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ABSTRACT

The mixing of material from stellar convective cores into their adjacent radiative layers has been a matter of long-standing debate.
Pulsating subdwarf B stars offer excellent conditions to advance our understanding of this problem. In this work we use a model-
independent approach to infer information about the cores of three subdwarf B stars and compare it with similar inferences from
earlier analysis of red giants in the helium core-burning phase. This is achieved by fitting an analytical description of the gravity-mode
pulsation periods to pulsation data collected by the Kepler satellite. From the fits we infer the reduced asymptotic period spacings and
the amplitude and position of sharp structural variations associated with chemical discontinuities in the stellar interiors. Our results
indicate the presence of sharp structural variations with similar properties in all three stars, located near the edge of the gravity-mode
propagation cavity and likely associated with the C-O/He transition. We find that these structural variations differ systematically from
those of helium core-burning red giant stars, having larger amplitudes and being located at a larger buoyancy radius. This suggests
that chemical mixing beyond the adiabatically stratified core into the radiatively stratified layers may be more extensive in subdwarf
B stars than in helium core-burning red giants. Alternatively, the stratification of the mixing region beyond the adiabatically stratified
core may differ significantly between the two types of stars. The model-independent constraints set on the structural variations inside
these three stars are the first of a kind and will be key to enhance the modelling of layers adjacent to stellar convective cores and to test
non-canonical stellar evolution channels leading to the formation of hot subdwarf stars.
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1. Introduction

Subdwarf B (sdB) stars are compact, hot objects with a helium-
burning core and a thin hydrogen-rich envelope that is incapable
of sustaining nuclear reactions (see Heber 2016, for a review).
With about half a solar mass, they resemble stripped versions of
low-mass helium core-burning red giant stars. Thus comparative
asteroseismic studies of sdB stars and helium core-burning red
giants hold the potential to significantly advance our understand-
ing of the processes leading to the formation of sdB stars. They
are often observed to be in close binaries, mostly with a white
dwarf companion and thought to be a product of binary evo-
lution involving a common-envelope phase. However, different
processes, including stellar-planet interactions, stellar mergers,
and non-standard single star evolution, are also evoked as pos-
sible channels to form sdB stars (Clausen & Wade 2011; Heber
2016; Zhang et al. 2017; Rui & Fuller 2024).

A significant fraction of sdB stars exhibit either acoustic (p) or
gravity (g) modes, and some exhibit both (e.g. Baran et al. 2023;
Uzundag et al. 2024). Unlike the mixed modes observed in red gi-
ants, the purely acoustic or gravity nature of pulsations observed
in sdB stars simplifies the development of inference methodolo-
gies. Of particular interest, the seismic data on several sdB stars
have revealed signatures of sharp structural variations in the g-
mode part of the pulsation spectra (@stensen et al. 2014; Baran
et al. 2017; Uzundag et al. 2017). These are thought to be associ-

ated with strong chemical gradients inside the star, located at the
transition between the Carbon-Oxygen-enriched mixed core and
the helium mantle (C-O/He transition) and between the helium
mantle and the thin hydrogen-rich envelope (He/H transition).
While both chemical transitions impact the pulsation periods,
their relative seismic importance depends on the range of peri-
ods observed, as well as on the mixing processes taking place
near the core (Ghasemi et al. 2017; Guyot et al. 2025). Moreover,
the seismic impact of the chemical transitions depends on their
sharpness, in particular on how the scale of the transition com-
pares to the local wavelength of the observed modes. This has
been illustrated by Charpinet et al. (2014) for a sdB model, where
the authors show that the seismic signature of the relatively wide
He/H transition decreases significantly as the pulsation periods
increase. The same phenomena was addressed in Cunha et al.
(2015) and is discussed further in Sect. 3.2 of this work.

Asteroseismic studies of sdB pulsators have so far been based
on forward modelling (e.g. Ghasemi et al. 2017; Uzundag et al.
2021; Baran & Sanjayan 2023) recurring to either stellar evo-
lution codes or static structural models (Charpinet et al. 2000,
2002; Guyot et al. 2025). However, the pure nature (gravity or
acoustic) of the modes observed in these stars makes them key
targets to employ model-independent asteroseismic techniques.
This is particularly true for the study of sharp structural variations
such as those discussed above.
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Structural variations on scales comparable or shorter than the
local wavelength of the modes (hereafter, glitches) have been the
focus of many seismic studies. Some of the tools for the direct
inference of the properties of these glitches without recourse
to stellar models date from the earlier days of helioseismology,
and have seen diverse applications over the years (see Cunha
2020, for a review). However, the variational approach adopted
in the context of the sun and other p-mode pulsators to derive the
analytical formulation needed to fit the seismic data and make
the intended inferences is usually not adequate for studies of g-
mode pulsators. This is because the perturbations induced on the
g-mode pulsation periods by glitches in the buoyancy frequency
are rarely small. The same is true in the study of buoyancy glitches
in mixed-mode pulsators.

When the glitch impact on the pulsation periods is not small,
perturbations to the pulsation periods may be derived instead by
matching the wave solutions on each side of the glitch. This ap-
proach was used by Cunha et al. (2015, 2019, 2024) to derive
analytical expressions for the period and period-spacing pertur-
bations induced by buoyancy glitches of different shapes in g-
and mixed-mode pulsators. These tools have recently been suc-
cessfully applied in the analysis of glitches in a sample of low
mass, helium core-burning red giant stars by Vrard et al. (2022).
In this work we will apply them to the study of three sdB pul-
sators in which evidence for glitch signatures have been detected,
and compare the properties inferred for their glitches with those
inferred in the work by Vrard et al. (2022) in the analysis of the
helium core-burning red giant stars.

The remainder of the paper is organized as follows. In Sect. 2,
we present the published pulsation periods used in this work and
their sources. In Sect. 3, we introduce the analytical model for
the seismic signature of structural glitches and discuss the role of
each model parameter. In Sect. 4, we describe the fitting methods
adopted and the results from the fits to the data on each star. In
Sect. 5, we discuss our inferences in light of the combined analysis
of the three stars and compare them to the results from earlier
analyses of the helium core-burning red giant stars. Finally, in
Sect. 6, we summarize our main conclusions.

2. Data

We consider three stars for our case study, namely
KIC 10553698A, studied by @stensen et al. (2014) based on
Kepler short-cadence data collected over 9 quarters in the pe-
riod between Q8 and Q17, EPIC 211779126, studied by Baran
et al. (2017) based on short-cadence data collected during the
K2 Campaign 5, and KIC 10001893, studied by Uzundag et al.
(2017) based on Kepler short-cadence data collected continu-
ously between Q6 and Q17.2. Of relevance for our study are
the high radial order g modes. These are listed in Tables A.1
and A.2 for KIC 10553698A, A.3 for EPIC 211779126, and A .4
for KIC 10001893, in appendix A. The tables show the mode
radial order, n, degree ! and period, P, according to the infor-
mation provided in the original studies, as well as the reduced
periods, defined as IT = +/({({ + 1) P. For EPIC 211779126 and
KIC 10001893, no obvious multiplets are observed in the power
spectrum in the range of periods considered in this study. How-
ever, in the case of KIC 10553698A, multiplets are observed. In
Table A.1 we list estimates of the central components of these
multiplets, reproduced following the discussion in section 3.8 of
@stensen et al. (2014) and the authors’ figure 10. The original list
of mode periods in the range of relevance, including the individ-
ual multiplet components listed in their work, is reproduced in
Table A.2. In a few cases, the three works report period spacings
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that were not computed from the modes listed in their tables. Es-
timates of the respective periods are also given in the respective
tables.

3. Periods and period spacing models in the
presence of glitches

In the absence of fast rotation and other agents that may break
the spherical symmetry of the star, an asymptotic analysis pre-
dicts that high-radial-order gravity modes of the same degree are
equally spaced in period (Tassoul 1980). Written in terms of the
reduced period, this spacing is

272
Allys = Wg . (D
Here, W, is the size of the g-mode propagation cavity expressed
in terms of the buoyancy frequency N as

(Wg:/ —Ndr,
r
ri

where r is the distance from the stellar centre, and r; and ro
are the inner and outer turning points of the cavity, respectively.
Moreover, if the star has a convective core, in the asymptotic
regime the reduced periods can be written as

@)

Hs =~ Hs,min + kAHas’ (3)
for a series of natural numbers k, where Ilg i, is the first of a
series of equally spaced reduced periods.

We note that the reduced periods in Eq. (3) do not depend on
mode degree. In stars with a radiative core, N 2 s positive in the
innermost layers, approaching zero only at the centre, as N « r.
As a consequence, the reduced periods depend on mode degree.
However, this is not expected in sdB stars, because their cores
are unstable to convection, preventing g modes from propagating
into the centre of the star. In these stars the inner turning point,
r1, is located at the edge of the convective core, here defined as
the border of the adiabatically stratified region, hence including
any extra mixing regions resulting from processes that maintain
an adiabatic thermal stratification (see, e.g. Guyot et al. 2025,
for a discussion). Moreover, while the outer turning point, rs
may generally depend on the mode degree and oscillation period,
changes to the outer turning point have negligible impact on the
integral defined in Eq. (2), hence on the reduced periods. That is
corroborated by the data on the three stars considered in this work.
In fact, the reduced periods of dipole and quadrupole modes are
generally closely aligned in these stars and there is no evidence
for a dependence of the asymptotic reduced period spacing on
the oscillation period.

