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ABSTRACT

Context. "Complex systems" have many highly interconnected dynamical units that exhibit non-linear properties. δ Sct stars, as a
type of pulsating stars, have intrinsic brightness variations that need non-linear models to be described completely. These stars span a
broad range of properties from low amplitude to high amplitude δ Sct stars as well as a broad range of complex features. We applied
the complex network approach to δ Sct stars as non-linear complex systems.
Aims. The differences between the constructed networks, which might appear in network metrics of low amplitude and high amplitude
δ Sct stars, can show us intrinsic asteroseismic differences that are essential for classification of pulsating stars. Additionally, the
relations between the asteroseismic parameters and network metrics (such as degree or clustering distributions) can lead us to a better
understanding of pulsating stars dynamics.
Methods. By using the horizontal visibility algorithm, the TESS light curves of 69 δ Sct stars are mapped to undirected horizontal
visibility graphs (HVGs), where the graph nodes represent the light curve points. Then, the morphological characteristics of HVGs,
such as the distribution of links between nodes (degree distribution) or the average fraction of triangles around each node (average
clustering coefficient) are measured.
Results. The average clustering coefficients for HADS and LADS show two different linear correlations with the peak-to-peak am-
plitude of the TESS light curves that is naturally separating them into two groups, thus, avoiding an ad-hoc criterion for the first time.
Exponential fits on HVG degree distributions for both HADS and LADS stars give indices suggesting correlated stochastic generating
processes for δ Sct light curves. By applying the theoretical expression for the HVGs degree distribution of random time series we
can distinguish significant pulsations from the background noise which might become a practical tool in frequency analysis of stars.
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1. Introduction

Space telescopes such as CoRoT (Convection, Rotation and
planetary Transits) (Baglin et al. 2009), Kepler (Gilliland et al.
2010) and TESS (Transiting Exoplanet Survey Satellite) (Ricker
et al. 2015) provide the most accurate light curves for seismic
and exoplanets investigations. The ultra-high precision of these
satellites reveals an unprecedented detail in the sinusoidal distor-
tions of Cepheid (Christy 1964), RR Lyrae (Christy 1966), δ Sct
(Stellingwerf 1980), SPB and γ Dor stars (Kurtz et al. 2015).
These are caused by non-linear mechanisms within pulsators
which produce asymmetric light curves, typically, with sharp
ascents and slow descents of luminosity. Combination frequen-
cies and harmonics can also appear in the frequency domain as a
consequence of the non-linear response of the stellar envelope to
the excited oscillations (Lares-Martiz 2022). Amplitude modula-
tion (Bowman & Kurtz 2014), mode coupling (Barceló Forteza
et al. 2015), tidally excited perturbations, binarity, and planets
effects (Steindl et al. 2021), and non-linear driving mechanisms
of modes are complex features of stars light curves. In δ Sct stars
and, in particular, in the high-amplitude δ Sct (called HADS)
subclass, the nonlinear effects in pulsations are very significant.
δ Sct stars are pulsating stars that have spectral types A0-F5

and effective temperatures between 6500 K and 9500 K. They
pulsate in low-order pressure modes and they have dominant
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pulsation frequencies in the range of 5-80 d−1. δ Sct stars have
masses in a range of 1.2 and 2.5 solar masses and are an ideal
class of pulsators for the study of different phenomena in stel-
lar physics, since they are placed in a transition region between
the faster rotators1 among low-mass solar-like stars, with thick
convective envelopes, and the slower rotators among high-mass
stars, with large convective cores and radiative envelopes (Breger
2000a; Aerts et al. 2010).

The HADS stars are classified in population I of δ Sct stars
with V band amplitude ≥ 0.3 mag and also v sin i ≤ 30 kms−1

(Breger 2000b). In fact, Suárez et al. (2002) found a clear corre-
lation between v sin i and oscillation amplitudes. The frequency
spectrum of HADS stars mostly shows only one, two or three in-
dependent modes, which are probably radial. This can be used
to characterize these stars through period ratios vs period di-
agrams(Suárez et al. 2006). On the other hand low-amplitude
δ Sct stars (called LADS) pulsate in several modes with V band
amplitudes ≤ 0.1 mag that could be a result of their greater ro-
tational velocities (v sin i ≃ 306 kms−1) (Breger 2007; Chang
et al. 2013; Bedding et al. 2020) (see appendix A). In δ Sct stars,
the well-known κ mechanism, which operates in zones of partial
ionization of hydrogen and helium, can drive low-order radial

1 Note, however, that cool stars are typically slower rotators than hot
stars because their thick convective envelope undergoes angular mo-
mentum loss during their evolution (see e.g. (van Saders & Pinsonneault
2013)). So while rotation periods for hot stars can be less of one day,
for cool stars it can become several weeks or months.

