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ABSTRACT3

Asteroseismology, the study of stellar vibrations, is a method with which to probe small-scale defor-4

mations in stellar shapes and their subsurface rotation profiles. Salient among the seismic inferences5

of rotation from TESS observations are TIC 408165734, whose equatorial rotation rate is 10% faster6

than the pole, and TIC 307930890, which has significant radial shear and shows a decreasing spin rate7

outward through its envelope. We also measure structural deformation in fifteen stars, nine of which8

are oblate, a finding consistent with expectations for relatively fast-rotating, non-magnetic stars. The9

difference between polar and equatorial radii in TIC 47639058 is 130 times larger than that for the10

Sun. The remaining six stars display a surprising prolate shape, suggesting the presence of equatorial11

toroidal magnetic fields and challenging the idea that δ Scutis are non-magnetic. These inferences12

provide constraints for numerical simulations and new insights to guide theories of δ Scuti structure13

and rotation.14

1. INTRODUCTION15

Rotation profoundly influences stellar evolution,16

structure and dynamics. One major effect, especially17

in fast rotators, is deformation, which turns the stars18

into ellipsoids, in turn leading to phenomena such as19

gravity darkening (von Zeipel 1924; Espinosa Lara, F.20

& Rieutord, M. 2011), enhanced accretion efficiencies21

(Hastings, B. et al. 2021), anisotropic winds (Hastings,22

B. et al. 2023) and mass-loss episodes (Gagnier, D. et al.23

2019). In binary systems, deformation can impact the24

tidal interaction, exchange of angular momenta, and en-25

ergy dissipation (Song, H. F. et al. 2017; Damiani, C.26

& Mathis, S. 2018) between the bound objects. Differ-27

ential (non-rigid) rotation of stars affects interior mix-28

ing processes (Koenigsberger, G. et al. 2021) and pro-29

longs their main-sequence lifetimes by supplying addi-30

tional Hydrogen to the cores. Rotational shear, as in31

the case of the Sun, amplifies magnetic field by twisting32

field lines (Zahn, J.-P. et al. 2007), with kinetic energy33

being converted to magnetic energy. Differential rota-34

tion also generates toroidal magnetic field by winding35

up the poloidal components (Machida et al. 2007), re-36

sulting in increased Lorentz stresses, in turn acting to37

suppress differential rotation (Fuller et al. 2019). The38

interplay between stellar evolution and angular momen-39

tum transport (magnetic torque, rotational instability,40

internal gravity waves) collectively determines the core-41

to-surface rotation gradient, which has been measured42

in numerous stars using methods of asteroseismology43

(Aerts et al. 2010; Benomar et al. 2015; Reeth et al.44

2015; Bowman 2020).45

Non-radial modes of stellar oscillation may be used to46

infer differential rotation and magnetism, because they47

cause modes of specific angular degree ℓ to split into a set48

of (2ℓ+1) multiplets. These splittings have enabled the49

measurements of interior differential rotation (Mosser,50

B. et al. 2012) in 22% of red giant stars (Cantiello et al.51

2014), demonstrating that their cores are spinning faster52

than the envelopes, but slower than theoretically ex-53

pected (Belkacem, K. et al. 2015). Asteroseismic mode54

splittings also enable ensemble-scale inference of differ-55

ential rotation in main-sequence stars (Bazot, M. et al.56

2019; Benomar et al. 2018, 2023). Negligible differences57

between the core and envelope rotation rates of main-58

sequence stars align well with the expectation that they59

rotate nearly rigidly due to efficient angular momentum60

transport (Fuller et al. 2014). These stars rotate slowly61

and are nearly spherical in shape.62

In contrast, hot stars of intermediate masses (1.5 −63

2.5M⊙) known as δ Scutis, are rapid rotators (Ω ∼64

10− 100Ω⊙) and are consequently deformed - typically65

oblate in shape due to centrifugal forcing - in structure.66

Dynamo-generated magnetic fields are thought to be ab-67

sent in them (Guzik 2021). Nevertheless, observations68

have revealed magnetic fields in some δ Scutis (Balona69

2019; Zwintz, K. et al. 2020). The splittings of non-70

radial modes that provide insights into rotation and de-71

viations are not easily identified in the oscillation spec-72
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tra of δ Scutis due to challenges in mode identification73

