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ABSTRACT

We present a flow-based generative approach to emulate grids of stellar evolutionary models. By
interpreting the input parameters and output properties of these models as multi-dimensional probabil-
ity distributions, we train conditional normalizing flows to learn and predict the complex relationships
between grid inputs and outputs in the form of conditional joint distributions. Leveraging the expres-
sive power and versatility of these flows, we showcase their ability to emulate a variety of evolutionary
tracks and isochrones across a continuous range of input parameters. In addition, we describe a simple
Bayesian approach for estimating stellar parameters using these flows and demonstrate its application
to asteroseismic datasets of red giants observed by the Kepler mission. By applying this approach to
red giants in open clusters NGC 6791 and NGC 6819, we illustrate how large age uncertainties can
arise when fitting only to global asteroseismic and spectroscopic parameters without prior information
on initial helium abundances and mixing length parameter values. We also conduct inference using the
flow at a large scale by determining revised estimates of masses and radii for 15,388 Kepler field red
giants. These new estimates show improved agreement with results from existing grid-based modelling
for red giant branch stars and reveal distinct population-level features in the red clump, consistent

with predictions from stellar models.

1. INTRODUCTION

Stellar models' form a cornerstone of contemporary
astrophysics by enabling a direct comparison between
observations and theory. A wide variety of variables
dictate the evolution of stellar models, including funda-
mental input parameters (e.g., initial masses and chem-
ical composition), parameters defining the prescription
of input physics, the treatment of stellar convection
(Kupka & Muthsam 2017), and the presence of stellar
rotation (e.g., Ekstrom et al. 2012). Conversely, stel-
lar models predict a broad range of observables such
as stellar luminosities, effective temperatures, chemical
abundances, and pulsation periods. Such observables
are fundamental to identifying which model best aligns
with observed data, enabling properties that can only
be inferred from models — such as stellar ages — to be
determined (Soderblom 2010).
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I The term ‘model’ in this work refers only to simulated profiles
of stars. This is to disambiguate from its meaning when used in

the context of machine learning.

The broad diversity in both input and output param-
eters for grids of stellar models commonly poses a chal-
lenge for using grids to study the evolution and astro-
physical properties of stars. A wide range of input pa-
rameters results in many free parameters dictating the
evolution of models, resulting in the curse of dimension-
ality that makes the systematic exploration of models
across the grid computationally infeasible. The outputs
of stellar models, which are often observables, can also
be high-dimensional, with complex and non-linear de-
pendencies with input parameters. This complexity in
inferring observables from grids of models has naturally
led to the adoption of machine learning approaches in
forward modelling tasks in grids of stellar models. In
machine learning approaches thus far, grid parameters
are inferred either in the form of individual numerical
values (e.g., Verma et al. 2016; Bai et al. 2019; Bellinger
et al. 2020; Mombarg et al. 2021; Panda et al. 2024) or
intervals and distributions (e.g., Hon et al. 2020; Gar-
raffo et al. 2021; Lyttle et al. 2021; Scutt et al. 2023).
These approaches can be interpreted as a local emula-
tion of the grid, as their predictions focus solely on spe-
cific regions of maximum likelihood within the grid. In
other words, their task is to find a narrow region where
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a grid’s output parameters align most closely with the
observed data. On the other hand, Li et al. (2022a)
present a unique approach to the grid-based modelling
task by emulating the full grid using a Gaussian process
regressor as a generative surrogate model. Such an ap-
proach provided the desirable property of having an em-
ulation that is globally consistent by construction, with
a smoothly interpolated input parameter space that can
be sampled across the grid to approximate the proper-
ties of stellar evolutionary models.

Drawing upon these insights, we present the use of
normalizing flows as a highly flexible and expressive
global emulator of grids of stellar models. Normaliz-
ing flows are a class of probabilistic machine learning
techniques that learn invertible transformations between
simple base distributions and more complex distribu-
tions (Dinh et al. 2015, 2017). Because such trans-
formations are typically learned by training deep neu-
ral networks, normalizing flows can conduct the den-
sity estimation and sampling of diverse and elaborate
high-dimensional distributions. As a result, these ap-
proaches have been applied in complex generative tasks
and in modern probabilistic inference approaches includ-
ing high-dimensional statistical modelling (e.g., Ting &
Weinberg 2022; Van-Lane et al. 2023) and likelihood-
free inference (e.g., Wang et al. 2023). Here, we apply
normalizing flows to grids of stellar evolutionary models
to emulate the input and output properties of the grids
as high-dimensional distributions. By leveraging the ex-
pressive power of neural networks to interpolate in high
dimensions, we demonstrate the utility of normalizing
flows in exploring the complex relations between fun-
damental properties of the grid with its outputs, and
stellar property inference.

2. NORMALIZING FLOWS

The central idea of a normalizing flow is to map a ran-
dom latent variable z, which is distributed following a
simple probability density po(z) (typically a multivari-
ate normal), to another variable y = f(z) that is dis-
tributed following a more complex probability density
pn(y). The transformation f = fy, o...fs, o fo, is a
series of functions parameterized by 6 € 61,05, -0y,
whose values are learned by deep neural networks. Such
a transformation describes how samples z ~ po(z) are
mapped to y ~ py(y) following the change of variables

formula:
dy
det [ —

=pn(f(2)) - |det (Jy(2))], (1)

where J; denotes the Jacobian of the transformation
f. Training a normalizing flow to perform density esti-

po(z) = pn(y) -
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Figure 1. A schematic of conditional normalizing flows.
The flow maps random variates z from a base probability
density po(z) (here shown as a 2D normal distribution) to
another variable y. The mapping occurs over a series of N
invertible transformations f = fy,,% € [1,2,--- , N], where 6;
is learned by a neural network and is conditioned by contex-
tual inputs x. The probability density of y is subsequently
conditioned by x, such that yn ~ pn(y|x). In this work,
the y corresponds to the output stellar properties of an evo-
lutionary grid of models, while x corresponds to the input
parameters of the grid.

mation involves the optimization of # to maximize the
likelihood of observed data under the probability den-
sity described by the flow. To perform such training, a
normalizing flow requires the transformation f to have
the following properties:

e Differentiability: This property enables the fac-
tor |det (J¢(z))| in Equation 1 to be computed,
which ensures that py integrates to unity and
remains a valid probability density under the
transformation. Additionally, the differentiability
of the transformation permits efficient gradient-
based optimization methods to be used when
training the normalizing flow.

e Invertibility: This property ensures a one-to-one
correspondence between y and z under the speci-
fied transformations. Consequently, the exact like-
lihood of samples y can be computed. The con-
dition of invertibility also necessitates that the di-
mensionality of both py and py are equal.

In literature, there are various classes of transformations
that inherit both of these properties. In this work, we
use Autoregressive Neural Spline Flows (Durkan et al.
2019), which are Masked Autoregressive Transforms
(Papamakarios et al. 2017) combined with Monotonic
Rational Quadratic Spline coupling transforms (Durkan
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Table 1. Variables from MESA stellar models used for density estimation using the Conditional Normalizing Flow focused on
subgiant and dwarf star models, CNFgwart-

Conditioning Input Parameters (x)

Parameter Definition Range
M Stellar mass 0.7TMes < M <25 Mg
log,y Z Initial metal fraction —4.934 <log,, Z < —1.291
Y Initial helium fraction 0.23<Y <0.37
«@ Mixing length parameter 10<a<27
. . 1 . .
P S el o e e g a0
. . 1 . .
e e e 2 0 e A 07 <30
Output Properties (y)
Property Definition Range
i; z-normalized? log, o Terr, where Teg is stellar effective temperature 3344 K < Tog < 19252K
7~ E)ygll\(;l E%X, where vmax is the frequency at maximum power estimated 300 Hz < v < 6684 jHz
log,, Av, where Av is the large frequency separation value computed
— using a weighted linear fit to [ = 0 mode frequencies around vmax. The
Av weights are determined by fitting a Gaussian envelope® centered about 17.94 pHz < Av < 232.48 uHz
Vmax t0 the [ = 0 mode frequencies
. Dimensionless phase offset of the asymptotic relation of p-mode fre- 043 < ¢ < 241
quencies. Determined as the intercept of the weighted linear fit to Av. - =
z-normalized® 6vp1, where dvp; is the frequency separation between
_ Il =0 and [ =1 frequencies. This quantity is computed as vo + 0.5Av —
oo v1, averaged across radial orders using weights determined by fitting a —4.42 pHz < dvo1 < 13.42 pHz
Gaussian envelope® centered about vmax to the [ = 1 mode frequencies
log, o 6vo2, where dvg2 is the small frequency separation value computed
_ as the difference between [ = 0 and [ = 2 frequencies. This quantity
ovo2 is computed as vp — 2, averaged across radial orders using weights 0.31 pHz < droz < 20.92 pHz
determined by fitting a Gaussian envelope® centered about vmay to the
I = 2 mode frequencies
log,, 003 + 3, where 013 is the frequency separation between [ = 0
— and [ = 3 frequencies. This quantity is computed as vy + 0.5Av —
dvo3 vs, averaged across radial orders using weights determined by fitting a ~ —1-9#Hz < dvos < 41.0 uHz
Gaussian envelope3 centered about vmax to the I = 3 mode frequencies
R log,, R, where R is stellar radius in units of Rg 0.61 Ry < R <5.08 R
T log,, 7, where 7 is stellar age in units of Gyr 0.0013 Gyr < 7 < 100 Gyr

! The quantity is squeezed into an interval € [—1,1] by first subtracting its minimum value across the dataset and then dividing
by the difference between the maximum and minimum values over the dataset.
2 The quantity is first subtracted by its mean value over the dataset, then divided by its standard deviation over the dataset.