3.1. Glitch signature

The equally-spaced sequence reported above is modified in the
presence of structural variations occurring on scales smaller or
comparable to the local wavelength (hereafter, named glitches)

1 With the exception of the corner plots shown in appendix C, through-
out this manuscript we will use degree-independent buoyancy measure-
ments rather than their degree-dependent counterparts used in earlier
works by Cunha et al. (2015, 2019, 2024) for which only modes of / = 1

were considered. The relation between the two definitions is a \/[({ + 1)
factor (e.g., wg = Wg/I(I +1)).
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located within the propagation cavity. To describe the glitch po-
sition we introduce the degree-independent buoyancy radius

,
. N

wg’:/ —dr,
r1 r

and the degree independent buoyancy depth Wy = W, — Wj.
In all cases, we will characterise the glitch position in terms of
the buoyancy distance measured from the closest turning point.

For a single glitch, the periods are represented by (Cunha
et al. 2024)

“

All,g

I~ 1l - ®, &)
where Il represents the unperturbed reduced periods (i.e. with-
out the glitch effect) of a hypothetical model in which the inte-
gral of N/r within the g-mode cavity is the same as in the glitch
model, and ¢ represents the phase perturbation caused by the
glitch. Moreover, the glitch-induced phase depends on the func-
tional form of the glitch. Here, two options shall be considered,
namely a step-like function and a Gaussian-like function (see
figure 1 of Cunha et al. (2019) for illustration). For the case of
the a step-like glitch, the phase is given by

¢ = arccot [— — cot 9] , (6)

Agt sin (26)
while in the case of a Gaussian-like glitch, the phase is given by

1

Acf® sin? g

)

¢ = arccot

— cot, 9] s

where, fﬁg = w‘lexp(—2A§w‘2) and w is the angular fre-
quency. Here, Ast and Ag are always positive and provide a
measure of the amplitude of the glitch located at r = r*, in the
case of the step-like and Gaussian-like glitch, respectively. More-
over, Ag is a measure of the width of the Gaussian-like glitch and

1x *
T T
= —2T+6+= = —ST1+6+-, 8
o 1 o 1 ®)

depending on whether the glitch is located in the inner half
(Wg*/Wg<0.5) or outer half (W;/W,>0.5) of the propagation
cavity, respectively. We note that in the above, a * means that
the quantities are taken at r = r*. Finally, § is an extra phase
that absorbs the impact of the approximations performed in the
analysis near the turning points of the modes and is not related
to the glitch shape. This extra parameter also accommodates the
impact in Eq. (6) of changing the sign of the structural variation
(e.g. alocal drop versus a local increase in buoyancy frequency)
in the case of a step-like glitch. This sign change will introduce a
7/2 variation in the parameter &, without changing the expression
itself. By symmetry, this also means that the expression for the
phase ¢ is independent of the side of the cavity in which the glitch
is located, insofar as the correct definition for the buoyancy posi-
tion of the glitch (buoyancy radius or depth, as discussed above)
is taken (see Cunha et al. 2024, for details).

Finally, we note that Eq. (6) is periodic, with a period given
by

212 212
Hsig = —— and Hsig = —, (9)
g* (Wg*

for (W3 /W,<0.5) and (W /Wy>0.5), respectively. That im-
plies that the signature of a step-like glitch on the reduced pe-
riods will be strictly repeated with this periodicity. In the case
of a Gaussian-like glitch, inspection of Eq. (7) shows that the
glitch signature also changes periodically with the same peri-
odicity, but its amplitude is simultaneously modified due to the

frequency-dependent function flﬁg.

The analysis followed by these authors can be expanded to
consider additional buoyancy glitches, so long as these are suffi-
ciently apart to guarantee that the asymptotic solutions are valid
in between them (see Appendix B). In the case of two glitches,
the reduced periods are given by,

I ~ I ~ Al}f (6+¢), (10)
where ¢ represents the phase perturbation caused by the addi-
tional glitch. As in the case of the first glitch, the functional form
of ¢ is given either by Eq. (6) or Eq. (7), depending on whether it
is modelled by a step or a Gaussian function, respectively. More-
over, if the two glitches are located in opposite sides of the g-mode
cavity, 6 is given by the left and right expression of Eq. (8), for
the inner and outer glitch, respectively. Finally, the expression
for the period spacings, defined by the difference in the reduced
period of modes of consecutive radial order AIl = IT,,41 —I1,, is
given by

L Al (de de)]
~[1+ ~ (d_H+d_H)] .

AlIl
AH&S

Y

where the derivatives of the phases ¢ and ¢ can be computed
numerically or analytically (¢f. Cunha et al. 2019).

3.2. Model parameters

When fitting the analytical expression (11) to data, the number
and type of parameters depend on the number of glitches and
glitch shapes. The common parameter to all cases is the asymp-
totic reduced period spacing, All,s. Then, for each glitch we
have the buoyancy radius W, (or the buoyancy depth, (Wg* )
at the glitch position, and the fudge parameter 6. Depending
on the shape of the glitch, we have also either a dimensionless
amplitude, A (step-like glitch) or an amplitude and a width,
Ag and Ag, respectively (Gaussian-like glitch). When fitting the
analytical expression for the periods (10), there is an additional
parameter that represents the smallest reduced period in the fitted
range, Il in.

Figure 1 illustrates the impact on the period spacings from
changing the physical parameters of a single-glitch model, as well
as from changing the glitch shape. The reference model, shown
in panel a., considers All,s = 300 s and a step-like glitch with
Ay = 10, (Wg* = 0.008 rad/s (or sz = 2467 s) and § = 1.3.
These parameters imply that the relative position of the glitch in
the cavity for the reference model is W/ Wy~ 0.12.

— The asymptotic reduced period spacing, All,s, controls the
value around which the the period spacing deviations take
place. In addition, it acts as a scaling factor for the glitch-
induced perturbations, as expected from Eq. (10). This impact
is illustrated in panel b. where the value has been decreased
to All,s =250 s. ~

— The glitch position, Wy (or ‘W, for a glitch in the outer
cavity), controls the separation between the extrema of the
period-spacing function, with larger values implying smaller
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Fig. 1: Continuous reduced period spacing signal predicted by the analytical model (Eq. (11)), considering a single step-like glitch
(Eq. (6)) and varying the model parameters one at a time (red line). The horizontal dotted line marks the asymptotic reduced period

spacing value All,s. Panel a.: reference case with AIl,s=300 s, A4=10, ‘Wg* =0.008 rad/s (or Il;z=2467 s) and 6=1.3. Panel b.:
same as reference but with AIT,4=250 s. Panel c.: same as reference but with W*=0.010 rad/s (or Il;;=1974 s). Panel d.: same as

g

reference but with Ag=5. Panel e.: same as reference case but for a Gaussian glitch with Ag=0.002 rad/s and A;=0 rad/s. Panel {.:
same as reference case but for a Gaussian glitch with Ag=0.006 rad/s and A;=0.00049 rad/s.

separations. This is shown in panel c., where the glitch
was moved slightly closer to the centre of the cavity, with
(Wg=0.01 rad/s (W} /W= 0.15; I1,=1974 s).

— The glitch amplituée, Ag for a step-like glitch, controls
the extent of the period-spacing deviation from AIl,g, with
a smaller amplitude (Ag=5; panel d.) showing shallower
humps and dips. When the amplitude is sufficiently small,
the variation of the reduced period spacing becomes sinu-
soidal and symmetrical about the value of AIl,g.

— Changes in the phase, ¢, induce only a horizontal translation
of the reduced period spacings (not shown in Fig. 1).

— Changing the shape of the glitch impacts the dependence
of the reduced period-spacing perturbations on the reduced
periods. While for a step-like glitch the extrema of the pertur-
bations are independent of the reduced period (panels a. to d.),
in a Gaussian-like glitch the period dependence is clear (pan-
els e. and f.). This dependence is controlled by the function

fﬁg in Eq. (7). When the width of the glitch, A, tends to zero,
the period dependence is dominated by the factor 1/w and
the extrema of the perturbations increase with the reduced
period (panel e.), otherwise, the dependence is dominated
by the exponential factor and the extrema of the perturba-
tions decrease as the reduced period increases (panel f.). The
latter behaviour results from the fact that as the reduced pe-
riod increases, the local wavelength of the wave decreases,
eventually becoming smaller than the width of the structural
variation. At that point, the structural variation ceases to be
a glitch and the glitch-induced perturbation disappears.

4. Inference of glitch properties

The reduced period spacings are shown for the three stars in the
top panels of Figs 2, 4, and 5, respectively. In all three stars,
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reduced period-spacing dips are observed, consistent with the
signature of structural glitches. We note that the reduced period
spacings for the [ = 1 and [ = 2 modes are generally aligned, as
expected asymptotically for a star with a spherically symmetric
equilibrium and a convective core (e.g. Cunha et al. 2007).
Exceptions to this alignment may indicate problems with the
identification of the modes, as noted in the original works. These
cases shall be discussed further below.

To fit the period-spacing model to the data and infer the glitch
properties, a Dynamic Nested Sampling algorithm (Higson et al.
2018) was implemented using the dynesty pyhton package.