(Bedding et al. 2020). Notably in the case of star KIC74

11145123, a relatively slowly spinning δ Scuti star, mea-75

surements of internal rotation (Kurtz et al. 2014) and76

ellipsoidal deformation (Gizon et al. 2016) were possi-77

ble.78

The measurement of deformation and differential ro-79

tation across a larger sample of δ Scutis is essential to80

understand the dynamics pertinent to this mass range81

and stellar class. With the availability of a large observa-82

tional dataset from the TESS mission, and the discovery83

of many δ-Scuti pulsators with regularly patterned oscil-84

lation (Bedding et al. 2020, Singh et al. 2024), a group of85

38 have been identified as showing rotational splittings,86

among which numerous instances show triplets (Singh et87

al. 2024). We analyzed all objects in this sample with88

the aim of discovering signatures of differential rotation89

and deformation in these stars.90

2. RESULT91

Following notation developed first in helioseismology,92

modes of azimuthal order m of a non-radial multiplet,93

with radial order n and degree ℓ are expressed in a basis94

of ζ polynomials (Schou et al. 1994), whose coefficients95

(the so-called a-coefficients, Ritzwoller & Lavely 1991)96

are quantities that may be directly related to pertur-97

bative contributions (equation 1) of axisymmetric but98

processes such as rotation and differential rotation, stel-99

lar deformation, and magnetism.100

νn,ℓ,m = νn,ℓ +

j=2ℓ∑
j=1

aj(n, ℓ) ζ
(ℓ)
j (m). (1)101

The a1 coefficient serves as a proxy to the mean stel-102

lar rotation (Appourchaux, T. et al. 2014); higher odd103

a-coefficients, such as a3, quantify the extent of latitu-104

dinal differential rotation, i.e., where the rotation rate105

changes as a function of latitude. Similarly, even coef-106

ficients, a2 capture centrifugal and magnetism-induced107

deformation. At leading order, each of these coefficients108

is independent, allowing us to write a sequence of sepa-109

rate inverse problems.110

2.1. Radial Differential Rotation111

Since stellar cores shrink and envelopes swell during112

their evolution, the moments of inertia associated with113

the cores decline, causing them to spin faster than the114

envelopes. This leads to the emergence of a rotation115

gradient along the radial direction. Resonnant acoustic116

waves (p-modes) propagate in different geometric cavi-117

ties within stars and by combining all the information118

they contain, it may be possible to infer details of the119

internal rotation profiles. Depending on the rotation120

rates at the regions where the mode eigenfunctions pos-121

sess the largest amplitudes, the observed mode splittings122

can vary. Hence, the mean rotation rates ⟨frot⟩ obtained123

from dipole-mode splitting generally varies with their ra-124

dial orders. The coefficient a1 serves as an indicator of125

this mean rotation, and may be obtained from the half-126

spacing between the m = ±1 modes (equation A10).127

TIC 307930890 is the best candidate among our sam-128

ple to demonstrate radial differential rotation, since it129

exhibits a continuous sequence of four rotationally split130

dipole doublets, whose frequency spacings gradually de-131

crease across the radial orders (Fig. 1a). The apparent132

absence of the m = 0 components at all radial orders133

suggests either a high inclination angle or the involve-134

ment of a systematic mode-suppression mechanism in135

this star. It offers an ideal opportunity to probe the dif-136

ferential rotation profiles in the outer envelope of this137

star since the acoustic modes are predominantly sen-138

sitive to the near-surface regions (Fig. 1d) of δ Scuti139

stars.140

The frequency splittings of dipole (ℓ = 1) modes are141

written in terms of the first two a-coefficients (equation142

2), of which we are interested in the rotation term, a1.143

Using the MCMC method (see Appendix C) we fitted144

the dipole doublets at each radial order n with equation145

2 in order to retrieve the a1 coefficients. These coeffi-146

cients effectively measure the mean rotation rates up to147

an additional factor involving the effect of Coriolis force,148

i.e., (1− CL)⟨frot⟩.149

νn,1,m = νn,1 + a1m+ a2(3m
2 − 2) (2)150

The best-fit model for TIC 307930890 (Singh et al.151

2024) suggests this star has a mass of 1.7M⊙, metallic-152

ity Z = 0.018, and an age of 17 Myr. Simulating a stellar153

model with these properties using MESA (Paxton et al.154

2010, 2013, 2015, 2018, 2019) and performing a pulsa-155

tion calculation with GYRE (Townsend & Teitler 2013;156

Townsend et al. 2017; Goldstein & Townsend 2020), we157

noticed the ℓ = 1 frequencies of radial orders between158

3 and 6 appear in the range of dipole modes observed159