3 The width of the envelope is determined as W = vk, - €, where k = 0.9638,b = —1.7145 based on parametric fits to the widths
of Kepler asteroseismic targets (Li et al. 2020).
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Table 2. Variables from the grid of models accompanying AsfGrid used for training the CNFastgria Conditional Normalizing

Flow.

Conditioning Input Parameters (x)

Parameter

Definition

Range

M

Stellar mass
Metallicity, determined from the grid as log,, Z/Z¢, where Zs = 0.019

0.6 Mo < M < 5.5Mg

— < <0.
[Fe/H] following Sharma et al. (2016) 3dex < [Fe/H] < 0.4dex
Evolutionary state, defined as —1 for lower giant branch stars with
E Vmax > 300uHz; 0 for hydrogen shell-burning red giant stars with E €[-1,0,1,2]
10pHz < vmax < 300 pHz; 1 for hydrogen shell-burning giant stars with
Vmax < 10 pHz; 2 for helium-core burning stars
Output Properties (y)
Property Definition Range
i; log, Terr, where Teog is stellar effective temperature 210K < Tog < 22800K
— log,, Av, where Av is AsfGrid’s large frequency separation value com-
. < <T77.
Av puted using radial mode frequencies using GYRE (Townsend & Teitler 012 pHz < Av < T7.42 iHz
2013)
— 10810 Vmax, Where vmax is the frequency at maximum power estimated
. < VUmax <
Vimax by MESA as reported by the grid accompanying AsfGrid 0.05 uHz < Vinax < 1000 pHz
R log,y R, where R is stellar radius in units of Rg 1.5 Ry < R< 193 Rp
7 log,, 7, where 7 is stellar age in units of Gyr 0.05 Gyr < 7 < 53Gyr

et al. 2019) as implemented by the zuko? library version
0.3.2 (Rozet et al. 2024). A brief explanation of these
transforms and their implementation in this work are
provided in Appendix A.

Critically, the deep neural networks involved in the
estimation of # can be conditioned on contextual input
variables x, such that § — 6(x). Consequently, the
generative model is modified into a Conditional Nor-
malizing Flow (CNF, Winkler et al. 2019) and yields
conditional probability densities py(y|x), as illustrated
in Figure 1. By incorporating conditioning variables,
a CNF leverages the expressiveness of neural networks
to estimate conditional and marginal probability distri-
butions across the range of each grid’s input parame-
ters. This is performed by optimizing the CNF’s neural
network to maximize the likelihood of the distribution
described by the grid of models under the predicted con-
ditional distribution from the CNF.

3. GRIDS OF EVOLUTIONARY MODELS
3.1. MESA Grid of Dwarf Star Models

We train a CNF on a grid of models generated us-
ing Modules for Experiments in Stellar Astrophysics
(MESA, version r23.01.1; Paxton et al. 2011, 2013, 2015,
2018, 2019). Our prescription for the grid of mod-

2 https://zuko.readthedocs.io

els closely follows that from Li et al. (2023). More
specifically, we adopt the Asplund et al. (2009) solar
mixture, whereby Xo = 0.7381,Yy = 0.2485,Z5 =
0.0134 and the metallicity [M/H] is correspondingly de-
fined as [M/H] = log,((Z/X) — log,((Zs/Xs). We
select opacity tables in MESA following this choice
of metal mixture, which are described by a combi-
nation of electron conduction opacities (Cassisi et al.
2007), OPAL radiative opacties (Iglesias & Rogers 1993,
1996), low-temperature opacities (Ferguson et al. 2005)
and data at the high-temperature Compton-scattering
regime (Buchler & Yueh 1976). We use the equation
of state provided by MESA, which combines data from
OPAL (Rogers & Nayfonov 2002), SCVH (Saumon et al.
1995), PTEH (Pols et al. 1995), HELM (Timmes &
Swesty 2000), and PC (Potekhin & Chabrier 2010).
We adopt nuclear reaction rates from JINA REACLIB
database (Cyburt et al. 2010), using a minimal set of
elements specified in MESA’s basic.net. Both atomic
diffusion and gravitational settling are not included in
the models. Convection is treated using the Henyey
et al. (1965) formalism, whose efficiency is controlled
by a mixing length parameter . We apply convective
overshoot in both the envelope and core following the ex-
ponential scheme described by Herwig (2000), with the
corresponding efficiency parameters foy env and fov cores
respectively. For the treatment of surface boundary con-
ditions, we adopt the grey model atmosphere in conjunc-
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Figure 2. (a) Corner plot showing the original distribution (black) of output parameters y in the MESA grid of dwarf models
and the emulated grid from CNFqwars in red. (b) Same as (a), except the comparison is between the MESA grid of giant models
and the emulated grid from CNFgjant. Descriptions of each parameter are listed in Table 1.

tion with the Eddington T — 7 integration method (Ed-
dington 1926). We use GYRE (version 7.0, Townsend
& Teitler 2013) to calculate adiabatic frequencies from
the structure profiles computed from MESA. Besides the
frequencies of radial modes (¢ = 0), we also calculate
the frequencies of decoupled (pure p) dipolar (¢ = 1)
and quadrupolar modes (¢ = 2) and octupolar modes
(¢ = 3) following the Ong & Basu (2020) decoupling
approach.

Evolutionary tracks in the grid are varied in [M,
loggZ, Y, «, Jg;,, me], with the definitions of
these input parameters presented in Table 1. These in-
put parameters are varied by Sobol sampling across six
dimensions to produce a total of 8,191 unique combi-
nations that constitute the conditioning variable vec-
tor x. Each track is evolved from the zero age main
sequence up to pre-core helium ignition phase at the
tip of the red giant branch. The CNF is trained to
estlmate an 9D probablhty den51ty p(y|x), with y =

[ off s Av, U s Umaxs 51/01, 61/02, 51/03, e R, 7] as outputs from
the model (see Table 1) at each evolutionary timestamp
along the grid. To focus on the density modelling of
subgiant and dwarf star models within the grid, we se-
lect only models with vy, > 300pHz for this particular
CNF, resulting in a total of 443,874 models in this grid.
We denote the CNF trained on this grid as CNF gyart-

3.2. MESA Grid of Giant Star Models

The same base grid in Section 3.1 is adopted here,
with two differences. First, we select only models with

Vmax < 300uHz to focus the density estimation task
on models on the red giant branch, which results in
a grid of 738,939 models. Next, the CNF uses vpax
as a conditioning variable instead of an output prop-
erty to simplify selecting emulated models at a spe-
cific evolutionary stage, which is useful for the infer-
ence task described in Sectiorﬁi TErc;fore we now
have x = [M IOgloz/_\}/ /Oé\fov env) fov cores Vmax] and
y = [ eH,Ay Svo1, 0vo2, O3, €, R, 7].  We denote the
CNF trained on this grid as CNFgjant.

