.88 1 |1163.72 1 52  1.16 2.95 no
124627 1 | 125147 1 56 —5.20 1.95 no
128452 1 | 127397 1 57 10.55 3.32 no
1387.06 1 | 138381 1 62 3.25 3.62 no
1406.51 1 | 140539 1 63  1.12 2.37 no
1539.03 1 | 153867 1 69  0.36 3.45 no
1555.74 1 | 1560.10 1 70 —4.36 3.27 no
1580.08 1 | 158127 1 71 —1.19 3.58 no
1802.11 1 | 1802.75 1 81 —0.64 4.03 no
1982.78 1 | 1981.36 1 89  1.42 5.18 no
2010.07 1 | 200226 1 90 7.81 3.15 no
2084.71 1 | 209145 1 94 —6.74 6.57 no
2807.93 1 |2804.11 1 126 3.82 9.17 no
365.54 2 | 364.02 2 27  1.52 0.70 no
(388.18) 2 | 38836 2 29 —0.18 0.51 no
400.08 2 | 400.67 2 30 —0.59 0.88 no
(413.22) 2 | 41373 2 31 —0.51 0.93 no
(425.00) 2 | 425.42 2 32 —0.42 0.72 no
44936 2 | 450.18 2 34 —0.82 1.18 no
49874 2 | 50055 2 38 —1.81 1.28 no
528.21 2 | 524.37 2 40 3.84 1.10 no
856.56 2 | 85223 2 66  4.33 1.62 no

Table 7. Observed m = 0 and theoretical periods of the asteroseismic model for PG 1159—035 [M, = 0.565Ma, Tex = 129600
K, log(L+/Le) = 2.189]. Periods are in seconds and rates of period change (theoretical) are in units of 107" s/s. 8TI; = TP — 1,
represents the period differences, the model £ the harmonic degree, k the radial order, m the azimuthal index. The last column
gives information about the pulsational stability/instability nature of the modes. Parenthesis indicate m = 0 periods which are
actually absent from the power spectrum, their values being estimated by averaging the components m = +1.
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Quantity Spectroscopy Asteroseismology
Astrometry (This work)
Te [K] 140000 + 5000 129600 + 2000
M, [Mo)] 0.54 4 0.07 0.565 4 0.008
log g [em/s?] 7.0+ 0.5® 7.4140.11
log(L+/Le) 2.58 4 0.29(®) 2.19 4 0.04
log(R./Re) —1.61 £ 0.05
Meny [Mo)] e 0.017
(Xne, Xa, Xo)s | 0.33, 0.48, 0.17®™  0.386, 0.321, 0.217
d [pc] 592 4 21 444769
7 [mas] 1.69 4+ 0.06® 2.251058
Ay —0.06475007
Table 8. The main characteristics of the GW Vir star

PG 1159—035. The second column corresponds to spec-
troscopic and astrometric results, whereas the third column
present results from the asteroseismic model of this work.
References: (a) Werner et al. (2011); (b) Gaia
(https://gea.esac.esa.int/archive/).

18). As a consequence, T < 0 and R* < 0 with
| —a (T/T)| > |b (R./R,)|, and then, T > 0. Our
best fit model has all the modes with IT > 0, and thus
it does not reproduce the measurements of Costa & Ke-
pler (2008) neither the values shown in Fig. 16 of the
present paper, which indicate that the pulsation modes
of PG 1159—035 have positive and negative values of II,
as expected from the theoretical calculations (see Fig.
18). Also, the magnitude of the observed rates of pe-
riod change in PG 1159—035 are larger than the values
derived from the asteroseismic model. This may be be-
cause the star could have a very thin He envelope, which
would inhibit nuclear burning and shorten the evolution-
ary timescale (Althaus et al. 2008). This would result
in larger rates of period change. We also note that our
models do not include radiative levitation, which might
influence the change in position of the nodes of the eigen-
functions of the pulsation modes, and the photospheric
abundances in hot white dwarfs depend on the balance
between the flow of matter sinking under gravity and
the resistance due to radiative levitation, as well as on
the weak residual wind, driven by the metal opacities.
It is also possible that the observed period changes are
not attributable to stellar evolution.