in this star. Thus, we calculated the Ledoux constants160

CL (equation A3) for these modes, and divided the a1161

coefficients by the factor (1 − CL) to retrieve rotation162

rates ⟨frot⟩ (equation A1).163

We demonstrate the radial order (n) dependence of164

⟨frot⟩ in Fig. 1(c), which depicts its descending nature165

with increasing radial order. Rotation kernels, which166

capture the sensitivities of the acoustic modes to the ro-167

tation rate as a function of radius, peak in the outermost168
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Figure 1. Radial differential rotation in a δ Scuti star. a. Power spectrum of TIC 307930890 with rotationally split
dipole-mode (ℓ = 1) doublets at four radial orders. The m = −1 (+1) components are marked with dotted (dashed) lines. b.
The Échelle diagram associated with this spectrum, obtained by vertically stacking equal-width segments of oscillation spectra,
which aligns the modes of a given harmonic degree (ℓ) into separate vertical ridges. The ridge on the right comprises ℓ = 0
modes. The ridge on the left, appearing to be split into two columns, correspond to the m = −1 and m = +1 components
of the dipole (ℓ = 1) modes. The dipole doublets have been marked with stars symbols, while the circle and triangle symbols
anchor the best fit model’s radial and dipole modes respectively. c. Rotation rates obtained from the four dipole modes as a
function of their radial order (n). d. Radial variation of rotation kernels of the four dipole modes. The kernel represents the
modes’ ability to sense stellar rotation at specific regions. The inset zooms into the outer 10% portion of the star, which shows
that, lower the radial order, the deeper it probes. e. A three zone spatial analysis to decipher the crude trend of the rotational
shear within outer 10% of envelope.

(Figure set-1 available with the convergence plots obtained from several MCMC fittings.)

layers of the envelope, where the modes spend most time169

(Fig. 1d). The sensitivity gradually increases toward the170

surface layers with growing radial order (see the zoomed171

inset). Thus, we expect an outwardly decreasing spin172

rate for this star. Obtaining a more informative spatial173

rotation profile for this star requires solving a kernel-174

weighted inverse problem (equation A5); however, since175

we only have a limited number of rotational splitting176

measurements (four radial orders), we are unable to im-177

prove the resolution. Because of the simplicity of the178

inverse problem, we proceed using a forward-modelling179

approach.180

For the specific stellar model we analyzed here, all181

kernels appear to peak within the outer 10% of the enve-182

lope. The rotation profile is represented as 3 parameters183

at r = {0.91, 0.95, 0.99}R⋆. We sample the range of184

three-parameter choices that best fit the observed split-185

tings using an MCMC-based search (see appendix D for186

details). The rotation frequencies of the best-fit model187

obtained at the aforementioned positions are shown in188

Figure 1(e), where the spin rates appear to decline ra-189

dially outwards, indicating the presence of radial differ-190

ential rotation.191

2.2. Deformation in Shape192

In the case of a slowly rotating star lacking sig-193

nificant magnetic field, the non-radial multiplets are194

nearly equally spaced in frequency space However, at195

moderate-to-fast rotations, stars deform more signifi-196

cantly into ellipsoids, causing the frequency spacing be-197

tween adjacent azimuthal components to no longer re-198

main constant. For the same reason, the m = 0 mode199

in some stars does not appear exactly mid-way between200

the m = ±1 components. The position of the m = 0201

mode relative to the m = ±1 doublets is sensitive to202

stellar distortion. Even slight distortions in distant stars203

contain seismic imprints, allowing us to draw inferences204

(Gizon et al. 2016).205

As in equation 2, rotation and magnetism shift the206

m = 0 mode by the amount −2a2 relative to the cen-207
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Figure 2. Ellipsoidal deformation measured in a δ Scuti star. a. Dipole-mode (ℓ = 1) triplet in the frequency spectrum
of TIC 14172135. Fitting the power spectrum with an appropriate formula, the central frequency (νn,ℓ) and coefficients a1 and
a2 were obtained, as shown in the inset. All quantities are in d−1 units. Because a2 < 0 for this star, the m = 0 component
appears closer to the m = +1 component. b. Similar dipole-mode splitting observed in TIC 65734585, but the m = 0 mode
is positioned closer to the m = −1 component, as a consequence of a2 > 0. c. Asphericity - the relative difference between
equatorial and polar radii - plotted against the line-of-sight projected rotational velocity (v sin i).