3.3. AsfGrid Evolutionary Models

We train a CNF on a grid accompanying the publicly
available Python module AsfGrid version 0.06 (Sharma
et al. 2016; Stello & Sharma 2022). This is a grid of stel-
lar evolutionary models used for ensemble asteroseismic
studies of red giants (e.g., Yu et al. 2018; Zinn et al. 2020,
2022; Li et al. 2023). It adopts a quasi-uniform sampling
in M and [Fe/H] across evolutionary tracks, as shown in
Figure 1 in Stello & Sharma (2022). To specifically fo-
cus on the density modelling of red giant stars within the
grid, we only select stellar models with vy < 1000pHz
on the red giant branch (evstate = 1) and models in
the red clump phase (evstate = 2) from the grid, re-
sulting in a total of 1,071,210 models. The CNF is
trained to estimate the conditional density p(y|x), where
y = [ﬁ,&/, Umax, R, 7] and x = [M, [Fe/H], E], are
outputs from the model at each evolutionary timestamp
along the grid. The summary of each variable is shown
in Table 2. Notably, E is a categorical conditional vari-
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Figure 3. Emulated evolutionary tracks in the
grid of MESA dwarf models, predicted as the
conditional  distribution  pn(y|x) from  CNFawart.
Here, x = (M, Z,Y, @, fov,env, fov,core);  where

M € [0.7,1.0,1.5,2.0,2.5] Mn, with the values of other
input parameters listed at the top of the figure. This
specific combination of x is an interpolated value and hence
does not exist within the training grid (black). Each panel
shows two components from the predicted 9D distribution
of output properties in the form of: (a) the asteroseismic
C-D diagram, (b) the dvp1 — Av) diagram, (c) the Av —e
diagram, (d) the ‘Hertzsprung-Russell’ diagram.

able and is used to focus on sampling models from a par-
ticular evolutionary phase. We denote the CNF trained
on this grid as CNF agfgria-

4. EMULATING GRID OUTPUT PROPERTIES

We first visualize how well the CNF can emulate the
global distribution of model outputs from a grid. Using
the original, Sobol-sampled distribution of conditioning
variables x from the MESA grid (defined in Table 1),
we draw 443,874 samples from CNFgyarr and 738,939
samples from CNFgjan. These numbers are chosen to
match the number of models in the grid each CNF was
trained on. A comparison between the original and em-
ulated distribution of models in the grid is shown in Fig-
ure 2. Qualitatively, we find that both CNFs are able
to closely emulate the distribution of individual output
parameters while also capturing global correlations be-
tween the parameters despite the high-dimensionality of
the grid.

4.1. Emulating Fvolutionary Tracks

To examine the emulation ability of the CNF in high
dimensions, we use CNFqyas to predict conditional
and marginal distributions of evolutionary tracks cor-
responding in Teg — R space (a ‘Hertzsprung-Russell’
diagram) as well as the C-D, Av — ¢, and dvg; — Av as-
teroseismic diagrams. These were deliberately selected
to highlight the capability of the CNF in emulating var-
ied and complex evolutionary tracks.

The C-D diagram plots the large frequency separa-
tion, Av, against the small frequency separation, dvgo
(Christensen-Dalsgaard 1984). Because dvpe is sensi-
tive to the remaining core hydrogen content of low-mass
stars, its value correlates strongly with stellar age when
observed as a function of Av, which approximates mean
stellar density. As a result, the position of observed stars
within the C-D diagram is a powerful diagnostic for the
structure and evolution of low-mass stars along the main
sequence (e.g., Roxburgh & Vorontsov 2003; Oti Flo-
ranes et al. 2005; White et al. 2011). The dvg; — Av di-
agram in principle has a similar discriminative power in
age to the C-D diagram, albeit with a smaller age sensi-
tivity (e.g., Lund et al. 2017). The phase offset € carries
information related to the structure of the stellar acous-
tic mode cavity (Ong & Basu 2019) and has been used
for its evolutionary diagnostics (Christensen-Dalsgaard
et al. 2014) and mode identification properties (White
et al. 2012). Evolutionary tracks in the ¢ — Av dia-
gram, however, are known to vary rapidly and converge
for late-stage low-mass main sequence stars, (c.f. White
et al. 2011; Ong & Basu 2019), which typically limits
the applicability of € to less evolved dwarf stars. Mean-
while, evolutionary tracks of Tyg and R for dwarf stars,
similar to their trajectories in the Hertzsprung-Russell
diagram, vary smoothly with mass and metallicity but
can develop sharp morphological features including the
Henyey hook and the dip at the base of the red giant
branch (Mengel et al. 1979). In Figure 3, we present
examples of emulated evolutionary tracks in these four
diagrams. For each specific combination of x, we draw
a total of 10% samples from CNFqywart to yield the con-
ditional distribution py(y|x). In general, we find that
CNF gwart is capable of faithfully emulating complex pat-
terns in evolutionary tracks, including intersecting and
looping trajectories, sharp transitions, and oscillatory
variations.

4.2. Continuum of Evolutionary Tracks

Importantly, sampled evolutionary tracks from the
CNF's smoothly vary across variations in input grid pa-
rameters, in alignment with expectations of stellar evo-
lution. The smoothness of the CNF emulation is at-
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Figure 4. Continua of emulated evolutionary tracks over metallicity by CNFqware, shown as the distribution of y given
%X = (M,Y, @, fov,env, fov,core) marginalized over Z, or pn(y|X) =~ fp(y|Z, X)p(Z)dZ. Each row shows CNF qwars conditioned on
a specific value of stellar mass, with the adopted values of the other conditional values in X the same as those used in Figure 3.
Each column represents a different type of diagram for which evolutionary tracks are commonly visualized.

tributed to the inherent smoothness of the CNF’s latent
space and the ability of its neural network to interpolate
across the space of input parameters. We visualize the
smoothness of the emulation by generating a continuum
of evolutionary tracks, which is done by marginalizing
over the range of specific input parameters.

We present a continuum of evolutionary tracks var-
ied in metallicity in Fig. 4. Metallicity affects radia-
tive opacities, equations of state, and nuclear reaction
rates (Mowlavi et al. 1998), resulting a substantial influ-
ence on the observable properties of stars as they evolve.
As demonstrated in Fig. 4, this influence across a con-
tinuous range of observables can be distinctly visual-
ized using the CNF by smoothly interpolating across Z.

This marginalization over Z requires minimal modifica-
tion from the conditional distribution scenario (Fig. 3)
by simply sampling with log,, Z ~ U(—4.934,—1.291),
rather than fixing it to a specific value.

To present another example, we next display contin-
uous variations from varying the mixing length param-
eter, o, in Figure 5. The dimensionless quantity « de-
fines a characteristic distance that a parcel of convec-
tive material can travel within the star. Hence, it is
particularly important for characterizing the efficiency
of energy transport in stars with superadiabatic convec-
tive zones, which includes stars with M < 1.2Mg and
giant stars (Bohm-Vitense 1958; Henyey et al. 1965).
The impact of varying « on stellar observables is of par-
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Figure 5. Same as Figure 4, except that the marginalization is now performed over the mixing length parameter o. Therefore,
the distributions predicted from CNFgwart here indicate py(y|X) ~ fp(y|o¢,)_() p(a) da, with X = (M, Z,Y, fov,env, fov,core) and

Z = 0.013.

ticular interest, especially given mounting evidence the
value of « requires calibration across stars (e.g., Joyce
& Chaboyer 2018a,b; Li et al. 2018) and contains de-
pendencies on stellar composition and evolution (e.g.,
Tanner et al. 2013; Tayar et al. 2017) In Fig. 5, we
observe the expected global systematic shift of evolu-
tionary tracks to cooler temperatures in the H-R dia-
gram with lower o due to a lower energy transport ef-
ficiency. This effect is markedly less pronounced on the
main sequence for stars with M > 1.2Mg as a conse-
quence of their interior structure comprising convective
cores with radiative envelopes. As described by Joyce
& Tayar (2023) and observed in the Figure, the Tog of
these stars are nonetheless modified with varying a once
they evolve past the main sequence turn-off, correspond-

ing to the development of a convective envelope during
the subgiant phase and beyond. Overall, Figs. 4 and
5 demonstrate the ability of CNF-based emulation to
distinctly quantify the extent of change of evolutionary
tracks with respect to specific input parameters. This
ability allows disentangling variations in observables as
a result of a change in only one specific parameter, which
can be insightful in guiding the optimization of model
fitting approaches.

4.3. Emulating Isochrones

The CNF can additionally accept constraints on out-
put properties to emulate conditional distributions,
which is performed by drawing samples from the CNF
and retaining only those that have emulated proper-
ties that match user-specified constraints. Since we
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Figure 6. Same as Fig. 3, except here CNFgwarf pre-
dicts isochrones instead of evolutionary tracks, such that
pn(¥|T,x). By marginalizing over mass such that M ~
U0.7,2.5) Mg, we set 7 € [0.2,2,4,8,10] Gyr to be a con-
ditional variable, where the vector ¥ is y excluding 7. Other
components of x are listed above the figure. In practice,
pn (¥|1, %) is obtained by drawing samples from py (y|x) and
accepting samples with an age within a user-defined tolerance
(here 0.01 Gyr) of 7.

have stellar age as an output property (r € y) across
our trained CNFs, we can emulate isochrones by im-
posing an age restriction upon generated samples from
pn (y|x). Fig. 6 demonstrates that emulated isochrones
with CNF qwarf can indeed replicate true isochrones, ev-
idenced by the observed distributions in the radius-
temperature diagram and the stratification of tracks in
dvo1 and dvgeo relative to Av, which is the defining prop-
erty of the C-D diagram for age-dating low-mass dwarf
stars (e.g., Fig. 7 of White et al. 2011, Fig. 4 of Bellinger
et al. 2019).