In Table 8, we list the main characteristics of the as-
teroseismic model for PG 1159—035. The quoted uncer-
tainties in the stellar mass and the effective temperature
of the best fit model (o, and ot ) are internal errors
resulting from the period fit procedure alone, and are
assessed according to the following expression, derived
by Zhang et al. (1986):
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d?
o? :

T8-S,

(13)

where Sy = x?(M2,T%) is the absolute minimum of x?
which is reached at (M2, T%) corresponding to the best-
fit model, and S the value of x? when we change the pa-
rameter ¢ (in our case, M, or Teg) by an amount d; keep-
ing fixed the other parameter. The quantity d; can be
evaluated as the minimum step in the grid of the param-
eter i. We have dr,, = ATeg ~ 1000 K and dpy, = AM,
in the range 0.009—0.024 M. The rest of the uncertain-
ties are calculated based on the errors in the mass and
the effective temperature. The effective temperature of
the asteroseismic model is lower than the spectroscopic
effective temperature Tog of PG 1159—035. The seis-
mic stellar mass (0.565 £ 0.008M¢) is consistent with
the range of masses indicated by the period spacings of
PG 1159—035 (0.54 < M, /Mg < 0.58), and compatible
with the spectroscopic mass (M, = 0.54+0.07M). The
luminosity of the asteroseismic model, log(Ls/Lg) =
2.19+0.04 is ~ 20% lower than the luminosity inferred
by Werner et al. (2011), log(L,/Lg) = 2.58, based on
the spectroscopic Teg and the evolutionary tracks of
Miller Bertolami & Althaus (2006), the same that we
use in the present paper.

In Fig. 22 we display the fractional abundances
(X;) of the main chemical species, *He, 2C, 3C, and
160, corresponding to our best asteroseismic model of
PG 1159-035, with M, = 0.565M and Teg = 129600
K. The chemical transition regions of O/C and O/C/He
are emphasized with gray bands. The precise location,
thickness, and steepness of these chemical transition re-
gions fix the mode-trapping properties of the model (see,
e.g., Cérsico & Althaus 2005, 2006, for details). Note
that the chemical composition in the models are not free
parameters, but the result of the evolutionary calcula-
tion. It is therefore not an asteroseismic determination
of the envelope composition.

11.3. Nonadiabatic analysis

Table 7 also gives information about the pulsational
stability /instability nature of the modes associated with
the periods fitted to the observed ones (eight column).
We examined the sign and magnitude of the computed
linear nonadiabatic growth rates —(ox)/R(0)), where
R(ok) and S(oy) are the real and the imaginary parts,
respectively, of the complex eigenfrequency o;. We have
employed the nonadiabatic version of the LP-PUL pulsa-
tion code (Cdrsico et al. 2006), that assumes the ” frozen-
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Figure 22. Internal chemical profile of the asteroseismic

model of PG 1159—035 (M, = 0.565Mp, Ter = 129600 K)
in terms of the outer fractional mass. The locations of the
0/C and O/C/He chemical interfaces are indicated with gray
regions.

in convection” approximation (Unno et al. 1989)%. A
positive value of 7, means that the mode is linearly un-
s36 stable.
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Figure 23. Left panel: periods of excited £ = 1 g modes as a
function of the effective temperature, with the palette of col-
ors (right scale) indicating the logarithm of the e-folding time
(Te in years), for the PG 1159 sequence with M, = 0.565M¢.
Right panel: same as left panel, but for £ = 2 modes. In both
panels, the pulsation periods with the identification of ¢ ac-
cording to our asteroseismic model (see Table 7), are shown
as horizontal segments, where their widths represent the pos-
sible Teg interval, according to spectroscopy.