The likelihood was assumed to be Gaussian and given by the
following expression

£~ ool @
= eXpl—=X N
202 2
where y? is defined as:
N 2
Qdata,i — Qmodel,i
2 ata,i odel,i
_ , 13
X Z( - (13)

i

N is the number of data points to be fitted and Qgata and Quodel
are the data and respective model quantity being compared (in
the present case, the period spacings AII). In addition to the
parameters implicit in the analytical model for the periods and
period spacings, equation (13) contains the error, o, that is also
taken to be a free parameter. We note that no observational errors
have been provided in the original works from which the data
used here were extracted, so using the observational errors in
the definition of the likelihood is not an option. In any case, we
anticipate that the typical observational errors - connected to the
pulsation spectra resolution, mode amplitude variability, etc.- are
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negligible compared with the errors associated with the model
predictions. In fact, while the analytical expressions are expected
to capture the essence of the glitch impact on the pulsation peri-
ods, it is likely that in most cases they are insufficiently accurate
to model the data within typical observational errors. This is due
both to the approximations inherent to the analysis performed
to derive the analytical expressions and to the fact that glitches
in real stars are not expected to be perfectly described by step,
Gaussian or Dirac ¢ functions. Consequently, the introduction of
o as a parameter enables us not only to proceed without having
access to the observational errors but also to quantify the ability
of our models to reproduce the data.

We ran the nested sampler algorithm with 250 live points
and a burn-in set to one-tenth of the total chain length, using
multiple bounding ellipsoids and setting the sampling method to
be random walks. Uniform priors were used for all parameters
within the parameter space explored. From these, we extracted
the parameters corresponding to the maximum of the likelihood,
as well as the median parameters of the posterior distribution and
associated 68 per cent confidence intervals.

In addition, for KIC 10553698 A we fitted the reduced periods
using a step-like glitch (i.e., Eqs (5)-(6)) and different options for
the data selection, as detailed in Sect. 4.1. This was motivated
by the presence of multiplets in the g-mode range in this star,
which makes the identification of the central peaks needed to
construct the period spacings particularly difficult (@stensen et al.
2014). The fits to the reduced periods followed the procedure
described in Cunha et al. (2024), where the data were fitted
through a Markov Chain Monte Carlo (MCMC) method using
the emcee python package and the likelihood was also assumed
to be Gaussian (Eqs (12)-(13) with Q = IT) and the priors were
taken to be uniform within the parameter space explored.

For each star, several scenarios were tested. The motivation
for the choice of glitch models and the results from the fits for
each star are discussed in the following subsections.

4.1. KIC 10553698A

Two modulations appear to be present in the reduced period spac-
ings of KIC 10553698A, with different amplitudes and scales,
(Fig. 2, top panel). The first, of a larger scale, is characterised by
three significant dips, while the second, of shorter scale, has a
comparatively small amplitude. Although both modulations seem
to be present and in phase in the modes of degree / = 1 and [ = 2
up to a reduced period of IT ~ 11100 s, the short-scale mod-
ulation on the the two mode degrees becomes out of phase for
reduced periods larger than that value. As discussed by @stensen
et al. (2014), amplitude variability and rotational splitting make
the identification of the modes difficult in this star. This is partic-
ularly so at high radial orders (large periods) where the peaks in
the multiplets become increasingly apart in period. For this rea-
son, the authors state that the offsets seen in the reduced period
spacings computed from modes of different degree are likely not
of physical origin. With this in mind, for KIC 10553698A we
disregard the reduced period spacings for periods above 11100 s
when fitting our analytical model. Moreover, given that the am-
plitude of the short-scale modulation is similar in magnitude to
the differences in the reduced period spacings for/ =1 and [ = 2
modes, we disregard also that modulation when choosing the
model to fit. Therefore, we consider a one glitch model aimed
at fitting the dominant larger-scale modulation observed in the
reduced period spacings of KIC 10553698A. The absence of a
significant change in the amplitude of the glitch signature, which
shows variations that can be well explained by the limited sam-

AN(s)

4000 6000 10000 12000

400

350

300

G 250
=
<]
200
150
—— =1
100 { —# Bestfit
-~ Continuous Fit
4000 6000 8000 10000 12000
N(s)
400
350
300
W
E 250 i
< i
200 ¥
i
150 u ] —- =1
i A = =2
100 ] i —h Best it
-~ Continuous Fit

4000 6000 8000

nis)

10000 12000

Fig. 2: KIC 10553698 A reduced period spacings as a function of
the reduced period. Each reduced period spacing is plotted at the
mid point between the reduced periods used in its computation.
The parameters for the best fit solutions are given in Appendix C.
Top panel: observed reduced period spacings for / = 1 (blue) and
I = 2 (red) in the full range. The discrete observed values are
joined by straight lines to guide the eye. Open symbols indicate
reduced period spacings that cannot be computed from the fre-
quencies listed in the original table (see section 3.8 of @stensen
et al. 2014, for details). Middle panel: the best fit solution to the
I = 1 reduced period spacings at reduced periods smaller than
11100 s, for the case of a one step-like glitch (green) (case A).
The continuous analytical solution is represented by the dashed
line, while the filled stars indicate the values of the solution at
the reduced periods corresponding to the locations of the obser-
vations. Bottom panel: similar to middle panel, but including in
the fit both the / = 1 (blue) and the [ = 2 (red) modes at reduced
periods smaller than 11100 s (case B).

pling by the data, points to a sharp transition, such as the one
that may be expected in the C-O/He transition (cf. Sect. 1). Thus,
we shall assume a step-like glitch, which provides the simplest
possible representation of the data, with a minimum number of
model parameters.
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Table 1: Seismic and glitch properties of KIC 10553698A derived from fits of a step-like glitch model to the data.

I min (5) Alls (s) Agt Wg* (rad/s) o I (s)  model and data range case
Period Spacings’ fit 306%28 40%5Y  0.0086+9,000% 1.2455 | 2295%329 Step; /=1 <11100s A
31740 1737 0.0085799008  1.370:9 | 232218 Step;/=1,2 <11100s B
Periods’ fit 361614 325.4200:96  55%2%  0.007857090012  0.697018 | 2515%%%  Step;/=1,2 <11100s C
362224 325,547 6272%  0.00778+0,00019  0.87*023 | 2537792 Step;/=1,2;randommean <11100s D
3589%2T 3285717 3739 0.007077090018  1.6270:3% | 2792*7)  Step;/=1,2;random all E

Notes. Parameters derived from the fits of a model of a step-like glitch to the reduced period spacings (cases A and B) and to the reduced periods
(cases C, D, and E) of KIC 10553698A (see text for details). The results on the left side of the table show the medians and the 68 per cent confidence
intervals of the inferred parameters, from left to right, the first of the reduced periods in the range considered, the asymptotic reduced period
spacing, the glitch amplitude and position, and the phase. The right side of the table indicates the periodicity of the glitch signature and the choice

of model and data.

Two fits were performed to the reduced period spacings. The
first considers only the modes of [ = 1, which cover all observed
dips (case A). Fitting to the [ = 1 data thus ensures that all dips are
given the same weight. The best-fit solution for this case (i.e. the
solution with maximum likelihood) is shown in the middle panel
of Fig. 2 (green stars), along with the observed / = 1 reduced
period spacings (blue circles). Here, and in all following figures,
the solutions are shown only in the range of reduced period spac-
ings where the fits are performed. The solution shows that the
model captures well the three-dip structure seen in the observed
period spacing. This is corroborated by the posterior distribution
for the glitch position shown in Fig C.1 (in appendix C). The lat-
ter shows that the model parameter that measures the buoyancy
radius at the glitch position, that affects more directly the distance
between period-spacing dips, is well constrained. The fact that
the extremes of the dips are not well reproduced by the best-fit
solution (cf- Fig. 2, middle panel) is not surprising, as the dips
are narrow and not well sampled by the discrete data. As a con-
sequence, the fraction of data points contributing to constraining
the dips is relatively small. In fact, considering that the phase ¢
simply induces a horizontal translation of the analytical solution,
it is possible to see from the continuous solution for the best-fit
model (shown by the green dashed line) that the extremes of the
model dips will change significantly if a slightly different value
of the phase is taken for a glitch of equal position and amplitude.

Unlike the glitch position, the glitch amplitude is not well
constrained, as seen by inspection of the respective posterior dis-
tribution (Fig C.1). The reason is again related to the limited
sampling of the dips in the reduced period spacings. In the an-
alytical model, the glitch amplitude controls the minima of the
period-spacing dips, which decrease further as the amplitude in-
creases. However, no matter how extreme the dips predicted by
the continuous model are, a slight change in the phase will result
in the dips being sampled away from their minima, mimicking
the signal of a smaller amplitude glitch. As a result, in a poorly
sampled case the glitch amplitude is never well constrained at
the higher values. Moreover, at the lower end of the amplitude
posterior distribution, the large errors implied by the simplicity
of the model (which assumes a single step-like function) also
limit the constraining power of the data regarding the glitch am-
plitude due to the appearance of solutions corresponding to a flat
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reduced period spacing (i.e., no glitch) with values smaller that
the preferred solution (i.e., outside the 68 per cent interval for
AlIl,). These results are in line with earlier discussions in the
literature in the context of both buoyancy and acoustic glitches,
where it is systematically found that the glitch parameter whose
inference is most reliable is the glitch position (Mazumdar et al.
2014; Cunha et al. 2024). The median and associated 68 per cent
uncertainty intervals for the physical parameters inferred from
the fit are summarized in the first row of Table 1 (case A).