(Figure set-2 available with the MCMC convergence plots obtained from fitting the rotational splittings in 15
stars.)

tral frequency νn,ℓ, while the m = ±1 components are208

displaced by a2±a1 (≈ ±a1, since |a2| ≪ a1). The coef-209

ficient a2 captures the asymmetry in the position of the210

m = 0 component relative to the mean of the m = ±1211

doublets (equation A11). Hence, a2 < 0 (oblate) for212

stars with the m = 0 component closer to the m = +1213

mode and a2 > 0 (prolate) for stars where the m = 0214

peak is proximal to the m = −1 mode. Therefore, the215

position of the m = 0 mode serves as a gauge with which216

to infer distortions in stellar structure,217

Req −Rpole

Req
= − 3

8π

(2ℓ+ 3)a2
νn,ℓ

. (3)218

The observationally measured a2 coefficient contains219

additive contributions from centrifugal distortion and220

equatorial magnetic fields. The centrifugal compo-221

nent of a2 is always a negative quantity (equation A9),222

whereas the contribution from magnetic activity can as-223

sume positive values (Benomar et al. 2023, equation 14).224

Thus positive a2 values are suggestive of magnetic ac-225

tivity in the star, substantial enough to dominate the226

centrifugal effect. Cool stars, characterized by thick con-227

vective envelopes, generate dynamo magnetic fields and228

frequently exhibit such activity.229

While centrifugal force and tidal interactions cause230

equatorial-bulging in stars, making them oblate,231

toroidal magnetic field can counteract this effect turning232

them prolate (Wentzel 1961). Precise frequency analy-233

sis suggests a prolate shape for 16 Cyg A (Bazot, M.234

et al. 2019). KIC 11145123, a γ Dor-δ Scuti hybrid,235

has been observed to be less oblate than expected from236

its centrifugal deformation alone, thereby indicating the237

presence of a near-equatorial magnetic field (Gizon et al.238

2016).239

Among the sample of 39 stars, 15 had visible m =240

0 modes positioned between the m = ±1 multiplets.241

Fitting these triplets with equation 2, we obtained the242

a1 and a2 coefficients for those spectra. Our sample243

includes 9 stars with a2 < 0 (oblate) and 6 stars with244

a2 > 0 (prolate). We show one example of each type245

of distortion in Fig. 2 (a,b). The a1 and a2 coefficients246

calculated for these 15 stars are given in Table 1.247

The deviation from sphericity for these stars, defined248

as 1−Rpole/Req and calculated using equation 3, range249

from -0.05% (prolate) to +0.10% (oblate). These dis-250

tortions are approximately ∼ 100 times larger than that251

of KIC 11145123, a slowly rotating A type star, whose252

asphericity was measured to be (1.8±0.6)×10−4% (Gi-253

zon et al. 2016). Deformations measured for the stars254

in our sample exceed ∼ 100 times the Solar oblateness255

(8.19±0.33)×10−4% (Meftah et al. 2015). While neither256

a2 nor the asphericity showed any strong dependence257

on other observables, they exhibited a faint correlation258

with the spectroscopically measured v sin i (Fig. 2 c) –259

the latter being available for only 9 of the 15 stars (Sar-260

toretti, P. et al. 2023). Pearson correlation coefficient R,261

which measures the linear correlation between these two262

quantities, is found to be −0.84 in this case. Aspheric-263

ity takes positive values for oblate stars (equation 3),264

whereas for prolate objects it turns out negative. With265

the limited data presented here, stars appear to become266

prolate at larger rotation rates – which may be linked267
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to the generation of strong equatorial magnetic fields,268