sv We show in Fig. 23 the periods of excited ¢ = 1 (left
g3 panel) and £ = 2 (right panel) g modes as a function of
s30 the effective temperature for the sequence of PG 1159
a0 models with M, = 0.565M. In both panels, the iden-
s tified pulsation periods of PG 1159—035 (see Table 7),
sz are shown as horizontal segments, where the segment
a3 length represents the T, range from the best aster-
sa 0seismic model (Table 8). For the effective tempera-

ass ture and stellar mass of the asteroseismic model, all the
ss £ = 1 g modes (left panel) are pulsationally stable, in
a7 disagreement with the existence of £ = 1 excited modes
ss in PG 1159—035. Excited periods predicted by higher
ss0 Tegr models (at the left of the left panel) could explain
sso the long periods shown by the star. However, this in-
stability branch corresponds to models that are before
g2 the maximum T,g of the sequence. Our non-adiabatic
ss3 g-mode calculations are not able to reproduce the ex-
g4 cited periods in the star. Regarding the ¢ = 2 modes
ess (right panel), our stability computations predict insta-
gse bility for modes with periods in the range 68—316 s, thus
ss7 excluding the interval of quadrupole periods excited in
sss PG 1159—035 (365 — 856 s). We conclude that our as-
ss9 teroseismic model, while able to closely reproduce the
so periods observed in PG 1159—035, fails to predict their
1 excitation.

g2 We expanded our analysis to include the stability of
w3 £ = 1 and £ = 2 modes for PG1159 model sequences
ss with M, = 0.530M and M, = 0.542M, that embrace
ss PG 1159-035’s spectroscopic mass. The results are dis-
se played in Figs. 24 and 25. The nonadiabatic calcu-
g7 lations for these masses predict unstable ¢/ = 1 modes
ss With periods up to ~ 1000 s, and unstable ¢ = 2 modes
so with periods up to ~ 600 s. However, / = 1 modes with
sro periods longer than ~ 1000 s and ¢ = 2 modes with peri-
s 0ds longer than ~ 600 s are predicted to be pulsationally
sn2 stable.

ez In summary, non-adiabatic calculations considering
s the best asteroseismic model for PG 1159-305, or adopt-
s ing stellar models within the range of PG 1159-035’s
76 Spectroscopic mass are unable to predict the excitation
sr7 of the long-period ¢ = 1 and ¢ = 2 modes detected in
a7s this star with the data of the K2 mission.

s We close this section by noting that the location of
g0 the boundaries of the GW Vir instability domain, as
ss1 well as the ranges of excited periods, depend sensitively
s22 on the precise value of the abundances of C and O in the
se3 driving region of the stars (Quirion et al. 2004). In par-
ssa ticular, by varying moderately the C and O abundances
ses at the driving region, the blue edges of the GW Vir in-
stability strip can be substantially shifted to higher or
ser lower effective temperatures, according to the extensive
ses calculations of Quirion et al. (2007). For instance, if
a0 the O abundance changes from 20% to 40%, with the C
s0 abundance fixed at 40%, the blue edge of the instability
s strip for £ = 1 g modes gets hotter by ~ 10000 K (see
s2 Fig. 32 of Quirion et al. 2007). We conclude that a
g3 Teasonable contrast in the O and C abundances at the

85

=2

3

88

>

2 We note that this approximation is not relevant in the present 8%
case, since PG1159 stars probably do not develop important sur- ggs
face or subsurface convection zones that could impact on g-mode
excitation.

driving region of PG 1159—035 in relation to the at-
mospheric abundances, could alleviate the discrepancy
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Figure 24. Left panel: periods of excited £ = 1 g modes as a
function of the effective temperature, with the palette of col-
ors (right scale) indicating the logarithm of the e-folding time
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In this case, the effective temperature and its uncertainties
(horizontal segments) correspond to the spectroscopic deter-
mination of Werner et al. (2011). Right panel: same as left
panel, but for ¢ = 2 modes. In both panels, the pulsation
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oseismic model (see Table 7), are shown as horizontal seg-
ments, where their widths represent the possible Teg interval,
according to spectroscopy.
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Figure 25. Left panel: periods of excited £ = 1 g modes as a
function of the effective temperature, with the palette of col-
ors (right scale) indicating the logarithm of the e-folding time
(Te in years), for the PG 1159 sequence with M, = 0.542M.
Right panel: same as left panel, but for £ = 2 modes. In both
panels, the pulsation periods with the identification of ¢ ac-
cording to our asteroseismic model (see Table 7), are shown
as horizontal segments, where their widths represent the pos-
sible Teg interval, according to spectroscopy.