The second fit to the reduced period spacings of
KIC 10553698A adopted the same model but considered both
modes of degree / = 1 and [ = 2 up to IT = 11100 s (case B).
The best-fit solution and the posterior distributions for the model
parameters are shown in Fig. 2 (bottom panel) and Fig C.2, re-
spectively. Here, the increase in the number of data points leads
to a better representation of the extremes of the second and third
period-spacing dips, at the expense of having the first dip less
well reproduced by the model. We note that the Gaussian-glitch
model also predicts equally-spaced dips in the reduced period
spacing (cf. Fig. 1). Thus, adopting instead a Gaussian-glitch
model would not solve the small mismatch between the equally
spaced dips predicted by the model and the slightly uneven ob-
served spacing. The mismatch may have an observational origin,
if one of the modes near the first dip was misidentified due to the
complexity of the oscillation spectra discussed above. Alterna-
tively, it could be an indication that the glitch has a more complex
struture or that the model becomes less adequate at lower periods.

The impact of the additional (and consistent) / = 2 data is
clearly reflected in the posterior distribution for the glitch ampli-
tude. In fact, the added weight of the data around the second and
third dips removes some of the degeneracy of the model solutions
corresponding to large glitch amplitudes. Moreover, the fact that
the model representation of the data is improved when adding
the / = 2 modes (as seen from the error parameter distribution),
makes solutions of very low amplitude significantly less likely
than when fitting only the / = 1 modes. These results show that
if enough data are available, the glitch amplitude can be reason-
ably constrained, despite the large uncertainties. Comparison of
the median values for the physical parameters in the two cases
(Table 1, cases A and B) shows that the inferred parameters are
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consistent within the uncertainties, with the second fit setting
more stringent constraints, as expected.

As mentioned earlier, KIC 10553698 A shows a series of mul-
tiplets, or partial multiplets, in the g-mode period range. These
add to the complexity of its oscillation spectra and may compro-
mise the identification of modes of similar degree and azimuthal
order, needed to determine the reduced period spacings. For this
reason, it is of interest to understand how the results from fitting
directly the oscillation periods, without assuming prior knowl-
edge of the azimuthal orders, compare with those from fitting the
period spacings assuming prior knowledge of the central peaks
in each multiplet.

The results obtained from fitting the periods and the period
spacings constructed from the same periods should be consistent.
To verify this is the case, we start by fitting the reduced periods
smaller than 11100 s listed in Table A.1 forthe / = 1 and / = 2
modes, used to construct the reduced period spacings fitted in the
previous exercise. The reduced periods were fitted with the same
step-like glitch model as before, now expressed through Eqs (5)-
(6), and the median values for the inferred parameters are listed
in Table 1 (case C). The glitch properties inferred from this fit
agree within the errors with the results of the fit to the reduced
period spacings constructed from the same data (case B). The
best-fit model from the fit to the reduced periods is shown in the
Echelle diagram displayed in the left panel of Fig. 3, constructed
in the manner described in Cunha et al. (2024).

Next, we relax the assumptions made regarding the identifica-
tion of the central peaks in each multiplet, used in the construction
of the period spacing series (Dstensen et al. 2014). To that end,
we consider the full list of oscillation periods published by the
authors in the same range of radial orders as before (Table A.2).
For each radial order and degree, we randomly choose one of the
values whenever more than one period is listed. Restricting the
data to reduced periods smaller than 111000 s, we then perform
a fit to the reduced periods using Eqs (5)-(6). The exercise was
repeated three times, so that the list of reduced periods fitted each
time is slightly different, due to the random choice of the peak
in each multiplet. For all inferred parameters, the variance in the
median was found to be much smaller (always less than 3 per
cent) than the errors in the respective parameter, which implies
that the choice of peak in each multiplet does not affect the infer-
ences in a significant way. The means of the parameters (i.e., of
the medians and respective errors) inferred from the fits to the
three different data sets selected in the way described above are
also listed in Table 1 (case D).

Finally, we relax also the restriction on the range of reduced
periods to be fitted, considering the full list of periods in Table A.2
and randomly choosing a reduced period from each multiplet,
as before. The best-fit model for this case is illustrated in the
Echelle diagram displayed on the right panel of Fig. 3 and the
inferred parameters are also listed in Table 1 (case E). Here we see
that the reduced asymptotic period spacing and glitch amplitude
agree within the errors with those inferred in cases A to D, but the
glitch position is off by about 2-4 times the respective uncertainty,
depending on the case. This is a consequence of the additional
data fitted (i.e., the reduced periods larger than 11100 s) and not
of the random selection of the peaks in the multiplets or of the
option to fit the reduced periods rather than the reduced period
spacings.

4.2. EPIC 211779126

The reduced period spacings of EPIC 211779126 (top panel of
Fig. 4) show two dips between 5000 s and 8000 s, followed by
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Fig. 3: KIC 10553698 A echelle diagrams displaying the data for
[ =1 (blue) and / = 2 (red) modes, along with the best fit model
for the case of a one step-like glitch (green). The continuous
analytical solution is represented by the full line in the reduced
periods’ range in which the fit was performed and by a dotted line
in the range not considered in the fit. Left panel: fit to / = 1 and
[ = 2 modes’ reduced periods smaller than 11100 s (case C). The
data used in this fit were also used to construct the reduced period
spacings for case B in Table 1, whose fit is shown in the bottom
panel of Fig. 2. Right panel: fitto / = 1 and / = 2 modes’ reduced
periods in the full range (up to n = 34) extracted from Table A.2
(case E). When several modes are listed for a given radial order
and degree (or for the same trapped mode), one single mode was
picked randomly (see text for details).

smaller amplitude variations. The modes in this star also exhibit
amplitude variability, a fact emphasized by Baran et al. (2017)
with a word of caution when the authors say that the frequencies
they list should be considered approximate. In fact, the reduced
period spacings computed from the / = 1 and [ = 2 data are
partially in phase, particularly in the second reduced period-
spacing dip and near the high end of the reduced periods, but a
mismatch is seen in the first dip and at intermediate values of the
reduced periods. In particular, the separation between the dips in
the reduced period spacings is different in the [ = 1 and [ = 2
mode series. This is not expected from asymptotic analysis, and is
not seen in pulsation calculations of sdB models, as far as we are
aware (Charpinet et al. 2002; Ostrowski et al. 2021). While we do
not exclude the possibility that the differences in the two series
may be real, our glitch model uses the asymptotic solutions on
either side of the glitch and, thus, predicts similar results for the
modes of different degree, for a given structural glitch. For that
reason, we fit the modes of different degree separately, adopting a
one-glitch model, and then access the impact from the differences
observedinthe! = 1and/ = 2 data on the glitch inferences. Given
our choice of a single-glitch model, we expect to reproduce only
the dominant dips in the reduced period spacings.
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Fig. 4: EPIC 211779126 reduced period spacings as a function of
the reduced period. Each reduced period spacing is plotted at the
mid point between the reduced periods used in its computation.
The parameters for the best fit solutions are given in Appendix C.
Top panel: observed reduced period spacings for [ = 1 (blue)
and [ = 2 (red) modes. The discrete values are joined by straight
lines to guide the eye. Symbols meaning as in the top panel of
Fig. 2. Middle panel: the best fit solution (green) to the / = 1
data (blue) for the case of a one step-like glitch (case F). The
continuous analytical solution is represented by the dashed line,
while the filled stars indicate the values of the solution at the
reduced periods corresponding to the locations of the observa-
tions. Bottom panel: same as middle panel but for the case of a
one Gaussian-like glitch (green) (case H).

Concerning the representation of the glitch, we consider two
cases, namely a step and a Gaussian function. The motivation for
comparing these two cases comes from the fact that no significant
dips are observed beyond ~ 7500 s. There are several possible
explanations for this fact. On the one hand, the absence of the
dips can be related to the observations themselves. With dips as
extreme as the ones observed in this star, where the difference
between the periods of the trapped mode and the mode that fol-
lows are as small as 20 s, and the amplitude variability already
discussed, one needs to consider the possibility that some modes
in the range of periods considered here were not detectable in the

Article number, page 8 of 26

power spectrum. Missing modes between those used to construct
the period spacings shown in the top panel of Fig. 4 would lead to
the absence of what would otherwise be additional dips. On the
other hand, the absence of additional dips can be real. If the struc-
tural variation is not sufficiently sharp, at larger periods its width
may be significantly larger than the local characteristic scale of
the wave, in which case the structural variation will no longer act
as a glitch. In this case, the signature of the structural variation
on the period spacings will decrease with period, tending to zero
as the structural variation becomes a smooth background varia-
tion from the perspective of the wave, as discussed in Sect. 3.2
(see also discussions in Charpinet et al. 2014; Cunha 2020). That
is precisely what is predicted when the glitch is modelled by a
Gaussian function. Finally, the glitch may be sharp, but the con-
ditions necessary for the occurrence of visible trapping are not
always satisfied. This case, as well as the cases in which it may
be difficult to detect all modes in a given region of the power
spectrum, is best modelled by a step function.

The best fits to the / = 1 modes are shown in Fig. 4 for a model
with a step-like glitch (middle panel, case F) and a model with a
Gaussian glitch (bottom panel, case H). Both models capture the
two-dip structure, but adjust differently to a comparably flatter
reduced period spacing at higher reduced periods, as expected. In
the case of the step-like glitch, the reduced period-spacing dips
of the best-fit continuous solution are not always revealed by the
observed modes, whereas in the Gaussian-like model, the dips
disappear because the amplitude of the glitch signature decreases
with reduced period.