capable of counteracting centrifugal deformation.269

2.3. Latitudinal Differential Rotation270

Échelle diagrams of δ Scuti stars often include ridges271

with modes that are not identified with degrees ℓ = 0272

or 1. These ridges are speculated to represent higher-273

degree (ℓ = 2) harmonics (Bedding et al. 2020) of stel-274

lar oscillations. Quadrupolar modes form an additional275

ridge in the Échelle diagrams of δ Scuti stars immedi-276

ately to the left of the ridge formed by the radial modes277

(Steindl, T. et al. 2022, Fig.2). Frequencies of quadrupo-278

lar (ℓ = 2) multiplets are typically expressed in terms of279

the first four a-coefficients, as given in equation A13.280

We visualized the Échelle diagrams of the 38 stars in281

our sample and found in one star (TIC 408165734) the282

potential presence of ℓ = 2 multiplets, forming a cluster283

between the radial and dipole ridges (Fig. 3 a). One284

of the multiplets comprised four closely spaced modes285

which we interpreted to be m = {±1,±2} modes (Fig.286

3 c). The m = 0 mode is absent in this multiplet, which287

may be attributed either to a higher inclination angle or288

a (unknown) mode-suppressing mechanism.289

Quadrupolar modes are the lowest angular-degree vi-290

brations that may be used to infer the a3 coefficient, a291

quantity that captures latitudinal rotational shear. This292

coefficient indicates the relative displacement between293

the centroids ofm = ±1 andm = ±2 components (equa-294

tion A12), and may be calculated from the frequencies of295

m = {±1,±2} multiplets without requiring the m = 0296

component.297

In addition to the presence of quadrupole modes, this298

star exhibits a dipole doublet (Fig. 3c) – which also299

lacks the m = 0 mode, similar to the quadrupolar mul-300

tiplets (Fig. 3d). The presence of the dipole mode301

in this star is very useful in cross-validating param-302

eters obtained from these two independent groups of303

modes. Fitting the dipole modes with equation 2, we304

obtained a1 ≈ 0.3307 d−1. Similarly, when fitted with305

equation A13, the quadrupolar modes yield the values306

a1 ≈ 0.3196 d−1 and a3 ≈ 0.0367 d−1. The consistency307

between the values of the a1 coefficients obtained from308

both the ℓ = 1 and 2 multiplets suggests that our mode309

identifications of the quadruplets may be correct.310

The positive sign of a3 indicates that latitudinal shear311

in this star is solar-like, wherein the equator rotates312

faster than the pole. The ratio a3/a1 ∼10% in this313

star, suggesting that rotation in the envelopes of hot314

stars such as δ Scutis departs from constancy across315

their meridional cross-sections. In comparison, a3 for316

the Sun is also approximately 10% of its mean rota-317

tion a1. Self-consistent simulations (Espinosa Lara, F.318

& Rieutord, M. 2011) of rotation and meridional circula-319

tion in α Leo, a fast-rotating young star, indicate that it320

ought to show solar-like latitudinal shear and a compan-321

ion meridional circulation of much smaller magnitude.322

Meridional flows play a crucial role in maintaining an-323

gular momentum balance and a latitudinal differential324

rotation profile cannot be maintained without this cir-325

culation (Hanasoge 2022).326

3. DISCUSSION327

Six δ Scuti stars that we examined exhibit asymmetry328

a2 > 0, associated with prolate deformation (although329

at the level of 1-σ confidence). To estimate the magnetic330

field necessary to produce such frequency asymmetry,331

we assume rigid rotation and uniform magnetic field B.332

Using the formulation provided in equation B15, we ob-333

tained B ∼ 107 Gauss for all the prolate stars, too large334

for a surface-localized field (Lampens, P. et al. 2013;335

Thomson-Paressant et al. 2023). Guo et al. (2024) also336

found that frequency shift in δ Scuti star due to mag-337

netic fields as large as 105 Gauss (typically found in338

Red Giant cores) is smaller than the second order effect339

of rotational perturbation. Our assumption of a uni-340

form magnetic field throughout the star is unrealistic,341

as its amplitude must decrease radially outwards. It is342

plausible that these stars harbor large magnetic fields in343

their convective cores, which may induce the prolate-like344

splittings in the modes.345

APPENDIX346

A. THEORY OF NON-RADIAL MODE SPLITTING347

Rotation, centrifugal deformation, and magnetic activity – collectively break the frequency degeneracy between348

the multiplets of non-radial stellar oscillation modes. The impact of magnetic activity (Gizon 2002) on oscillation349

frequency depends on the field geometry, and its analysis remains beyond the scope of the current study. Nevertheless,350

rotation (Hansen et al. 1977) and centrifugal deformation (Gough & Thompson 1990) perturb the degenerate mode351