The ability to emulate the stellar properties of mono-
age models is valuable for studying the properties of
co-eval systems such as binary stars and stellar clus-
ters, given that fitting the observables of such systems
commonly involve varying isochrones across a range of
input parameters like mass and metallicity (e.g., An
et al. 2007). Similar to our approach with evolution-
ary tracks, it is straightforward to emulate a continuum
of isochrones spanning a range of input parameters by
marginalizing over components in x at specific times-
tamps. We show such an emulation that marginalizes

(b)

6Vo2 (UHz)

100 200 0 100 200

Av (LUHz) Av (1Hz)
51
200
— 44
¥ 150 <
2 53
3 100 E
2
50

£ Teft (K)

Figure 7. Continua of isochrones in the form of emulated
distributions from CNF gwayr that are conditioned on age and
marginalized over both metallicity (Z) and mass (M). The
value of age (7) is varied first from 0.05 — 1 Gyr in incre-
ments of 0.05Gyr, then from 1 — 15Gyr in increments of
0.15 Gyr. The distribution at each age timestamp represents
pv(F1%,7) & [ [ P12, M, 7,%) p(Z) p(M]r) dZ dM, where
y is y excluding 7. Meanwhile, the vector X is x exclud-
ing M and Z, with other input parameter values the same
as those in Figure 6. An animated version of this figure is
available in the HTML version of the final article.

over both mass and metallicity in Fig. 7 across the age
range of 0.1 —15 Gyr, which highlights the CNF’s ability
to capture continuously evolving variations in isochrones
over age.

Overall, the CNF emulator shows great potential as
an instructive tool for visualizing how input parameters
and output properties within a grid of stellar models
interact with one another. To highlight this aspect, we
present a publicly accessible interactive demonstration
of CNF gwart that allows users to explore the conditional
distributions in the evolutionary diagrams presented in
this work, with details in Appendix B.

5. STELLAR PARAMETER INFERENCE

Because the CNF interprets the distribution of models
within a grid as a density, it can act as a generative prior
in Bayesian inference tasks. Given samples x drawn
from a prior distribution p(x), the role of the CNF is
to directly map the samples into y, which exist in the

20000 15000 10000 5100
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Figure 8. Sampling a mass posterior distribution from CNFasfgria using constraints from observables Av, vmax, and Teg. The
upper three panels in each column (steps one to three) contain histograms of emulated observables from the CNF using a mass
prior that is shown in the bottom panels. In step one, a constraint of Av = 3.08 + 0.03 uHz forms the applied likelihood. In
step two, a constraint of 27.2 + 0.3 uHz is applied. In step three, a constraint of 4593 4+ 78 K is applied. In the bottom panel
of each step, samples from the prior mass distribution are directly weighted by the applied likelihood and are resampled using
SIR to approximate a posterior distribution. Note that from step two onwards, the distributions of emulated observables also
change due the weighting of a likelihood from the previous step.

space of output properties (or observables). These sam-
ples can subsequently be weighted using some likelihood
of observed data, p(y|x). Because the CNF provides a
one-to-one mapping between samples x and samples y,
the weights from the likelihood can be directly applied
to samples drawn from the prior distribution. Follow-
ing Bayes theorem, we would expect that weighting the
prior with the data likelihood following this approach
would thus provide an approximation to a posterior dis-
tribution.

Formally, this approach is known as Sam-
pling/Importance Resampling (SIR, Rubin 1988). Fol-
lowing the description by Smith & Gelfand (1992), SIR
seeks to estimate the distribution of a target density
h(0) = k(8)/ [ k(6) dO using the following:

1. Draw samples 60;, with ¢ = 1,2,---
posal density g(6).

,n from a pro-

2. Calculate sample importance weights
wi/ D5y wj, where w; = k(6;)/9(6;).

qi

3. Draw samples 6* from the discrete distribution
over {01,0s,---,0,} with probability mass ¢; on
0;.

The drawn samples 6* = {67,605, - ,0%} will conse-
quently be approximately distributed following the tar-
get density h(6). The selection of the proposal density
g(60) follows from standard importance sampling, in that
we typically seek a g() that covers the support of h(6).

Importantly, Bayes’ theorem can be used to express
the unnormalized density k(6) as k(6) L(9) p(0),
where p(#) is a prior density and L£(6) is the data like-
lihood. Because k(6;) = w; g(;) in step 2 of SIR, we
may equate the prior density p(f) with the proposal
density ¢(#) to obtain a special case in which the im-
portance weights g; are the data likelihood, such that
gi = L£(0:)/ 37—, L(8;). As a result, h(#) approximates
the posterior density following the SIR approach.

In summary, using SIR, we can approximate Bayesian
posterior densities of input parameters x drawn from
a prior density. The advantages of using the CNF for
Bayesian inference are the following:
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e The resolution of the posterior distribution
is not limited by the inherent resolution of
the original grid. Techniques for computing pos-
terior distributions from a grid of models com-
monly involve sampling or integrating over a vol-
ume of the input parameter space discretized by
the grid itself, which can heavily depend on the
concentration of models within that volume. In
contrast, Sections 4.1 and 4.2, demonstrate that
the CNF can smoothly interpolate across x, such
that a prior distribution p(x) passed through the
CNF yields a continuous space of emulated ob-
servables that is not limited by the original grid’s
discretization.

e There exists a one-to-one mapping between
samples from the prior distribution, sam-
ples in the observable space, and samples
from the posterior distribution. This provides
a direct approach for examining how specific ob-
served data points, including outliers or extreme
values, shape the resulting posterior distribution.
An example of this mapping is shown in Fig. 8,
in which weighting from a data likelihood is ap-
plied sequentually to samples drawn from a prior
distribution.

In this study, we perform stellar parameter inference
using CNF-emulated grids on two tasks. The first uses
CNFgiant to estimate the ages and input parameters of
Kepler red giants in the open clusters NGC 6791 and
6891. The second task uses CNF,geria to re-estimate
the masses and radii of Kepler red giants analyzed by
Yu et al. (2018). In each task, we assume that the ob-
servables forming the vector ¥ are mutually independent
and Gaussian distributed, such that the likelihood L can
be expressed by

[ H 1 (Yobs — yCNF)Q_ @)

exp
/ 2
yeEY Uyobs 2m 20yobs

Alongside the trained CNFs presented in this study,
we present the modelflows® Python package that imple-
ments SIR for inferring stellar parameters. Details on its
usage can be found at in https://github.com/mtyhon/
modelflows.

5.1. Kepler Open Clusters

Here, we aim to demonstrate the uncertainties encoun-
tered in calculating stellar ages as a consequence of the
competing influences across the grid’s input parameters

3 https://pypi.org/project/modelflows/

on the ages of models. We perform this demonstration
by applying CNFgjan¢ on red giant branch stars within
the open clusters NGC 6791 and NGC 6819 observed
by the Kepler mission. We use broad, uniformly sam-
pled priors for Z, Y, &, fov,env, and fov core, While the
distribution for M was drawn from a standard Salpeter
initial mass function independent of age and metallicity.
We obtain posterior distributions for each star by sam-
pling from the prior distributions, emulating the grid
properties using CNFgjan¢, and applying SIR. Using this
approach, samples are drawn until the discrete distri-
bution 6* over {61,60s,---,0,} contains a minimum of
50,000 non-zero importance weights. Because the CNF
maintains a one-to-one mapping between input parame-
ters and output observables (as described in Section 5),
we obtain posterior distributions of 7 simply by exam-
ining the ages of samples forming the posterior distribu-
tions for x.

For NGC 6791, we adopt observables Av, vpay, and
Teg of the 27 red giant branch stars from the analysis by
McKeever et al. (2019) for our likelihood function £. We
additionally impose a metallicity constraint for the clus-
ter of [Fe/H] = 4-0.3540.04 dex based on the Open Clus-
ter Chemical Abundances and Mapping Survey (OC-
CAM, Donor et al. 2020), which presented abundance
analyses from APOGEE Data Release 16. For NGC
6819, we use measurements of Av, Vimax, 0Vp2 and Teg
for 20 red giant branch stars from the study by Hand-
berg et al. (2017), removing any reported overmassive
stars or non-cluster members in the process. We adopt
a bulk metallicity constraint of [Fe/H] = +0.05 £ 0.03
dex from OCCAM.