The posterior distributions for the model parameters and re-
spective medians and 68 per cent uncertainties are shown in
Figs C.3 (step-like glitch model) and C.4 (Gaussian-like glitch
model) and Table 2 (cases F and H). As before, in both cases we
see that the glitch position is well constrained, while the glitch
amplitude is not. Moreover, comparison of the median values
of the glitch position inferred in the two cases shows agreement
within the uncertainties, as expected from the fact that both glitch
models are capable of capturing well the two dips observed in
the reduced period spacings.

Fits to the [ = 2 modes were performed with the same models
(cases G and I). The best-fit models adjust to the data similarly
well as they did when fitting to the [ = 1 modes, so we refrain
from showing the plots here. However, in Table 3, we provide a
measure of the quality of the fitting for the four cases (two for
[ =1 and two for [ = 2) for comparison. As the error, o, was left
as a free parameter, we cannot use y2 defined by equation (13)
directly to compare the quality between the fits performed to
different sets of data or with different glitch models. Instead, we
first renormalize the y? obtained for each fit by multiplying it by
the value of o2 obtained for the best-fit model and then dividing
the result by a reference value, namely o-fo = (40s)%. We then
divide the result by N — m, where N is the number of fitted data
points and m the number of parameters in the model, to compute
the corresponding reduced value, )(1,2e 107 that we show in Table 3.

The medians and 68 per cent uncertainties for the parameters
inferred from the fits to the / = 2 data are also shown in Table 2
(cases G and I). As expected, the position of the glitch inferred
when fitting to the [ = 2 data differs from that inferred when
fitting to the / = 1 data (in that the value of ‘W is smaller for
I = 2) because the dips in the reduced period spacings are further
apart in the [ = 2 case.
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Table 2: Seismic and glitch properties of EPIC 211779126 derived from fits of step-like and Gaussian glitch models to the data.

All,s (s) Agt or Ag (rad/s) ‘Wg* (rad/s) Ag (rad/s) o Iig (s) model and data  range case
314*4% 58+40 0.00898*+(,000L1 1.04*9,98 | 2198 Step;/=1  all F
318*4) 58+2L 0.00783*+0,00008 2.42%0:10 1 2521 Step; /=2 all G
3347 0.060*%,957 0.009379,0006  0.0014799003  0.91*935% | 2122 Gaussian;/=1 all H
336715 0.116+9,05L 0.00827%9076  0.0024799043 23758 | 2407  Gaussian;/=2 all I

Notes. Parameters derived from the fits of a step-like glitch model (cases F and G) and a Gaussian-like glitch model (cases H and I) to the reduced
period spacings of EPIC 211779126. The results on the left side of the table show the medians and the 68 per cent confidence intervals of the
inferred parameters, from left to right, the asymptotic reduced period spacing, the glitch amplitude, position and width, and the phase. The right
side of the table indicates the periodicity of the glitch signature and the choice of model and data.

Table 3: Quality of the fits performed to the reduced period
spacings of EPIC 211779126.

model and data  y3,, case
Step; /=1 1.36 F
Step ;[ =2 0.88 G
Gaussian; /=1 1.86 H
Gaussian ;[ =2 1.28 1

Notes. The metric provided, /\/123 40> 1s a renormalized version of the

reduced y2, corresponding to a fixed reference value of the error, namely
02 = (40 s)? (see text for details).

4.3. KIC 10001893

The reduced period spacings of KIC 10001893 derived from the
data of Uzundag et al. (2017) are shown in the top panel of Fig. 5.
Three dips are observed for the / = 1 series of modes, but only
two of these are covered by the / = 2 modes. As pointed out by
the authors, the fact that a dip is observed simultaneously for both
mode degrees is particular important in a star like this, in which
no multiplets are seen. In fact, they consider the significance of
the first trapped mode less convincing and stress that although
other unidentified modes could be associated with trapped modes,
the absence of multiplets prevents them from having a clear
preference. With this in mind, in our analysis we consider two
cases, namely, a fit to the region where the [ = 1 and [ = 2
reduced periods overlap and a fit to all data available, covering
the three dips. In both cases we follow the same strategy as before
and do not attempt to fit the short-scale variations observed in the
reduced period spacings, that in the present case appear at low
values of the reduced periods. Therefore, for the first fit we adopt
a model with a single step-like glitch. However, for the second fit
a single glitch model is not adequate. When considering the three
dips in the upper panel of Fig. 5, we find that the distance between
consecutive dips is too different to be adequately modelled by the
impact of a single glitch, which predicts equally spaced dips in
the reduced period spacings. Therefore, when fitting all [ = 1
and / = 2 modes, we instead consider a model with two step-like
glitches. These could hypothetically correspond to two different
regions inside the star (e.g., associated with the CO/He and the
He/H transitions).

The best-fit solutions obtained from the fits performed are
shown in the middle panel (fit to the [/ = 1 and / = 2 overlap
region) and bottom panel (fit to all data). Also, the median values
of the model parameters and respective uncertainties are shown
in Table 4. Although both cases capture well the reduced period
spacing dips in the fitted regions, the solutions are significantly
different. In the first case (single glitch; overlap region) the glitch
position is such as to reproduce the separation between the second
and third period-spacing dips. In the second case (two glitches;
all data) one of the glitches is positioned such as to reproduce
the first and third dips, while the other glitch reproduces the
single dip in the middle, without predicting any additional dip
within the observed range of reduced periods. Consequently, in
this case both glitches are positioned at at buoyancy radius (or
depth) smaller than the glitch inferred in the fit to the overlap
region.

Inspection of the posterior distributions for the model param-
eters presented in Figs C.5 and C.6 emphasises further differences
between the two fits. In the one-glitch fit to the overlap region,
all parameters are well constrained, including the glitch ampli-
tude. The constraining power to the amplitude in this case results
from a combination of factors. Firstly, the data from the / = 1
and / = 2 modes is in excellent agreement and focused on the
region of the dips, so the constraints around the dips being fitted
are stringer than in all cases considered before. Secondly, the
one-glitch model fits the data significantly better than in previ-
ous cases, as seen from the error distribution in Fig C.5 (whose
median value is ~ 19 s, compared to median values ~ 45 — 60 s
in previous cases). In the two-glitch case, Fig. C.6 shows the
difficulty in properly constraining the second glitch (the one la-
belled ‘out’ that reproduces the second period-spacing dip). This
is expected, as all glitch positions closer to one of the edges of
the buoyancy cavity than a given value are possible solutions.
In this case, that value corresponds to the glitch position that
would induce a signal with dips separated by as much as the
range of reduced periods considered. This threshold induces the
abrupt right-hand-side drop in the posterior distribution of wg’out
for the second glitch, which we arbitrarily take to be the one in
the outer cavity (cf. Fig. C.6), to the left of which we observe a
plateau of similarly good solutions.

5. Discussion
5.1. Glitch nature

The glitch properties inferred for the three stars in this study in-
dicate that the same phenomenon is being observed in all cases.
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Table 4: Seismic and glitch properties of KIC 10001893 derived from fits of a one step- and two step-like glitch models to the data.

All,s (s)  Agt or Ag (rad/s) (Vi/g* (rad/s) 0 Igg (s) model and data  range case
323.3+58 18.0%7% 0.00849*9.0000  2.88*01% | 2325 1Step;/=1,2 common J
i’)34‘5’287'_§3 48’:3167 0.00473 3.313ﬁ%’%% 4173 2Step;l=1,2 all K

Notes. Parameters derived from the fits of a one step-like glitch model (case J) and two step-like glitches model (case K) to the reduced period
spacings of KIC 10001893. The results on the left side of the table show the medians and the 68 per cent confidence intervals of the inferred
parameters, from left to right, the asymptotic reduced period spacing, the glitch amplitude and position, and the phase. The right side of the table
indicates the periodicity of the glitch signature and the choice of model and data. For the fit with the two-glitch model, only the parameters for the

first glitch are listed (see text for details).

This is illustrated in Fig. 6 where we can see the similarity of the
glitch positions and glitch amplitudes (albeit the latter inferred
with large uncertainties). The figure shows also the asymptotic
reduced period spacings for the three stars, confirming the over-
all similarity of their radiative inner structure. The cases illus-
trated for each star are identified on the x-axis of the figure. For
KIC10553698A (KIC; in the figure), we show the fits to the
reduced periods up to 111000 s, the most reliable data range,
as discussed in Sect. 4.1. Fitting all reduced periods listed in
Tables A.2 leads to only a slightly smaller value of the glitch
position. For KIC10001893 (KIC;), we show only the results
from the fit with a one-glitch model, for consistency with the
analyses shown for the other stars. The fit of the data assuming a
two-glitch model leads to a very different solution, where neither
glitch is located in a position comparable to that seen in the other
stars. This reinforces the idea that the one-glitch model is likely
more adequate to explain the data for this star, hence, that the
characteristic periodicity of the glitch signature in KIC10001893
is given by the distance between two consecutive dips in the stars’
reduced period spacings. In this interpretation, the uneven sep-
aration between the three dips observed in the period spacings
results either from a misidentification of the trapped mode in the
oscillation spectrum, or potentially from the glitch shape being
more complex than the adopted step function. In relation to the
former possibility, Uzundag et al. (2017) point out that the signif-
icance of the first trapped mode they identify for / = 1, between
n = 17 and n = 18, is less convincing than that of the second
trapped mode, and that there are other unidentified peaks that
could be associated to trapped modes but the lack of multiplets
makes it difficult for the authors to make a definitive selection.