frequency in a simpler manner – as given in equations A1 and A2,352
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Figure 3. Inferring latitudinal differential rotation in a δ Scuti star. a. Échelle diagram of TIC 408165734, a star
potentially harboring quadrupolar (ℓ = 2) modes. The ridge on the right comprises radial (ℓ = 0) modes, and the one on the
left appears to be formed by dipole (ℓ = 1) modes. We attribute the multiplet-like structure, midway between these two ridges,
to quadrupolar modes. b. Oscillation spectrum of the star, with dipole and quadrupole modes marked using solid and dotted
lines. c. Frequency spectrum of the same star in the 42.0− 43.0d−1 range showing a dipole doublet. We fitted this segment of
the spectrum to obtain the relevant coefficients, as depicted in the plot in d−1 units. d. The spectrum within 44.0 − 46.0d−1

shows a quadrupolar (ℓ = 2) multiplet with four visible components. The fitted coefficients are given along with the plot. The
a1 coefficient, indicative of mean stellar rotation, is consistent with that derived from the dipole mode.

(Figure set-3 available with the MCMC convergence plots obtained from fitting the dipole and quadrupole
mode splitting in this star.)

νn,ℓ,m = νn,ℓ + δνrot + δνcf + δνact,353

δνrot = (1− CL)⟨frot⟩354

= (1− CL)

∮
Kn,ℓ(r⃗)frot(r⃗)d

3r⃗, (A1)355

δνcf =
2

3

ℓ(ℓ+ 1)− 3m2

(2ℓ− 1)(2ℓ+ 3)

Ω2R3

GM
νn,ℓ, (A2)356

where (M,R,Ω) denote the stellar mass, radius, and mean rotation. The Ledoux constant CL (Ledoux 1951) and357

the rotation-sensitivity kernel (Kn,ℓ) of the oscillation modes are given below in terms of the horizontal and vertical358

displacements (ξh(r⃗), ξr(r⃗)) and the density profile, ρ(r⃗).359

CL =

∮
ρ ξh(2ξr + ξh)dr⃗∮

ρ [ξ2r + ℓ(ℓ+ 1)ξ2h]dr⃗
, (A3)360

Kn,ℓ =
ρ [ξ2r + ℓ(ℓ+ 1)ξ2h − 2ξrξh − ξ2h]∮
ρ [ξ2r + ℓ(ℓ+ 1)ξ2h − 2ξrξh − ξ2h]dr⃗

. (A4)361

Given the average rotation ⟨frot⟩ measured from the frequency splittings at multiple radial orders (n), the spatially362

resolved radial rotation profile may be inferred by inverting the kernel-weighted rotational splitting (equation A5)363

discretized over a grid of points (ri) radially spanning from the centre to the stellar surface with spacing ∆r.364
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⟨frot⟩n,ℓ =
Ngrid∑
i=1

Kn,ℓ(r
i)frot(r

i)∆r. (A5)365

The Coriolis effect alone does not affect the frequency of the m = 0 mode - it shifts the ±|m| modes symmetrically366

in opposite directions relative to the m = 0 mode. However, centrifugal distortion and magnetic activity perturb the367

m = 0 frequency as well and shift the ±|m| modes in the same direction (hence asymmetrically with respect to the368

m = 0 component). Therefore, the mathematical form of rotational frequency perturbations involve odd-only powers369

of m, while centrifugal deformation and magnetic activity involve even powers of m. Hence, the combined frequency370

perturbations are expressed as a common polynomial expansion (equation 1) in the basis of ζ functions multiplied by371

certain stellar-structure-dependent quantities known as a-coefficients.372

Rotation-induced perturbations (symmetric in m, Ritzwoller & Lavely 1991) are written in terms of the odd a-373

coefficients (equation A6),374

δνrot =

ℓ∑
k=1

a2k−1 ζ
(ℓ)
2k−1(m). (A6)375

The first element of this series, the a1 coefficient, is a measure of mean stellar rotation (Appourchaux, T. et al. 2014),376

and it may be estimated through the help of ℓ = 1 modes alone. Similarly, the a3 coefficient probes the extent of377

latitudinal differential rotation, where spin rates vary across layers from equator to pole, and it is only determined378

with modes of degrees ℓ ≥ 2.379

Frequency splittings involving centrifugal deformation, low-latitude magnetic activity, tidal deformation, stratifi-380

cation and temperature perturbations (Benomar et al. 2023) are written in terms of even a-coefficients (equation381

A7),382

δνcf,act =

ℓ∑
s=1

a2s ζ
(ℓ)
2s (m) (A7)383

a2s = acf2s + aact2s + atid2s + · · · .384

The first coefficient of this series, a2, generally measures the deformation or asphericity (Gizon et al. 2016; Bazot,385