By combining samples from the posterior distribu-
tions across stars from each open cluster, we present
the heatmaps describing correlations between Z, Y, a,
and age in Fig. 9. We observe the following;:

e The strong influence of initial helium abundances
Y on stellar ages 7. An increase in Y results in an
increase to a star’s mean molecular weight, which
increases its luminosity and decreases its lifetime
along the main sequence. Panels (al) and (a2)
in Fig. 9 show that in the absence of a strong
prior in Y, there exists models with a diverse
range of initial helium abundances whose output
properties may provide reasonable fits to the seis-
mic and spectroscopic parameters of the observed
stars. The combined spread in ages for these mod-
els spans a range of about 10 Gyr for NGC 6791
and about 2.5 Gyr for NGC 6819 within our grid
of models.
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Figure 9. 2D kernel density estimates of stacked posterior distributions of input parameters for red giant branch stars in
open clusters NGC 6791 and NGC 6819, as inferred by CNFgiant. Insets in panels (c1) and (c2) correspond to the posterior
distribution of stellar mass for NGC 6791 and NGC 6819, respectively. The dashed lines in panels (bl) and (b2) shows the
region in the Z — Y parameter space explored using a linear helium enrichment relation Yiin, here shown with Yy = 0.249 and
AY/AZ = 1.33. White points in (al) are samples from the joint posterior distribution for NGC 6791 that have |Y — Yy, < 0.001],
which demonstrates the age boundaries implicitly assumed when adopting Yii,. White samples in (b2) are similar, but for NGC

6819.

e Despite such large variations in age, the combined
mass posterior distributions are reasonably well-
constrained, with a spread of about 0.12 M, for
both clusters. The median mass of M = 1.15 M,
for NGC 6791 here is in good agreement with the
reported M = 1.15£0.01 Mg from McKeever et al.
(2019). Meanwhile, the M = 1.70 My median
mass reported for NGC 6819 here is skewed to a
higher mass (and thus younger age) relative to its
value of M = 1.61 + 0.02 My, reported from liter-
ature (Miglio et al. 2012; Handberg et al. 2017).
This difference can be attributed to the additional
degrees of freedom in our grid for examining mod-
els at the extreme ends of Y and a.

An expected anti-correlation between Z and Y in
panels (bl) and (b2). Given that the ratio Z/X
is constrained by the observed bulk metallicity of
each cluster, an increase in Y must lead to dimin-
ishing Z, with its spread determined by the uncer-
tainty in [Fe/H]. In these panels, we also visualize
the linear helium enrichment relation, a commonly
used prior for initial helium abundances, and how
such a prior reduces the parameter space for stellar
ages in panels (al) and (a2).

e A positive correlation of mixing length o with stel-
lar age in panels (c1) and (c2). This is a trend

also observed by other model-fitting studies (e.g.,
Joyce & Chaboyer 2018b, Li et al. 2024 in re-
view), which emerges as a result of the competing
influence between Y and « in the fitting of stellar
observables. For instance, the increase in Tog due
to an increase in « in a model (c.f. Fig. 5) needs to
be balanced with the decrease in Tog from a higher
Y, among other observables. This anti-correlation
between Y and o — evident in panels (d1) and
(d2) — indicates that assuming a constant value
of a indirectly sets a prior on Y, and this indi-
rectly influences the age range of models that may
be explored from the grid.

To date, there exists a broad range of ages that have
been reported for NGC 6791 (6 — 13 Gyr) and for
NGC 6819 (1.5 — 3 Gyr), which partially stems from
the wide variety of input parameters priors for grid-
based modelling (see e.g., discussions and comparisons
by Basu et al. 2011; McKeever et al. 2019; Li et al.
2023). The demonstration in Fig. 9 shows that without
enforcing a strong prior across input parameters, the
age of a co-eval population determined across its indi-
vidual members remains highly ambiguous. Rather, a
more judicious approach may be to explicitly include
a goodness-of-fit metric that penalizes strong differ-
ences in input parameters across co-eval members, such
as those implemented by Joyce & Chaboyer (2018Db).



EMULATING MODEL GRIDS WITH FLOWS

2.0
Uncorrected g
®O Scaling Relation - .
Yu et al. (2018) ‘ . ° /’
1.81 [ X } CNFasfgrid o .". /’l.

(a)

=
)]
L
9
»°%
Lo
b.
%,

Mass Estimate (M)
~
Sle'sd
.‘\.':'E.
ot N
-t

=
N
.

- BASTA Terr (%)

1.0 al»r

4500 4750 5000
BASTA Test (K)

'Yu et al. (2018)

N O
©
:

=
o
L

| |

N =

o o o
| L |

BASTA [Fe/H] (dex)

1.2 1.4
BASTA Mass (Mg)

o©
©

1.0 1.6 1.8

Mass Estimate - BASTA Mass (%)

13
Uncorrected
161 ® O scaling Relation ‘
Yu et al. (2018) Ay
[ X} CNFasfgrid :k;;'
14~ ol
A
— (C) ¢V ;.’:. kg °
0] 0 o
X 124 - ¥
[}
o+
©
S
= 10 A
(%] &
Lu " —_
3 'y =
o 2
75}
<
[an]
6 ~
[ee]
r —
4 o
4 )
4 7 E 4500 4750 5000
= : o BASTA Terr (K)
= . . —= . .
%))
2 10
2 O O 0 g O O7.6%
o
_ e Q
<5
w0
g [ ] Y (] ] )
TR BT
x
3 83
E 37 =T
7 (@) 52
w ;‘—'
v —107 BASTA [Fe/H] (dex)
< 4 6 8 10 12 14
o

BASTA Radius (Ro)

Figure 10. Mass (a-b) and radius (c-d) estimates from CNF ageria for 1,199 Kepler field red giant branch stars. The one-to-one
relation (red dotted line) is shown with respect to results from the BAyesian STellar Algorithm (BASTA) reported by Silva
Aguirre et al. (2018). Also shown are mass and radius estimates using the uncorrected scaling relations in gray (Eqn. 3) as well
as the values reported from the Yu et al. (2018) catalog. Fractional residual plots are shown in panels (b) and (d), with the
median fractional deviation across each estimate source labelled accordingly. Representative errorbars are shown in panels (a)
and (c), with inset panels in (a-d) showing differences in spectroscopic parameters Teg and [Fe/H] adopted by the Silva Aguirre

et al. (2018) and Yu et al. (2018) studies.

These results are also indicative of the insufficiency
of spectroscopic and global asteroseismic observables
alone in placing strong constraints on Y, «, and stel-
lar ages. Rather, further independent constraints are
needed from cluster-bound eclipsing binaries (Brogaard
et al. 2012; McKeever et al. 2019; Brogaard et al. 2021),
and also from the measurement of helium abundances
using detailed asteroseismic measurements of interior
stellar structure (Verma et al. 2019; Nsamba et al. 2021;
Verma et al. 2022).

5.2. Kepler Field Red Giants

We use CNFgpgria to estimate the conditional distri-
bution p(y|x), where x = [Tegr, AV, Vmax, R, 7] and y
= [M, [Fe/H], E]. Other than M R, and 7, all values in
these vectors adopt measurements reported by Yu et al.
(2018) for 15,388 Kepler red giants. We obtain poste-
rior distributions for M and R of each star by sampling
from CNF.eteria using a standard Salpeter initial mass
function independent of age and metallicity. Similar to
Section 5.1, samples are drawn until the discrete distri-
bution 6* over {01,60s,---,0,} contains a minimum of
50,000 non-zero importance weights. The reported point
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Figure 11. Estimated masses and radii of 7,703 helium core-
burning (CHeB) stars from the Yu et al. (2018) dataset of
Kepler field red giant stars. (a) Estimates reported by Yu
et al. (2018), which applied AsfGrid’s native interpolation
method. (b) Estimates using the median of the posterior
distribution of each star from CNF.stgria. The triangles in-
dicate stars whose model ages are greater than 13.8 Gyr, a
heuristic used by Li et al. (2022b) to identify very low-mass
red clump stars. (¢) The CNFagseria estimates from panel (b)
plotted alongside the CHeB models from the AsfGrid’s grid,
which are colored by their metallicity [Fe/H]. (d) A compar-
ison of estimates between those from CNFastgria and from
AsfGrid’s native interpolation at the high-mass end for stars
with [Fe/H]> —1dex, which comprises 99% of the CHeB
stars from the Yu et al. (2018) sample. Also shown are Asf-
Grid models with the same metallicity range.

Table 3. Estimates of 15,388 Kepler red giants
from the Yu et al. (2018) catalog based on the em-
ulation of the grid accompanying AsfGrid. Un-
certainties are reported as the deviation of the
16th and 84th percentile values from the median.
The column ‘Ev’ refers to the adopted evolu-
tionary stage of the star, where 1 is for hydro-
gen shell-burning (RGB) red giants, whereas 2
is for helium core-burning (HeB) stars. The full
version of this table is available in a machine-
readable format in the online journal, with a por-
tion shown here for guidance regarding its form
and content.

KIC Mass (Mg) Radius (Rg) Ev

757137 | 141770038 1279970455 1
892760 | 0.9597000%  10.459103%% 2
803214 | 150010070 111857031 1
1026084 | 1.5337010f 1120470385 2
12885373 | 1.264700s7  9.116707%% 1
12934574 | 1.020500082  10.743%0:381 2

estimates for M and R are determined from the median
of the posterior distribution based on 50,000 draws from
0*, with uncertainty intervals defined as the interquar-
tile range between the 25th and 75th percentiles. We
present our new estimates in Table 3 and highlight the
differences of these estimates with previously reported
values in the following.