The fact that the period-spacing dips in two of the three stars
(KIC10001893 and KIC10553698A) do not significantly depend
on the reduced periods, indicates that the glitch is sharp. In the
third star (EPIC211779126) only two dips are observed, followed
by a long plateau in which the reduced period spacings vary only
with small amplitude. This could be an indication of a wider
structural variation which would cease to act as a glitch for the
modes of longer period (shorter characteristic scale). However,
comparison between fits to the data of this star with step-like and
Gaussian-like glitch models do not necessarily corroborate that
interpretation. In fact, the fits for the two cases have similar qual-
ities (Table 3) and inspection of the middle and bottom panels of
Fig. 4 seems to indicate that the step-like glitch provides a better
representation of the flat top of the period spacings. Together
with the fact that the glitch position inferred from the fits to the
data of EPIC211779126 is similar to that inferred for the other
two stars, we argue that it is more likely that the period-spacing
signature in this star is produced by the same structural transition
as in the other two stars.
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When considering the nature of the structural transition that is
causing the signature observed in the reduced period spacings, it
is important to recall that the thermal and chemical stratifications
of the layers adjacent to the convectively-unstable core of sdB
stars are still largely unknown. In this context, the interpretation
of the glitch position needs to bear in mind that g modes do not
propagate into the adiabatically stratified part of the core. Thus,
the glitch location inferred from our fits is blind to those layers,
measuring only the buoyancy distance from the edge of the con-
vective core, i.e., the border of the adiabatically stratified region
as defined in Sect. 3. Recently, Guyot et al. (2025) have studied
the pulsation spectra of sdB models with different core properties
illustrating the sensitive of the period spacing modulation to the
stratification of the core. Comparing the values of Il that we
infer with the results from their models, it seems that the glitches
in these stars are best compatible with the C-O/He transition in
sdB stars with a low core-He abundance and a relatively small
core mass. In addition, the data analysed here potentially hints
at a slightly sharper glitch than the transition in their models, as
their results show a smooth decrease in the depth of the period-
spacing dips with increasing period. This typical characteristic
of the signatures from non-sharp transitions is not evident in
the observational data. However, with only three period-spacing
dips it is impossible to establish the significance of this difference
between the authors’ models and the observational data.

5.2. Comparison with glitches observed in helium
core-burning red giants

Subdwarf B stars are likely the product of non-standard evolution
involving the stripping of the outer layers of a star in the red giant
branch (RGB). Therefore, it is important to investigate how the
cores of helium core-burning red giant stars, which arise from
standard stellar evolution, compare to those of sdB stars, which
reach helium core burning through non-standard evolutionary
channels. The inference of the core glitch properties in these
stars provides the opportunity to address this question directly
from the analysis of the data, i.e., in a way which is independent
from our ability to build stellar evolution or static stellar models.
With this in mind, in Fig. 6 we overplot in blue the range of
asymptotic reduced period spacings, glitch locations, and glitch
amplitudes derived by Vrard et al. (2022) for 23 helium core-
burning red giants. The blue horizontal line marks the median of
the respective quantities which were converted to their reduced
form when relevant.

The difference in the results for the two samples is striking.
In the case of the asymptotic reduced period spacings, it reflects
an overall difference in the radiative interior of the two types
of stars. In the case of the glitch amplitude, it could reflect a
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Fig. 5: KIC 10001893 reduced period spacings as a function of
the reduced period. Each reduced period spacing is plotted at the
mid point between the reduced periods used in its computation.
The parameters for the best fit solutions are given in Appendix C.
Top panel: observed reduced period spacings for [ = 1 (blue)
and / = 2 (red) modes. The discrete values are joined by straight
lines to guide the eye. Symbols meaning as in the top panel of
Fig. 2. Middle panel: the best fit solution (green) to the / = 1
(blue) and / = 2 (red) data in the range of periods where data on
both mode degrees are available, for the case of a one step-like
glitch (case J). The continuous analytical solution is represented
by the dashed line, while the filled stars indicate the values of the
solution at the reduced periods corresponding to the locations of
the observations. Bottom panel: same as middle panel but for the
case of two step-like glitches fitted to all data displayed in the
panel (green) (case K).

difference in the relative amplitude of the discontinuity in the
buoyancy frequency at the chemical transition, or simply result
from the finite width of the transition. In fact, the periods of
the modes observed in the sdB stars are shorter, by a factor of
~ 5, than the periods of mixed modes observed in helium core-
burning red giants. Thus, a slow dependence of the amplitude
of the glitch signature on the reduced periods, resulting from a
hypothetical intrinsic width of the glitch, would lead to a much
smaller amplitude of the glitch signature at the longer periods

observed in the helium core-burning red giants than in the range
of periods observed in sdB stars. Since both the helium core-
burning red giant data and the sdB data were fitted with step-like
glitch models that do not incorporate a period dependence of the
glitch-signature amplitude, the hypothetical glitch width would
be wrongly translated into a difference in the amplitudes inferred
for the structural variations in the two types of stars.

However, perhaps the most interesting difference observed in
the properties inferred for the sdB and the helium core-burning
red giants concerns the glitch position. Due to its strict association
to the periodicity of the glitch signature, this result is robust and
cannot be explained by a change in the shape of the glitch. If the
signature observed in the data of sdB and helium core-burning
red giant stars is indeed associated with a transition close to
the convective core, then the glitch position given in terms of

the absolute quantity Wg* provides a direct measurement of the
integral of N/r from the edge of the convective core, where
presumably the inner turning point of the modes is located, to the
maximum extent of the chemical mixing into the radiative core
(cf. Eq. (4)). According to our results, that extent is significantly

different in the two types of stars.

6. Conclusions

In this work we used an analytical model developed in the works
of Cunha et al. (2019, 2024) for g modes to directly infer in-
formation on structural glitches inside three sdB stars, without
recourse to specific stellar models. Our main conclusions are as
follows.

— Despite their simplicity, in all three stars the analytical models
capture well the most significant variations of the periods
around the equally-spaced asymptotic prediction;

— According to the model inferences, the structural glitches in-
ducing the observed period perturbations have similar prop-
erties in all three stars. They are consistent with sharp dis-
continuities located close to one of the turning points of
the g-mode cavity, likely the C-O/He transition. Comparison
with recent results from Guyot et al. (2025) favour a sce-
nario where these are evolved sdB stars, with low core-He
abundance and a relatively small core mass;

— The results indicate that the glitch properties in sdB stars
are systematically different from those of glitches in helium
core-burning red giants derived by Vrard et al. (2022). In
particular, the sdB glitches are located at significantly larger
buoyancy radii, indicating either a more extensive mixing
region beyond the edge of the convective core or a different
stratification of that mixing region.

Whether or not the differences found between the glitches in
sdB and helium core-burning red giant stars can be explained by
the adjustment of the stellar structure to the stripping of the outer
layers is key to test and understand the evolution channels leading
to the formation of sdB stars. That is best answered by simulations
of the stellar structure and shall be addressed in future work.
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Fig. 6: Physical parameters inferred from the fits with a one step-like glitch model. The stars are identified in the top axis as
KIC;=KIC10553698A, EPIC=EPIC211779126, and KIC,=KIC10001893 and the respective results are separated by a dotted-
dashed line. The labels in the x-axis identify the case according to the results given in Tables 1, 2, and 4. From left to right, the
panels show, with symbols and error bars, the median and respective 68 per cent uncertainties, on the asymptotic reduced period
spacing, degree-independent glitch buoyancy radius, and glitch amplitude, respectively. The blue line and shaded blue area in each
panel show, respectively, the median and range of values found by Vrard et al. (2022) for the same parameters in the study of a
sample of helium core-burning red giant stars.
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Appendix A: Data

Table A.1: KIC 10553698A: observed periods used for cases A to D of Table 1 (source @stensen et al. 2014).

[ n P (s) IT (s) [ n P (s) I1 (s)
1 9 2518.00 3560.99 - - - -

1 10 2759.12 3901.98 - - - -

1 11 3036.15 4293.76 - - - -

1 12 331043 4681.66
1t 3482.01 4924.31
1 13 3611.60 5107.57
1 14 3861.40 5460.84
1 15 4116.26 5821.27
1 16 4392.22 6211.54
1 17 4672.27 6607.59
1 18 4947.10 6996.26
1 19 5200.90*  7355.18
1t 5413.48 7655.82
1 20 5469.33 7734.80
1 21 5698.87 8059.42
1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

14 2235.60 5476.08
15 2384.42 5840.61
16 2543.47*  6230.20
17 2701.68 6617.74
18 2864.21 7015.85
19 3002.42%  7354.40*
t 3123.99*  7652.18
20 3157.78 7734.95
21 3295.35 8071.93
22 345378 8460.00
23 3596.00%  8808.37
24 3738.30*  9156.93
25 3897.85%  9547.74
26  4057.45 9938.68
t 411626  10082.74
27 421630  10327.78
28  4370.81 10706.25
29  4519.28  11069.93
30 4658.74  11411.54
31 481036  11782.93
32 494951 12123.77F
33 5118.15%  12536.86*
34 9112.01  12886.33 34 523975 1283471
35 9397.62  13290.24 35 539441  13213.55
1 36 9588.62  13560.36 - - - -
x average of multiplet components in @stensen et al. (2014).
+ estimated from figure 10 of @stensen et al. (2014).
T fo3 in @stensen et al. (2014), as per discussion in that paper.