M. et al. 2019) of the stars, since the latter may be expressed through stellar structure and mode geometry (Gough &386

Thompson 1990) in accordance to387

Req −Rpole

Req
=

3

8π
β0 =

3

8π

βn,ℓ,m

Qℓ,m νn,ℓ
, (A8)388

which may be reduced to a function involving the a2-coefficient alone (equation 3) by substituting389

βn,ℓ,m = an,ℓ2 ζ
(ℓ)
2 =

3m2 − ℓ(ℓ+ 1)

(2ℓ− 1)
an,ℓ2 ,390

and391

Qℓ,m =
ℓ(ℓ+ 1)− 3m2

(2ℓ− 1)(2ℓ+ 3)
.392

The coefficient a2 may be inferred only if the m = 0 component of any non-radial mode is visible in the spectrum of393

the star. The centrifugal component of a2 (Benomar et al. 2023, equation 12) may be expressed in terms of mass,394

radius, stellar rotation and frequency of the unperturbed central mode (equation A9),395

acf2 = − 1

2ℓ+ 3

Ω2R3
⋆

GM⋆
νn,ℓ. (A9)396

However, the a2 contribution from magnetic activity is not easily written in a simple analytical form (Benomar et al.397

2023, equation 14), since it depends on the specific magnetic-field geometry.398
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It is straightforward to extract the three leading a-coefficients, provided the frequencies of non-radial multiplets are399

precisely determined (Benomar et al. 2023, eq. A.8, A.9, A.12),400

a1 =
νn,1,+1 − νn,1,−1

2
, (A10)401

a2 =

νn,1,+1 + νn,1,−1

2
− νn,1,0

3
, (A11)402

a3 =

νn,2,+2 − νn,2,−2

4
− νn,2,+1 − νn,2,−1

2
5

. (A12)403

A non-radial mode of degree ℓ may be used to determine a-coefficients up to a2ℓ. Since a majority of the δ Scuti404

stars predominantly pulsate in ℓ = 0 and 1 modes, it is possible to obtain a1 and a2 for most of them, the latter405

being measurable only when m = 0 modes are observable. Occasionally, these stars also exhibit quadrupolar (ℓ = 2)406

oscillations, in which case, it may be possible to retrieve their a3 coefficients. In this case, frequencies of the quadrupolar407

multiplets may be expressed as follows.408

νn,2,m = νn,2 + a1m+ a2(m
2 − 2) + a3

(
5m3 − 17m

3

)
+ a4

(
35m4 − 155m2 + 72

6

)
(A13)409

B. INFERENCE OF MAGNETIC FIELD410

Incorporating both the first- and second-order rotational splittings (Suárez et al. 2006) alongside the perturbation411

induced by the magnetic field (Mathis et al. 2021; Guo et al. 2024), the complete expression for the frequency of the412

p-mode oscillation may be formulated as shown in equation B14,413

ωn,ℓ,m = ωc +m(1− CL)Ω +
ℓ(ℓ+ 1)− 3m2

4ℓ(ℓ+ 1)− 3
Jc

Ω2

ωc
+Dℓ,m

∫ R

0

B2

4πρc2
dr

c∫ R

0

dr

c

ωc, (B14)414

where CL is the Ledoux constant defined in equation A3, ωc the unperturbed mode frequency, ρ the interior density415

profile, and c the sound speed. Dℓ,m is an integral involving spherical harmonics (Mathis et al. 2021), with values
4

5
416

for m = ±1 and
2

5
for the m = 0 component of the dipole (ℓ = 1) modes. Jc is an integral encompassing several417

quantities associated with stellar structure (Suárez et al. 2006).418

Using equation A11, the dipole mode asymmetry a2 may be written as419

2πa2 =
0.5(ωn,1,+1 + ωn,1,−1)− ωn,1,0

3
= −1

5
Jc

Ω2

ωc
+

2

15

∫ R

0

B2

4πρc2
dr

c∫ R

0

dr

c

ωc,420

which may be solved for uniform toroidal magnetic field421

B2 = 12π2

∫ R

0

dr

c∫ R

0

dr

ρc3

(
5
a2
ωc

+ 2Jc
a21
ω2
c

)
m, (B15)422

with the substitution Ω = 2πa1.423

C. FITTING THE OSCILLATION SPECTRA424

The oscillation spectrum of a non-radial mode of degree ℓ may be modeled through a set of parameters θ – the central425

frequency νn,ℓ, a-coefficients {ai|1 ≤ i ≤ 2ℓ}, mode amplitudes hm, and mode widths wm. These parameters may426

be used to build the spectrum by constructing sinc profiles (equation C16) around each multiplet frequency (νn,ℓ,m)427

generated by the equation 2 and A13.428
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Smodel(θ) =