between the location of our asteroseismic model and the
very existence of pulsations in this star.
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=

89

<

898 11.4. Asteroseismic distance

s The asteroseismic distance to PG 1159—035 can be
oo computed as in Uzundag et al. (2021). On the basis of
o1 the luminosity of the asteroseismic model, log(L,/Lg) =
o2 2.1940.04, and a bolometric correction BC = —7.6+£0.2
o3 from Kawaler & Bradley (1994) (estimated from Werner
e et al. 1991), the absolute magnitude can be assessed as
905 MV = MB — BC, where MB = MB’Q —2.5 10g(L*/L®).
ss We employ the solar bolometric magnitude Mpg = 4.74
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o7 (Cox 2000). The seismic distance d is derived from the
ss relation: logd = [my — My +5 — Ay (d)]/5. We employ
9o the interstellar extinction law of Chen et al. (1998) for
a0 Ay (d), which is a nonlinear function of the distance and
o also depends on the Galactic latitude (b). For the equa-
a2 torial coordinates of PG 1159—035 (Epoch B2000.00,
s @ = 12701m45.97° and § = —03%45'40.62) the corre-
oue sponding Galactic latitude is b = 56.8646. We use the
a5 apparent visual magnitude my = 15.04 4+ 0.01 (Faedi
a6 et al. 2011), and obtain the seismic distance and parallax

o d = 444789 pc and m = 2.257035 mas, respectively, us-

oz ing the extinction coefficient Ay = 0.06473592. A very
o0 important check for the validation of the asteroseismic
o0 model for PG 1159—035 is the comparison of the seismic
o distance with the distance derived from astrometry. We
o2 have available the estimates from Gaia, dg = 592 £+ 21
o3 pc and mg = 1.691 £+ 0.06 mas. They are in agreement
o2« with the asteroseismic derivations, in view of the uncer-
o5 tainties in both determinations, in particular the large

926 asteroseismic uncertainty.

927 12. CONCLUSIONS

s The amount of asteroseismological information avail-
o9 able in a pulsating star is directly proportional to the
o0 number of pulsation modes. PG 1159-035 is a complex
a1 pulsator and rich target for asteroseismic investigation.
o2 We first summarize PG 1159-035’s pulsational proper-
o3 ties, as revealed in the K2 and TESS light curves. Our
o analysis produced a total of 107 frequencies distributed
o5 in 44 separate modes and 9 combination frequencies.
036 The modes include 32 ¢ = 1 modes and 12 £ = 2 modes.
o7 Our investigation of the detected frequencies reveals:

038 e 15 / = 1 modes consistent with a symmetric m
939 splitting of v = 4.0 £ 0.4 pHz.

040 e 9/ =1 modes with asymmetric m splitting. These
oa1 modes show dv = 4.08 £ 0.01 yHz between m =0
0a2 and 1 and év = 2.83 + 0.06 pHz between m = 0
013 and —1. The asymmetries are not explained by
044 the presence of a simple magnetic field geometry.

oss e 9 / =1 modes with single peaks lacking multiplet
946 structure.

oa7 e 12 ¢/ = 2 modes with an average splitting of dv =
048 6.8 £ 0.2 pyHz. We note that none of the £ = 2
049 modes are complete quintuplets.