5.2.1. Red Giant Branch Stars

We seek to demonstrate that inferring stellar parame-
ters using our flow-based emulation approaches are con-
sistent with grid-based modelling approaches from liter-
ature. We compare our mass and radii estimates with
those reported by Silva Aguirre et al. (2018) on 1,199
red giant branch stars using the BAyesian STellar Algo-
rithm (BASTA, Aguirre Borsen-Koch et al. 2022), which
determines Bayesian posterior distributions using grid-
based sampling based on Markov Chain Monte Carlo
approaches. The Silva Aguirre et al. (2018) study uses
asteroseismic measurements from Yu et al. (2018), but
adopts spectroscopic measurements Tog and [Fe/H] from
the Data Release 13 of the Sloan Digital Sky Survey (Al-
bareti et al. 2017). We adopt the Yu et al. (2018) re-
ported Tog and [Fe/H] values because we predict M and
R over all stars in the Yu et al. (2018) catalogue instead
of only a subset that overlaps with the Silva Aguirre
et al. (2018) study.
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Fig. 10 shows a comparison of mass and radii esti-
mates, which shows that the CNF.gferiqa results closely
match the BASTA values up to a 1-2% offset in mass
and a 1% offset in radius. These small discrepancies are
expected, given differences in the input spectroscopic
values used (Fig. 10 inset). Furthermore, both re-
sults are based on different evolutionary codes (BASTA
by default uses BaSTI isochrones (Pietrinferni et al.
2004), while AsfGrid uses MESA models), which can
lead to slight variations in the output properties pre-
dicted across grids (e.g., Silva Aguirre et al. 2020). Be-
sides a comparison with BASTA, we also include a com-
parison with the values reported directly from the Yu
et al. (2018) that are based on the asteroseismic scaling
relations:

M -
Un ax,® J AIIAV@ eﬁ7@

Vmax Av - Tes 1/2
R= , (3)
Vmax,® fAuAVG TCff,@

where Vnmaxo = 3090pHz, Avg = 135.1pHz, and
Teg,o = 5777 K. By definition, the ‘uncorrected’ scaling
relations have fa,, = 1. Meanwhile, the scaling relations
used in the Yu et al. (2018) work applies fa, computed
by the AsfGrid code, which are determined by an in-
terpolation over (Av, vmax, [Fe/H], Tox) within its ac-
companying grid (Sharma et al. 2016; Stello & Sharma
2022).

Compared to AsfGrid’s native interpolated solution,
CNF agfgria’s result in Fig. 10 shows greater consistency
in mass and radii with BASTA (which uses grid-based
sampling), as evidenced by its overall smaller fractional
deviation and dispersion relative to the BASTA values.
We credit this improvement to the direct sampling of
mass and radii values from the emulated grid, which
circumvents the need to utilize scaling relations (Eqn.
3) and their associated correction factors.

5.2.2. Red Clump Stars

We estimate masses and radii for 7,703 red clump stars
from the Yu et al. (2018) dataset using CNF uetgria, which
we present in Fig. 11. In theory, low-mass red clump
stars ignite core helium at similar core masses, which
manifest as a sharp lower edge in the M-R plane cor-
responding to the zero-age core helium burning stage
(Li et al. 2021). Figs. 1lb-c show that the estimates
from CNFysfgriq are strongly consistent with model pre-
dictions of the sharp edge, with smoothly interpolated
estimates across regions in the grid for which mass is
sparsely sampled (M > 1.2Mg). Beyond the sharp
edge, the CNFuggeriq estimates for M > 1.8M reveal
well-defined structures not easily observed in in the Yu
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Figure 12. The revision of two high-mass (M > 4.5 M) he-
lium core-burning stars to lower masses using CNF asgria. ()
Shown are new mass and radius estimates of KIC 3347458
([Fe/H] = +0.18 £ 0.3 dex) and KIC 4756133 ([Fe/H] =
+0.11 4+ 0.15 dex) from CNFgagsegrida, which are now within
boundaries of the original grid. The grid does not inherently
contain any models with M > 4.5 My having R < 25 Rg.
(b-c) An examination of models from the grid that have
the closest observables (Vmax, Av, Teg) to those from KIC
3347458. Models from the M = 3.4 Mg track form the clos-
est match to the observed star. (d-e) The same as panels (b-
¢), but for KIC 4756133, where models from the M = 3.0 Mg
track form the closest match across all observables.
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et al. (2018) results (Fig. 11a). In particular, red clump
stars are predicted to transition to lower luminosities
and radii as a consequence of diminishing core masses
for stars with total masses at and slightly above the he-
lium flash limit at M ~ 1.7 — 2.0M, (Girardi 1999).
This transition with mass is expected to be gradual yet
distinct. Beyond the helium flash limit, helium core-
burning stars are predicted to become larger and more
luminous from an increase in helium core mass, leading
to the presence of the Vertical Substructure (VS) feature
observed in Milky Way red clump populations (Girardi
2016). The estimates from CNFgperiq distinctly show
these population-level features as demonstrated in Figs.
11c-d, consistent with predictions from models.

These new results suggest revisions to earlier estimates
of the masses and radii of Kepler helium core-burning
stars, especially for those at higher masses. Fig. 11d
shows that a large number of stars with a previously es-
timated M > 3Mg have radii too small relative to the
lower boundary of AsfGrid’s grid of models in M — R
space. According to the grid, such stars are not as mas-
sive as previously reported, instead belonging to the VS
population representing the transition of helium core-
burning stars to higher radii and luminosities. Fig. 12
demonstrates this revision for two Kepler red giants,
whose previously reported masses of M > 4.5 Mg are
now estimated to be within 3.0—3.5 Mg from CNF agfgrid -
To confirm that these new estimates are indeed consis-
tent with the grid, we present in Figs. 12b-e the observ-
ables (AV, Umax, Teft) of several evolutionary tracks from
the grid that are approximately matched in metallicity
to the two Kepler red giants but are varied in mass. In
both examples, we find that tracks having masses simi-
lar to the CNF ngfqriq estimate (lower mass) contain the
model forming the closest match of their output prop-
erties to the observables of the two red giants in consid-
eration. Meanwhile, tracks having masses similar to the
previous estimate (higher mass) do not have any output
properties within close proximity to the observables of
the two red giants. This result verifies the revised lower-
mass estimates for these stars from AsfGrid’s grid of
models, and at the same time indicates that these stars
have predicted mean densities that deviate significantly
from those expected by the scaling relations. Note that
these results only preclude the existence of actual oscil-
lating helium core-burning stars with M > 4 M, in the
context of AsfGrid’s grid of models. Only by further
consideration of various input physics from other grids
of stellar models alongside more detailed asteroseismic
measurements of these stars (e.g., Crawford et al. 2024)
can we completely rule out the possibility of very high-
mass stars existing in the Kepler field.

Table 4. Comparison of the interpola-
tion accuracy of output observables from
CNFygiany versus a simple nearest neigh-
bour (NN) approach. Errors are mea-
sured as fractional mean absolute resid-
uals.

Observable CNFgiant (%) NN (%)

Teorr 0.009 0.231
Av 0.106 1.559
ovo1 3.092 14.277
0vp2 0.339 3.387
0vo3 0.262 3.402
€ 0.388 6.278
0.068 2.367

T 0.371 20.92

6. INTERPOLATION ACCURACY

Because interpolation is a key functionality of the
CNF, we investigate the interpolation accuracy of the
CNFs applied in Section 5. Note that the following re-
sults are specific to the CNFs and grids published in this
work only, and will thus vary when other grids of models
and CNF architectures are used.

6.1. MESA Grid of Giant Star Models

To validate the accuracy of CNFyi.ni, We generate a
new grid of models with the same input physics and
range of input parameters but using a different random
number seed to generate its Sobol sequence. This val-
idation grid also has 8,191 unique combinations of in-
put parameters x = [M, log,, Z, Y, a, m, fme,
Umax), but none are identical to the combinations within
the grid used to train CNFgjane. For each combination
of input parameters from the validation grid, we draw
10,000 samples of output observables from CNFgj.ne and
compute each observable’s median to obtain a point esti-
mate. We quantify the interpolation accuracy based on
how much such point estimates deviate from their corre-
sponding ground truth values from the validation grid.
The results of this exercise is shown in Fig. 13, which
demonstrates that the interpolation error across most
of the grid spans only a fraction of a percent. The in-
terpolations, however, are consistently more erroneous
at M > 2.0 Mg and at log;gVmax < 0.5, which corre-
sponds to models at which their speed of evolution is
typically more rapid than the rest of the models in the
grid. Therefore, the output observables of these rapidly-
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Figure 13. Interpolation errors of output observables from CNFgjan¢ as a function of input parameters. Each panel corresponds
to a 20 x 20 grid varied in mass and a second input parameter, which varies from row to row. The color within each panel
corresponds to the median fractional deviation (true minus predicted) of a specific output observable at that combination of
input parameters, with the specific observable varied across columns.

evolving models yield a more ‘diffuse’ density that con-
tribute less to the likelihood optimization and are thus
given lower emphasis during training.