ℓ∑
m=−ℓ

hm sinc

(
ν − νn,ℓ,m
wm/2

)
(C16)429

We used the Python package Dynesty (Speagle 2020; Koposov et al. 2024) to fit the multiplet frequencies and430

obtain the posterior distributions of the relevant parameters. For all parameters θ, we chose a uniform prior (equation431

C17) by dynamically deciding their appropriate bounds. A Gaussian likelihood function (equation C18) was used432

to determine how well the spectrum generated by a set of parameters θ fits the observed spectrum Sobs, given the433

noise level σ determined by its median. The posterior distribution of the fitted parameters can be obtained by434

multiplying the likelihood with the prior (equation C19). The algorithm samples the parameter space of interest435

according to the posterior probability, and the resulting parameter distribution provides the best-fit solutions along436

with the uncertainties.437

P (θ) = U(θ; a, b) (C17)438

L(Sobs|θ) = e
−
1

2

Sobs − Smodel(θ)

σ

2

(C18)439

P (θ|Sobs) = L(Sobs|θ) P (θ) (C19)440

D. FORWARD MODELING OF ROTATIONAL SPLITTING441

We attempted to fit an empirical three-parameter rotation model to explain the four rotational splittings observed442

in the oscillation spectrum of TIC 307930890. We applied the MCMC sampler Dynesty (Speagle 2020) to optimize443

the spin parameters {Ω} representing an array of rotation rates at positions r = 0.91, 0.95, 0.99R⋆. Solving four linear444

equations comprising three independent degrees of freedom ensures the uniqueness of the obtained solution.445

We chose a uniform prior between appropriate ranges for each of the three rotation parameters (equation D20). Given446

the set of parameters {Ω}, rotational splitting (δνmodel
j ) at different radial orders j were obtained using equation A1.447

The probabilities of these parameters regenerating the observed mode-splittings were calculated using a Gaussian448

likelihood function of the differences between the observed and modelled splittings scaled by the uncertainties σobs
j449

(equation D21). Dynesty samples the three-dimensional {Ω} space following the posterior probability obtained by450

the product of the likelihood and the prior functions (equation D22). The statistics of the parameters traced by the451

MCMC sampler indicate how likely they fit the observed rotational splittings,452

P (Ω) = U(Ω; 0.1− 0.9d−1) (D20)453

L(δνobs|Ω) = e

−
1

2
∑6

j=3

δνobsj − δνmodel
j (Ω)

σobs
j


2

(D21)454

P (Ω|δνobs) = L(δνobs|Ω) P (Ω). (D22)455
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Star ∆ν (d−1) a1 (d−1) a2 (d−1)
Req −Rpol

Req
(%) v sin i (km s−1)
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−0.0037 −0.0260+0.0051

−0.0046 +0.0423+0.0083
−0.0075 68.227± 1.364

TIC 59365685 6.731± 0.252 0.3309+0.0094
−0.0094 −0.0141+0.0040

−0.0038 +0.0236+0.0067
−0.0063 53.657± 4.080

TIC 65734585 6.889± 0.298 0.4126+0.0199
−0.0163 +0.0206+0.0078

−0.0060 −0.0346+0.0131
−0.0101

TIC 111840813 6.583± 0.325 0.3387+0.0055
−0.0084 −0.0287+0.0102

−0.0070 +0.0504+0.0179
−0.0123 57.139± 0.670

TIC 165674519 6.629± 0.334 0.3549+0.0200
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−0.0213 +0.0233+0.0106
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TIC 177715827 7.500± 0.226 0.4364+0.0165
−0.0189 +0.0153+0.0068
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Table 1. Large frequency separation (∆ν), the first two a-coefficients, structural deformations, and v sin i (Sartoretti, P. et al.
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2023) for the sake of comparison. While ∆ν acts as a proxy for mean stellar density (Suárez, J. C. et al. 2014), the a1 and a2

coefficients measure mean rotation and structure deformation, respectively.
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Steindl, T., Zwintz, K., & Müllner, M. 2022, A&A, 664,588

A32, doi: 10.1051/0004-6361/202243242589
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