050 e the identification of a possible surface rotational
951 frequency at 8.904 £+ 0.003 pHz, as well as its har-
952 monic at 17.813 4+ 0.006 pHz, which is roughly
053 9 percent faster than the rotation frequency in-
054 ferred from the ¢ = 1,2 multiplet splittings.
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e 9 combination frequencies.

e Several modes with periods between 400 - 1000
seconds show Lorentzian widths consistent with
short timescale coherence.

e The rates of period change for the highest ampli-
tude modes, separately, do not show a clear pat-
tern and can switch between positive and negative
values. But, overlapping, they look to be converg-
ing to some value and then scattering again.

e the { = 1 modes form a sequence with an average
period spacing of 21.28 +0.02 s.

e the { = 2 modes form a sequence with an average
period spacing of 12.97 + 0.4 s.

PG1159-035 joins the hot DBV PGO0112+104 as the
second white dwarf with a photometrically detected sur-
face rotation frequency. The 8.9 puHz frequency repre-
sents a surface rotation rate of 1.299 £ 0.002 days. The
frequency splittings of the £ = 1 and ¢ = 2 modes indi-
cate a rotation period of 1.4 4+ 0.1 days. The individual
modes sample the rotation in different regions of the
star, and we find that the rotational splittings are not
constant with the radial node k value. In particular,
the high k£ ¢ = 1 modes that preferentially sample the
outer atmosphere show asymmetric splittings. Taken
together, PG 1159—035’s pulsation structure and the
surface rotation period provide evidence of nonuniform
rotation. PG 1159-035 is an important object for future
analysis of the effects of differential rotation and internal
structure in a DOV star.

We also present the first detection of combination fre-
quencies in PG 1159-035. Surface convection is not ex-
pected to play a role in this hot object. We find that the
fractional temperature changes required to produce the
observed pulsation amplitudes are &~ 2.5 times than that
of a 12,000 K DAV white dwarf. The second order non-
linearities are correspondingly larger, making the non-
linear response of flux to small temperature changes a
plausible mechanism to produce combination frequen-
cies in PG1159-035. The second part of this work fo-
cuses on using the detected frequencies to complete a
detailed asteroseismic investigation of PG1159-035. We
summarize the results:

e The average period spacings for £ = 1 and ¢ = 2
give a mass range of 0.54—0.59M¢ consistent with
the spectroscopic mass.

e The detailed asteroseismic fit includes new high &
modes not included in previous studies.
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e The best adiabatic asteroseismic fit model has
Teg = 129,600£2000 K, M, = 0.565+0.008 My,
logg = 7.41 £ 0.11, log(L./Le) = 2.19 £+ 0.04,
log(R«+/Re) = —1.61 £ 0.05, and M, = 0.017
M@.

e The best fit model corresponds to an evolution-
ary stage just after the star reaches its maximum
effective temperature.

e The luminosity of the best fit model is consistent
with the astrometric parallax from Gaia.

e The rates of period change predicted by the best-
fit model are positive for all modes, and thus it do
not agree with the observed positive and negative
values.

e A nonadiabatic analysis considering the best-fit as-
teroseismic model is unable to predict the excita-
tion of any of the periods detected in PG 1159-
035. However, representative models of the star
according to its spectroscopic parameters are able
to predict the unstable periods, except for the long
periods (IT = 1000 s) associated to £ = 1 modes.
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1069 APPENDIX

1070 A. REMAINING FREQUENCIES

wn  We have subtracted 121 independent frequencies from K2 FT |, among these we identified 8 as linear combination,
w2 2 as atmosphere rotation frequency and its harmonic and we classified 99 as 1=1 or 1=2 modes. The 12 remaining
w3 frequencies that we could not classified are listed in the table 9.

Period [s] Frequency [uHz] Amplitude [mma]
24659.36 40.55 0.12
21168.43 47.24 0.14
2345.44 426.36 0.12
1770.91 564.68 0.12
1141.07 876.37 0.12
582.71 1716.12 0.13
252.19 3965.32 0.16
226.01 4424.51 0.26
220.66 4531.77 0.41
209.36 4776.54 0.15
202.89 4928.85 0.16
200.15 4996.25 0.12

Table 9. Remaining frequencies. The frequencies uncertainty should be on the order of 0.01uHz.
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