A summary of the interpolation accuracy across the
whole validation grid for CNFgjapnt is tabulated in Table
4. A notable outlier in performance is dvp;, which we
attribute to the strong degeneracy in such an observ-
able for giant models in across the grid (c.f. Fig. 2). To

benchmark our results against another method that can
perform a multi-dimensional interpolation using multi-
dimensional input parameters, we also compare the vali-
dation accuracy when using a nearest neighbour interpo-
lation using interpolate.griddata as implemented in
scipy (Virtanen et al. 2020). As demonstrated in Table
4, the errors from CNF are about an order of magnitude
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Figure 14. Interpolation errors of output properties [R, Av, Teg] from CNF aseria as a function of input parameters M, [Fe/H],
and evolutionary state. The upper series of panels corresponds to the scenario when CNF ageriq is trained on a grid downsampled
in [Fe/H] by a factor of two, while the lower series of panels is for a training grid downsampled in both mass and [Fe/H] by a
factor of two. For each series, models in the hydrogen shell-burning phase (RGB) and in the helium-core burning phase (HeB) of
evolution are considered separately. Black points in each panel correspond to combinations of input parameters used for training
the CNF in each scenario, while colored circles are combinations that are held out in training and used for validating the CNF’s
performance. Points highlighted with a star are combinations of input parameters that have a fractional error exceeding 3%.

smaller across all observables compared to the nearest
neighbour method.

6.2. AsfGrid’s Evolutionary Models

We adopt a hold-out strategy to validate CNF ageria
by training a new CNF on a downsampled version of
the original grid and performing the interpolation on the
tracks that were held out. We consider first a scenario in
which the metallicity of the original grid is downsampled
by a factor of two, then another in which both mass and

metallicity are downsampled by a factor of two. By fol-
lowing the same procedures as described in Section 6.1,
we visualize in Fig. 14 the interpolation error in Av,
R, and Teg as a function of grid input parameteters,
namely evolutionary state, mass, and metallicity. Simi-
lar to Section 6.1, the largest interpolation errors often
occur for sparse regions within the grid, which belongs
to models with high masses (M > 2.5Mg) or those
with low metallicity ([Fe/H] < -2.0 dex). The consis-
tently large errors for helium core-burning stars at the
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extreme low-mass end (M = 0.6 M) of the grid is also
a consequence of sparsity in the grid, with such evolu-
tionary tracks having as few as 10 models. Meanwhile,
the systematically large T.g underestimation for RGB
stars with 2.0 Mo < M < 3.0 Mg and [Fe/H] > 0.5 dex,
following the downsampling of both mass and [Fe/H], is
likely the effect of the [Fe/H] downsampling as it disap-
pears when [Fe/H] is not subject to downsampling.

Overall, we find that interpolation errors of R, Awv,
and T are bounded to within 1 percent within the
regions of interest for most of the stars in asteroseis-
mic surveys of the Milky Way, which is 0.7 My S M <
3.0 Mg and [Fe/H] > -2.5 dex (e.g., Pinsonneault et al.
2018; Hon et al. 2021; Theodoridis & Tayar 2023). We
remind the reader that these results are strictly a lower
bound to the true performance of CNFys¢0rid, given that
the CNFs in this exercise are trained on a downsampled
grid that has only between 25-50% of models from the
original grid accompanying AsfGrid.

7. CONCLUSION

In this study, we have presented conditional normaliz-
ing flows (CNFs) as emulators for grids of stellar evolu-
tionary models. This generative approach is capable of
capturing the complex relations between the input pa-
rameters x of a grid with its output properties y. We
have trained three CNFs, namely CNFgwarf, CNFgiant,
and CNFgstgrid, to emulate three grids of models that
have multi-dimensional input parameters and predicted
output observables. Our main results in this work are
the following:

e The CNF can efficiently interpolate within the
input parameter space, yielding highly flexible
conditional distributions py(y|x) that take the
form of evolutionary tracks in the emulated grid,
as demonstrated with CNFqyaf. Marginalizing
across a range of input parameters yields a con-
tinuum of evolutionary tracks, which captures the
smooth variation of output observables with re-
spect to input parameters that is expected from
stellar evolutionary models.

e Being able to accept constraints on both x and
y, the CNF is capable of emulating evolutionary
trajectories of models having a fixed output pa-
rameter, such as isochrones. The CNF presents
an instructive tool for visualizing the relations be-
tween input and output parameters within the
grid. This concept is illustrated through an inter-
active demonstration of CNF gwarf that is hosted
on an online repository.

e The CNF can be used as a generative prior for
Bayesian inference on a grid of models using Sam-
pling/Importance Resampling. The posterior dis-
tribution of grid parameters obtained using this
approach is not resolution-limited by the original
grid, and contains samples having a one-to-one
mapping with samples from the prior distribution
and with samples in the output parameter space.
We presented the modelflows package to enable
stellar parameter inference through this approach
using CNFgjane and CNFageria-

o Using CNFgiant, we inferred stellar parameters for
red giants in open clusters NGC 6791 and NGC
6819 using measurements from global asteroseis-
mic parameters and spectroscopy. In both cases,
large uncertainties in the age of the cluster were
demonstrated as a result of unconstrained priors
in initial helium abundances and the value of the
mixing length parameter.

e We applied CNFys16riq as an emulator to the grid
accompanying the AsfGrid code and inferred re-
vised masses and radii for 15,388 Kepler red gi-
ant stars from the Yu et al. (2018) sample. Our
estimated masses and radii of a subset of red gi-
ant branch stars show a robust consistency with
BASTA grid-based modelling, with only offsets of
~ 2% in mass and ~ 1% in radius. Meanwhile,
our estimates on helium core-burning stars recov-
ered distinct characteristics of secondary clump
and vertical substructure populations in mass-
radius space, consistent with predictions from stel-
lar models. These new estimates indicate an over-
estimation of previously reported masses above
3.5 Mg for helium core-burning stars in the Ke-
pler field.

e We benchmarked the CNFs used for stellar pa-
rameter inference by comparing the accuracy of
their output observables to those from a held-out
validation grid. In most regions within the grid,
the emulation error incurred is below a fraction of
a percent, with exceptions only for extreme cases
where models within the original grid are highly
sparse or substantially overlapping.

e The trained CNFs, experiments, and interactive
visuals in this work are publicly available at https:
//github.com/mtyhon/modelflows.

The use of generative approaches for statistical infer-
ence using simulations is an emerging domain in ma-
chine learning. Normalizing flows, especially, have seen
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use in simulation-based inference tasks (Tejero-Cantero areas in astronomy in which data can be structured in
et al. 2020) and even integration in modern sampling the form of a high-dimensional grid.

techniques such as Markov Chain Monte Carlo methods
(Hoffman et al. 2019). While this study has focused on
the use of normalizing flows on grids of evolutionary stel-
lar models, the ability of normalizing flows to interpolate
in high dimensions and generative highly expressive con-
ditional distributions is generally valuable across other

The groundwork for this study was performed at the
‘Stellar Astrophysics in the Era of Gaia, Spectroscopic,
and Asteroseismic Surveys’ workshop at the Munich In-
stitute for Astro-, Particle and BioPhysics (MIAPbHP)
center held during August 2023.

APPENDIX

A. MASKED AUTOREGRESSIVE FLOW AND NEURAL SPLINE FLOWS

The masked autoregressive flow (Papamakarios et al. 2017) learns joint, multi-dimensional densities by considering
them as a product of one-dimensional densities, such that the density of the i-th variable is conditioned on the ¢ — 1
variables preceding it. These one-dimensional densities are parameterized as single Gaussians:

p(wilx1i-1) = N (2] i, (exp a;)?), (A1)

where p; = fu(x1.5-1) and a; = fo(x1:—1). Here, f, and f, are functions that determine the mean and variance of
the i-th conditional density given the ¢ — 1 variables. Such functions are implemented with neural networks. Sampling
from the autoregressive flow proceeds through recursive sampling across i:

Ti = ziexp oy + g, (A2)

where z; is the base distribution, defined as z; ~ N(0,1) for one dimensions or a multivariate normal for higher
dimensions. By construction, this transformation is easily inverted, such that z; = (x; — u;) exp (—«;). In addition,
the autoregressive structure of this flow yields a triangular Jacobian for the transformation, such that the loga-
rithm of its absolute determinant is easily computed as ¥;f,,(X1:i—1). In practice, the autoregressive property of
one-dimensional densities is gained through the use of binary masks within the computational layers of the neural
network. Following the construction of the Masked Autoencoder Distribution Estimator (MADE, Germain et al.
2015), such masks are constructed with a specific ordering to enable individual output nodes of the neural network to
predict p(x1),p(za2|x1), -, p(xi|x1.4—1) within a single pass of data. Therefore, p; and «; across all i can be output
simultaneously from a single network, while maintaining the autoregressive property of the flow.