22 5957.62 8425.35
23 6219.27 8795.38
24 6469.42 9149.14
25 673573 9525.76
26 7012.15 9916.68
t 711632  10064.00
27 7278.81 10293.79
28  7560.15 10691.67
29  7811.72*%  11047.44
30 8081.92 11429.56
31 8333.06* 11784.73*
32 8598.56* 12160.20*
33 8847.47*  12512.21

NS NO2N (SN O 2N NS 20 (ST O 2N (TR NS 2 (S I (T8 \O 2 (O 25 (S5 O 2 (O 28 (O I O 2 \S TN O 2 (O 2 \S T (S 2 \S T

Notes. The first four columns show the degree, asymptotic radial order, period and reduced period for the / = 1 modes and the last four columns

show the same information for the / = 2 modes. Trapped modes are identified with a "t" in the radial order column.
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Table A.2: KIC 10553698A: observed periods used for case E identified in Table 1 in this work (source @stensen et al. 2014).

[ n P (s) IT (s)
1 9 2518.00 3560.99 -

1 10 2759.12 3901.98 - - - -
1 11 3033.71 4290.31 - - - -
1 11 3036.15 4293.76 - - - -
1 12 3307.53 4677.55 - - - -
1 12 3308.96 4679.58 - - - -
1 12 331043 4681.66 - - - -
1 't 347994 4921.38 - - - -
1t 3482.01 492431 - - - -
1
1
1
1
1
1
1
1
1

o~

n P (s) I1 (s)

13 3609.77 5104.99 - - - -
13 3611.60 5107.57
13 361345 5110.19
14 3859.04 5457.51
14 3861.40 5460.84
14 3863.78 5464.21
15 4116.26 5821.27
15 4122.81 5830.53

14 2235.60 5476.08
14 2238.19 5482.42
14 223949 5485.61
15 2383.02 5837.18
15 238442 5840.61
15 2388.65 5850.97
2540.44  6222.78
16 2541.96 6226.50
16 254498 6233.90
16 2546.50 6237.63
17 2701.68 6617.74

16 439222 6211.54

17 467227 6607.59
17 4675.28 6611.84
18 4943.02 6990.49
18 4947.10 6996.26
18 4950.90 7001.63
19 5193.95 7345.35
19 5197.76 7350.74
19 5202.50 7357.45
19 5209.37 7367.16
t 5413.48 7655.82

18 2864.21 7015.85
18 2866.33 7021.05

[N NS 2N (ST R NS 20 \O I (O 2N \O TR O 2 (S TN \O I (O 2 (O T8 O 2 \S I
—_
(o))

t 312322 7650.30
t 312475 7654.04
3157.78 7734.95
20 3160.05 7740.51
21 329535 8071.93

20 546497 7728.63
20 5469.33 7734.80
21 5698.87 8059.42
21 5703.21 8065.56
21 5710.35 8075.65
22 5957.62 8425.35
22 5960.53 8429.46
22 5964.69 8435.35
22 5969.05 8441.51
22 597227 8446.07
23 6219.27 8795.38
23 6225.69 8804.46
23 6230.39 8811.10

[ NS 2N \S 20 (S I (S S T
(3]
S

3450.15 8451.11
22 345378 8460.00

[ SR SR
)
)

23 3588.54 8790.09
23 3603.45 8826.61

[ S Gy GG GGG RS [ SR GG S WG

24 3736.51 9152.54
24 3740.09 9161.31

[NORN \S R (S ST
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Table A.2: KIC 10553698A: continuing from previous page

Il n P (s) IT (s) [l n P (s) I1 (s)

1 25 673573 9525.76 2 25 389394 9538.17
1 25 6738.75 9530.03 2 25 3901.76  9557.32
1 25 674341 9536.62 - - - -

1 26 7004.67 9906.10 2 26 405745 9938.68
1 26 7012.15 9916.68 - - - -

1 26 702098 9929.17 - - - -

1 t 711632 10064.00 - - - -

1 27 727122 10283.06 27 4216.30 10327.78
1 27 727434 10287.47 - - - -

1 27 7278.81 10293.79 - - -

1 27 7286.29 10304.37 - - - -

1 28 7560.15 10691.67 2 28 4366.62 10695.99
- - - - 2 28 4370.81 10706.25
- - - - 2 28 437871 10725.61
1 29 7800.71 11031.87 2 29 4519.28 11069.93
1 29 7809.28 11043.99 - - - -

1 29 7814.84 11051.85 - - - -

1 29 7822.05 11062.05 - - - -

- - - - 2 30 465874 11411.54
- - - - 2 31 4797.81 11752.19
- - - - 2 31 480524 11770.39
- - - - 2 31 481036 11782.93
- - - 2 31 481586 11796.40
- - - - 2 31 482098 11808.94
1 33 884520 12509.00 - - - -

1 33 8849.74 1251542 - - - -

1 34 9112.01 12886.33 2 34 5239.75 12834.71
1 35 9390.67 13280.41 2 35 537651 13169.71
1 35 9397.62 13290.24 2 35 538558 13191.92
1 35 9403.64 13298.76 2 35 539441 13213.55
1 36 9588.62 13560.36 - - - -

Notes. The first four columns show the degree, asymptotic radial order, period and reduced period for the / = 1 modes and the last four columns

show the same information for the / = 2 modes. Trapped modes are identified with a "t" in the radial order column.
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Table A.3: EPIC 211779126: observed periods used in this work (source Baran et al. 2017).

n P (s) IT (s)
11 2953.16 4176.40
12 321244  4543.08
13 3483.71 4926.71
t 3738.32  5286.78
14 3752.77 5307.22
15  4014.13 5676.84
16 4273.69 604391
17 453350 6411.34
18 4800.54  6788.99
19  5058.68 7154.05
20  5287.65 7477.87
t 5347.59  7562.63
21  5551.85 7851.50
22 5777.68 8170.87
23 6042.66 8545.61

n P (s) IT (s)

[
2 12 184631 452252
2 13 201755 494197
2t 2051.58  5025.32
2 14 217325 532335
2 15 2322.50" 5688.94*
2 16 247341  6058.59
2 17 262378 642692
2 18 2776.00" 6799.78*
2 19 2927.14  7170.00
2 20 3053.81 7480.28
2t 3091.29  7572.08
2 21 322092  7889.61
2 22 334952  8204.61
2 23 3490.52  8549.99
24 6292.08  8898.34 2 24 363848  8§912.42
25 656599  9285.71 2 25 379391  9293.14
26 683527  9666.53 2 26 393996  9650.89
27 7075.14  10005.76 2 27 4091.32 10021.65
28  7337.83  10377.26 2 28 4238.37 10381.84
29  7616.73  10771.68 2 29 4391.16 10756.10
30 784129 11089.26 2 30 4517.12  11064.64
31 805477 11391.16 2 31 4673.12 11446.76
32 834098 1179593 2 32 482230 11812.17
33 8603.63 12167.37 2 33 4968.20 12169.55
34 8849.56  12515.17 2 34 510491 12504.42
35 9131.59 12914.02 2 35 527593 12923.34
36 935541 13230.55 2 36 5419.17 13274.20
37 963855 13630.97 2 37 557445 13654.56
38 991277  14018.77 2 38 5729.02 14033.18
39 10147.13  14350.21 2 39 5867.17 14371.57
40 10364.84 14658.10 2 40 5987.67 14666.74
41 10617.97 15016.08 2 41 616599 15103.53
42 1098539 15535.69 2 42 6327.11 15498.19
43 11179.43 15810.10 2 43  6453.28 15807.24
estimated from figure 10 of Baran et al. (2017).

R e e e e e e e e e e e e e e e e e e N T N W

Notes. The first four columns show the degree, asymptotic radial order, period, and reduced period for the / = 1 modes and the last four columns
show the same information for the / = 2 modes. Trapped modes are identified with a "t" in the radial order column.
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Table A.4: KIC 10001893: observed periods used in this work (source Uzundag et al. 2017).

[ n P (s) IT (s) [l n P (s) I (s)
1 7 2015.5 2850.3 - - -
1 8 2270.1 3210.4 - - - -
1 9 2555.1 3613.5 - - - -

10 2780.2 3931.8 - - - -
1 11 3086.6 4365.1 - - - -
1 12 33482 4735.1 - - - -
1 13 36456 5155.7 - - - -
1 14 3919.0 5542.3 - - - -
1 15 41844 5917.6 - - - -
1 16 4450.0 6293.3 - - - -
1 17 4746.5 6712.6 - - - -
1t 4970.8 7029.8 - - - -
1 18 50223 7102.6 - - - -
1 19 52884 7478.9 2 19 3060.1 7495.7
1 20 55385 7832.6 2 20 32045 7849.4
1 21 5789.7 8187.9 2 21  3349.0 8203.3
1 22 6046.1 8550.5 2 22  3496.5 8564.6
1t 6247.7 8835.6 2t 3618.5 8863.5
1 23 63258 8946.0 2 23  3658.5 8961.5
1 24 65763 9300.3 2 24  3802.6 93144
1 25 6844.6 9679.7 2 25 39558 9689.7
1 26 71164 10064.1 2 26 4112.8 10074.3
1 27 73894 10450.2 2 27 42703 10460.1
1 28 7659.9 10832.7 2 28 4426.8 10843.4
1t 7880.8 11145.1 2 0t 4557.7 11164.0
1 29 7945.6 11236.8 2 29 45923 11248.8
1 30 8191.6 11584.7 2 30 4735.1 11598.6
1 31 8450.7 11951.1 2 31 48853 11966.5
1 32 87176 12328.5 2 32 5040.9* 12347.7*
1 33 8979.7% 12699.2* 2 33 5189.0 12710.4
1 34 92430 13071.6 2 34  5340.0 13080.3
1 35 95220 13466.1 2 35 5496.2 13462.9
1 36 97874 13841.5 - - - -
+

estimated from figure 6 of Uzundag et al. (2017). See also Reed et al. (2010).