Article number, page 1 of 10



A&A proofs: manuscript no. output

and nonradial modes of the low spherical degree to measurable
amplitudes (opacity-driven unstable modes). In lower tempera-
ture δ Sct stars, near the red edge of the instability strip with
substantial outer convection zones, the selection mechanism of
modes with observable amplitudes could be affected by induced
fluctuations of the turbulent convection. Some studies suggested
the opacity-driven unstable p modes, in which non-linear pro-
cesses limit their amplitudes, and intrinsically stable stochasti-
cally driven (solar-like) p modes can be excited simultaneously
in the same δ Sct star (Houdek et al. 1999; Samadi et al. 2002;
Antoci et al. 2011; Antoci 2014). Due to small-amplitude non-
radial modes in δ Sct light curves, categorizing the HADS and
LADS stars is challenging.

A complex system is composed of a large number of highly
interconnected individual dynamical units that exhibit emergent
collective characteristics. The complex network approach could
be used to classify features with the same characteristics (for
example the degree distribution, average clustering coefficient,
and shortest path length) and quantify the complexity of dynamic
systems (Newman 2003; Boccaletti et al. 2006; Newman 2010;
Barabási & Pósfai 2016).

Complex network analysis have been widely applied for dis-
tinguishing individual and collective features in many different
disciplines, ranging from non-linear science to biology (Barabasi
& Oltvai 2004), economics (Souma et al. 2003), engineering
(Ghimire et al. 2020), earthquakes (Baiesi & Paczuski 2004;
Pastén et al. 2018; Vogel et al. 2020), Solar physics (Daei et al.
2017; Gheibi et al. 2017; Lotfi et al. 2020; Mohammadi et al.
2021), and stellar light curves (Muñoz & Garcés 2021). Graph
theory as a powerful mathematical tool is used for creating the
complex networks. In this work we exploit the visibility graph
method in order to transform light curves into complex networks
(Lacasa et al. 2008). By mapping the time series into a horizontal
visibility graph (Luque et al. 2009), we can capture the essential
characteristics of the features into distinct individual categories.

Here, we study the characteristics of HADS and LADS stars
by mapping the light curves into the graphs (or networks) using
the horizontal visibility algorithm. We study the networks local
and global characteristics (nodes degree distributions, clustering
coefficients, path length, etc.) for HADS and LADS stars. Sec-
tion 2 explains the sample of stars that we have used from public
TESS data sets. Section 3 discusses the HVG algorithm. In sec-
tion 4 we show the results of the complex network analysis and
discuss the insight they can provide in δ Sct stars studies. Section
5 remarks on the important findings of this study.

2. Data

TESS is the high-precision photometric instrument by NASA
that is intended to hunt the Neptune- or sub-Neptune-size plan-
ets. It scans the sky in sectors with a size of 24° x 96°, where
each sector lasts for two orbits of the satellite around the Earth
or about 27 days on average. TESS observes hundreds of thou-
sands of stars at 600-1000 nm bands in a short cadence of 2
minutes and a long cadence of 30 minutes that are collected
into Mikulski Archive for Space Telescopes (MAST) 2 in both
target pixels and light curve files (Ricker et al. 2015; Sullivan
et al. 2015; Feinstein et al. 2019). Since a network map of a
light curve needs many data points that are able to show the fine
structure details, we develop the network approach for short ca-
dence TESS observations. Short cadence light curves provide us
with enough data points for making stable and reliable networks