A neural spline flow applies the concept of a coupling transform (Dinh et al. 2017), namely a transformation that
maps an input z to x by performing the following operations:

1. Split z into [21.;—1, 2. p|, where D is the dimensionality of z.

2. Compute z; = gy, (2;) for j =1i,---, D in parallel, where gy, is a function parameterized by 6; that is learned by
a neural network.

3. Set z1.,_1 = X1.,-1 and return x = [X1,-1, X;.p|.

Note that following the above approach, vector components x1.;_1 are not directly transformed. A coupling transform
satisfies the conditions for a normalizing flow, in that it has a triangular Jacobian matrix, with the determinant as the
product of its diagonal elements. Constructing a neural spline flow proceeds by specifying gp, as a monotonic rational
quadratic spline function. Briefly, the function splits the input domain into K bins over which the spline is defined.
Here, 0; comprises = [6;", ;" Hid], which parameterize the splines by the following:

e 0;" is of length K and determines the width of the bins.
° Gih is of length K and determines the height of the bins.

o 0;% is of length K — 1 and determines the derivatives at the internal knots of the spline.
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The coupling is combined with an autoregressive transform by defining splines with parameters 61.;_; that act element-
wise on xj.;—1 (such that this part is no longer not transformed), which are learnable by direct optimization using
stochastic gradient descent. Meanwhile, 6;.p, = NN(z;.,_1), where NN is an autoregressive neural network. Together,
these form an Autoregressive Neural Spline Flow (AR-NSF) transform. For further details on the splines, we refer the
reader to Durkan et al. (2019).

For CNF gwarf and CNFgiant, we use ten AR-NSF transforms with a ten layer multi-layer perceptron with a width of
256 neurons for their neural networks. For CNF sgfgriq, we use eight AR-NSF transforms with a eight layer multi-layer
perceptron with a width of 512 neurons for the neural network. We use the default number of spline bins (K = 8)
implemented by Zuko for each transform. The normalizing flows are trained using the Adam optimizer (Kingma & Ba
2015) with learning rate annealing on plateau, reaching convergence in approximately 1,500-2,000 iterations.

B. INTERACTIVE VISUALIZATION

For demonstrative purposes, we develop an interactive plotting widget using Plotly v2.27 (Plotly Technologies Inc.
2015) that showcases the ability of CNF gyar¢ to emulate dwarf and subgiant stellar evolutionary tracks. This source
code to run this widget locally is available at https://github.com/mtyhon/modelflows, with details on an online-
only version on the same page. A screenshot of the widget is shown in Figure 15, demonstrating samples drawn
from CNFgware emulating models across two evolutionary diagrams simultaneously. The widget has the following
functionalities:

e Interpolation across input parameters x = [M, Z, Y, «] controlled by the user with sliders to provide on-the-fly
emulation of models across a range of x.

e Visualization of either the C-D diagram, the H-R diagram, or the Av — e diagram. These three diagrams are
currently supported at time of release, with more in future releases. Drawn samples from CNF yy.,¢ are persistent
across a change of diagram, which is performed using the drop-down menu below the sliders above each panel.

e Highlighting of targets across diagrams by lasso or box select. Samples are colored orange if highlighted in the
left panel, while they are colored purple of highlighted in the right panel. The selection of samples in one panel
will automatically highlight the same set of samples in the other diagram. This consistency persists even with a
change of diagram. The text box at the bottom of each panel displays the age range of each highlighted selection.

REFERENCES

Aguirre Borsen-Koch, V., Rgrsted, J. L., Justesen, A. B.,
et al. 2022, MNRAS, 509, 4344,
doi: 10.1093/mnras/stab2911

Albareti, F. D., Allende Prieto, C., Almeida, A., et al. 2017,
ApJS, 233, 25, doi: 10.3847/1538-4365/2a8992

An, D., Terndrup, D. M., Pinsonneault, M. H., et al. 2007,
ApJ, 655, 233, doi: 10.1086/509653

Asplund, M., Grevesse, N., Sauval, A. J., & Scott, P. 2009,
ARA&A, 47, 481,
doi: 10.1146/annurev.astro.46.060407.145222

Bai, Y., Liu, J., Bai, Z., Wang, S., & Fan, D. 2019, AJ, 158,
93, doi: 10.3847/1538-3881/ab3048

Basu, S., Grundahl, F.; Stello, D., et al. 2011, ApJL, 729,
110, doi: 10.1088/2041-8205/729/1/1.10

Bellinger, E. P., Hekker, S., Angelou, G. C., Stokholm, A.,
& Basu, S. 2019, A&A, 622, A130,
doi: 10.1051/0004-6361,/201834461

Bellinger, E. P., Kanbur, S. M., Bhardwaj, A., & Marconi,
M. 2020, MNRAS, 491, 4752, doi: 10.1093 /mnras/stz3292

Bohm-Vitense, E. 1958, ZA, 46, 108
Brogaard, K., VandenBerg, D. A., Bruntt, H., et al. 2012,
A&A, 543, A106, doi: 10.1051/0004-6361,/201219196
Brogaard, K., Grundahl, F., Sandquist, E. L., et al. 2021,
A&A, 649, A178, doi: 10.1051/0004-6361/202140911
Buchler, J. R., & Yueh, W. R. 1976, ApJ, 210, 440,
doi: 10.1086/154847
Cassisi, S., Potekhin, A. Y., Pietrinferni, A., Catelan, M., &
Salaris, M. 2007, ApJ, 661, 1094, doi: 10.1086/516819
Christensen-Dalsgaard, J. 1984, in Space Research in
Stellar Activity and Variability, ed. A. Mangeney &
F. Praderie, 11
Christensen-Dalsgaard, J., Silva Aguirre, V., Elsworth, Y.,
& Hekker, S. 2014, MNRAS, 445, 3685,
doi: 10.1093 /mnras/stu2007
Crawford, C. L., Bedding, T. R., Li, Y., et al. 2024,
MNRAS, 528, 7397, doi: 10.1093/mnras/staed73
Cyburt, R. H., Amthor, A. M., Ferguson, R., et al. 2010,
ApJS, 189, 240, doi: 10.1088/0067-0049/189/1/240


https://github.com/mtyhon/modelflows
http://doi.org/10.1093/mnras/stab2911
http://doi.org/10.3847/1538-4365/aa8992
http://doi.org/10.1086/509653
http://doi.org/10.1146/annurev.astro.46.060407.145222
http://doi.org/10.3847/1538-3881/ab3048
http://doi.org/10.1088/2041-8205/729/1/L10
http://doi.org/10.1051/0004-6361/201834461
http://doi.org/10.1093/mnras/stz3292
http://doi.org/10.1051/0004-6361/201219196
http://doi.org/10.1051/0004-6361/202140911
http://doi.org/10.1086/154847
http://doi.org/10.1086/516819
http://doi.org/10.1093/mnras/stu2007
http://doi.org/10.1093/mnras/stae473
http://doi.org/10.1088/0067-0049/189/1/240

22 HoON ET AL.

Mass (MO)

Initial Helium Fraction (Y)

0.28 0.3

C-D diagram X v

&v02 (pHz)

AV (UHzZ)

Selected Range: 0.011 - 0.555 Gyr

Initial Metal Fraction (log10 Z)

Mixing Length Parameter (0)
2.06 2.28

H-R diagram -

Radius (RO)

9k 8k Tk Bk Sk 4k 3k
Effective Temperature (K)

Selected Age Range: 5.122 - 12.670 Gyr

Figure 15. A screenshot of the interactive display tool to visualize evolutionary tracks using CNF qwars. The points correspond to
on-the-fly interpolated samples drawn from CNF gyart, with sliders at the top to vary input parameters. Shown here are emulated
models in the C-D diagram and the H-R diagram for M = 1My, Y = 0.28 —0.30, log,, Z=-2.509 — -1.609, o = 1.9 — 2.3. The
purple and orange points are user-highlighted samples with a one-to-one correspondence between the two panels. The age range
of the two groups of highlighted samples are shown at the bottom. Background tracks are from solar metallicity MIST tracks
for the H-R diagram, and near-solar metallicity tracks from the MESA grid in this work for asteroseismic diagrams.
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