Notes. The first four columns show the degree, asymptotic radial order, period, and reduced period for the / = 1 modes and the last four columns

show the same information for the / = 2 modes. Trapped modes are identified with a "t" in the radial order column.
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Appendix B: Two-glitch model

Here we expand on the analysis presented in Cunha et al. (2019) to show how the eigenvalue condition derived for the one glitch
model can be expanded to consider the case of two glitches, so far as they are sufficiently apart that the eigenfunction in between the
glitches can be assumed to be well represented by the asymptotic solution. We take, as an example, the case of two step-like glitches,
one on each side of the g-mode cavity. Other cases (e.g., for glitches with different shapes) can be derived following similar steps.
Without loss of generality, we shall assume that N drops abruptly in the inner cavity and then increases abruptly, in the outer cavity.
As discussed by Cunha et al. (2024), reverting the sign of these structural changes does not change the glitch-induced signature in
the periods, so far as the inferred amplitude is restricted to be positive and its value is interpreted as A3, = [N./N_],» — 1, where
the subscripts + and — indicate the largest and the smallest of the two values of N at the discontinuity r*.
In the present case we then considered that N is well represented by

Nin  for r<ry
N =% Npia for rf<r<r}

*
Now for r>7r]

) (B.1)

with N varying by the positive amounts AN; = Ninlrﬁrl*_ - Nmid|rﬂr1*+ and AN, = Nout|rﬁr2*+ - Nmid|,H,;_ atr =r}andr =rj,
respectively. }
Our starting point is the wave equation A1 of Appendix A of Cunha et al. (2019). In terms of the variable ¥ = (r®/gp f)'/26p,

where Jp is the Lagrangian pressure perturbation, p is the density, g is the gravitational acceleration, and f is a function of frequency
and of the equilibrium structure [the f-mode discriminant defined by equation 35 of Gough (2007)], the equation resulting from the
linear, adiabatic pulsation equations for the case of a spherically symmetric equilibrium under the Cowling approximation, can be
written as

IP/I + KZIP - 0’ (B.Z)

where a prime represents a differentiation with respect to . Given our focus on g modes, we approximate the radial wavenumber K
as

L2 N2
K?~—— (1 - —2) , (B.3)
w

with L2 = [(I + 1) and w the angular frequency of the mode.
The asymptotic solution satisfying the wave equation can be written in each region of the star as

‘I’in~‘i’in[(*1/2sin(/r:1(dr+§), for r<rf
Yo ~ g K~ Y2 sin (frr2 Kdr+ % + go) , for rf<r<r} (B.4)
Yoo ~ Pou K12 sin (/rr2 Kdr+§), for r>ry

where ‘~Pin, ‘i‘mid, and ‘i‘out are constants and ¢, whose functional form is to be derived, accounts for the phase shift induced by the
glitch located at r = r}.
Next we define the glitch amplitudes:

Astl = [(Kin - Kmid)/Kmid]r:rl*
Ast2 = [(Kout - Kmid)/Kmid]r:rQ*'

Imposing the continuity of ¥ and of its derivative at r = r}* we find the eigenvalue condition

ro P ro T rr P
sin (/ Kdr+§+t,0) = —Ag sin / Kdr+Z+g0 cos / Kdr+Z . (B.5)
" rr r

1
We note that this condition is similar to the eigenvalue condition derived for mixed modes in the presence of a step-like glitch in
the inner half of the g-mode cavity (Cunha et al. 2024), but ¢ is now to be interpreted as the phase shift induced by the outer glitch
rather than the phase induced by the coupling with the p-mode cavity. Rewriting the first integral on right-hand-side of Eq. (B.5) in
terms of the other two integrals and developing the expression one can write the eigenvalue condition as

r2
sin(/ Kdr+g+¢+¢p)=0, (B.6)
ri
where ¢ is the phase induced by the glitch located at r = r} and is given by

1+ Agtq cos? (/r:1 Kindr + %)
cot ¢ =

- - . (B.7)
—A 1 8in (frll K, dr + %) cos (frll K, dr + %)

Article number, page 18 of 26



Margarida S. Cunha et al.: Cores of sdB stars

The functional form of the phase ¢ is derived by imposing the continuity of ¥ and of its derivative at r = r}. This leads to the

condition
ra T
/ Koutdr + — + ¢ | cos
e 4

2

sin ¢ = —Agto Sin

ra T
/ Koudr + 21 . (B.8)
ry 4

Developing the right-hand-side of Eq. (B.8) we then find that

1+ Agto cos? (fr? Koutdr + %)
2

cotp = (B.9)

. r r. :
—Agt2 sin (/r; Kouedr + %) cos (/r; Kouedr + %)

The fact that the two phases have the same functional form, which, in turn, is the same as that derived for a single step-like glitch in
Cunha et al. (2019), results from our option to model both glitches with a step function in the example given here.

The eigenvalue condition expressed by Eq. (B.6) differs from equation 5 of Cunha et al. (2024) only in the addition of the extra
phase ¢ introduced by the outer glitch. Moreover, it is mathematically equivalent to equation 36 of Cunha et al. (2015), despite the
different meanings of the phase ¢. The derivations from Eq. (B.6) of the expressions for the reduced periods (Eq. (10)) and reduced
period spacings (Eq. (11)) in the presence two glitches, thus follow the exact same steps as in these earlier works and we do not
repeat them here. Noting that except near the turning points, K ~ LN /rw, we approximate the integrals in the definitions of ¢ and

* (W* (W*
¢ so that fr: Kpndr+n/4 ~ 5211+ 6 + /4 and fr:f Kowdr + m/4 =~ £

o 5L+ 6 + /4, where ¢ accounts for the approximation

made near the respective turning point. With this approximation, we recover the functional form for the step-like glitch ¢ and ¢ in
the form given by Eq (6).
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Appendix C: Model fits

Corner plots and best-fit models for the selection of fits discussed in the main text. Note that in the corner plots the glitch positions

are expressed in terms of the degree-dependent buoyancy radius wg and depth Cug used in earlier works. To compare with the values

provided for (Wg in the tables in the main text, the values of (Dg in the corner plots need to be divided by V2.
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Fig. C.1: Posterior distributions for the model parameters resulting from the fit of the analytical model for one step-like glitch to the
reduced period spacings of / = 1 of KIC 10553698A, for reduced periods smaller than 11100 s (case A).
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Fig. C.2: Posterior distributions for the model parameters resulting from the fit of the analytical model for one step-like glitch to the
reduced period spacings of / = 1 and [ = 2 of KIC 10553698A, for reduced periods smaller than 11100 s (case B).
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Fig. C.3: Posterior distributions for the model parameters resulting from the fit of the analytical model for one step-like glitch to the
reduced period spacings of [ = 1 of EPIC 211779126 (case F).
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Fig. C.4: Posterior distributions for the model parameters resulting from the fit of the analytical model for one Gaussian-like glitch
to the reduced period spacings of / = 1 of EPIC 211779126 (case H).
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Fig. C.5: Posterior distributions for the model parameters resulting from the fit of the analytical model for one step-like glitch to the
reduced period spacings computed from the / = 1 and [ = 2 modes of KIC 10001893 in the region of periods where data on both
mode degrees are available (case J).
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Fig. C.6: Posterior distributions for the model parameters resulting from the fit of the analytical model for two step-like glitches to
all reduced period spacings computed from the / = 1 and / = 2 modes of KIC 10001893 (case K).

Table C.1: Best model parameters for cases A and B in Table 1.

Parameter Case A Case B

ATtas (3) 326.10  317.07
As 7.93 17.15
@), (rads) 0.007928 0.008498
P 2.183 1.345
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Table C.2: Best model parameters for cases C and E in Table 1.

Parameter Case C Case E
s, min (8) 3615.23 3587.59

Amas (S) 325.42 328.52
Ast 38.57 17.82
d); L (rad/s) 0.007874 0.007094
0 0.687 1.604

Table C.3: Best model parameters for cases A and B in Table 2.

Parameter Case A Case B

Amas (S) 313.27 316.73
Agt 96.47 79.68
cDg L (rad/s) 0.008974 0.007865
0 1.063 2.381

Table C.4: Best model parameters for case C and D in Table 2.

Parameter Case C Case D

ATtas (S) 335.00 338.54
Ag (rad/s) 0.03892  0.04633
d); I (rad/s) 0.009256 0.008128
Ag (rad/s) 0.001294  0.002069
0 0.975 2.330

Table C.5: Best model parameters for cases A and B in Table 4.

Parameter Case A Case B

Aty (5) 32390  335.75
At 17.12 43.00
@), (radls)  0.008507 0.004741
2.89 3.322
A - 5853
@, ), (radss) - 0.001986
s - 2.688

Notes. The bottom part of the table shows the results for the second glitch in the two-glitch model adopted in case B.
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