2 https://archive.stsci.edu

and they have Nyquist frequencies well above δ Sct frequencies
ranges (5-80 d−1). We collect our HADS star listed in Table B.1
from the literature and LADS stars are selected from the mul-
timode δ Sct stars studied in (Hasanzadeh et al. 2021), listed
in Table B.2. Then, we query the pre-search data conditioning
(PDC) SAP flux of light curves for 31 HADS (Table B.1) and 38
LADS (Table B.2) stars, by using the Python Lightkurve pack-
age (Lightkurve Collaboration et al. 2018). To correct systematic
trends, the mean flux value is subtracted for each sector. Since
the systematic correction tools (such as CBV-corrector) don’t
show significant changes in the results, we don’t insist on using
them. To avoid the gap effects, light curves are gap-filled by ap-
plying MIARMA(Pascual-Granado et al. 2015b, 2018), which is
an open-source3 code based on interpolation using ARMA mod-
els. Gaps appearing in the middle of each sector having a du-
ration of about 1 day are caused by the downlink of TESS data
to Earth for processing (see TESS Instrument Handbook from
Vanderspek et al. (2018) for details). We use the gap-filled light
curves for measuring the dependence of the average shortest path
length with the size of the light curves (see 4.1). Since this metric
can be sensitive to the size of the light curves, we filled the gaps
in order to factor out their effect. Then, we performed tests on
three different datasets from the same light curve: original data
with gaps, gap-filled data, and cut (a segment corresponding to
the first 6527 data points with no gap). Our tests showed that
gaps can affect degree distributions, but the cut light curves be-
have the same as gap-filled light curves. Therefore, we decided
to use the cut light curves for our analyses. We also found that
the average clustering shows a stable behaviour for the size of
cut light curves, so we used the same cut light curves for the
average clustering study (see Figure 3).

3. Methods

Complex network analysis is a helpful tool for studying the
characteristics of natural complex systems such as δ Sct stars
that evolve via complex dynamics. In this section, we describe
how the light curves of our HADS and LADS sample stars
are mapped to horizontal visibility graphs and how the graph
degree distributions are characterized by different distribution
functions.

3.1. Network representation of a stellar light curve

Horizontal visibility graph (HVG) that focuses on the interac-
tions of system elements is one of the visibility algorithms for
building a network for a time series (Lacasa et al. 2008; Lacasa
& Toral 2010; Luque et al. 2009). To map a time series like a
stellar light curve to a network (or a graph), via the horizontal
visibility algorithm, each light curve point presents a node (ver-
tex) in the equivalent graph, and only horizontal lines of sight
between the times series points can determine the connection
between the network nodes, then, nodes are connected in pairs
by lines (edges or links). Figure 1 illustrates all the connections
for the first point of the light curve (first node in the equivalent
graph) through undirected HVG algorithms for HD 112063 (TIC
9591460).

In an undirected HVG, node (ta, ya) connects to (tb, yb) if in
the light curve an arbitrary point (tc, yc) such that ta < tc < tb
satisfies the condition

ya, yb > yc. (1)

3 https://github.com/javier-iaa/MIARMA
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Fig. 1. Horizontal visibility for the first point of the light curve of HD
112063 (TIC 9591460) δ Sct star. In the equivalent undirected HVG,
the nodes are connected based on Equation (1).

In the network approach, we have networks (or graphs) to be
considered instead of complex systems. A set of local and global
metrics reflect particular features of these systems. Local metrics
describe individual nodes or edges, and global metrics interpret
the graph as a whole. We briefly define the node degree, cluster-
ing coefficient, shortest path length, and transitivity properties of
an HVG network.

– Degree of nodes: The node degree of a network is one of
the local metrics that measures the centrality of each node.
The degree of an individual node is defined as the number of
edges linked to that node. Centrality shows the most influen-
tial nodes with effective connectivity through the network. In
the current work we consider the distribution of all degree of
nodes for every HVG of the stellar light curve.

– Average clustering: Local and average clustering coefficients
are network metrics that indicate the tendency of nodes
neighbors to be clustered. The local clustering coefficient of
every single node measures the fraction of complete trian-
gles to not-completed ones including the node. It is a number
between 0 and 1, such that 0 means there is no connection
between the node neighbors and 1 means all neighbors are
fully connected. By taking an average of these local values,
the average clustering is obtained.

– Transitivity: This is a global clustering coefficient that deter-
mines the density of triangles in a complex network. Transi-
tivity is a global metric that measures the fraction of triples
with their third edge serving to complete the triangle.

– Average shortest path length: this path is another global met-
ric for complex networks that defines the average number
of links as the shortest paths for all pairs of nodes (New-
man 2003; Boccaletti et al. 2006; Newman 2010; Acosta-
Tripailao et al. 2021).

3.2. Exponential distribution fits

Lacasa & Toral (2010) showed that a given time series, inde-
pendent of the generating probability function, maps to an HVG
with an exponential degree distribution that can be applied to ex-
plore the dynamic nature of the complex system. In this method,
the exponential index (λ) can indicate the stochastic or chaotic
characterization of the generating process of the time series. We
fit an exponential function (Equation 2) on the probability den-
sity function (PDF) of node degrees of the HVGs obtained from
the light curves.

PDF ≃ exp(−λk). (2)

In HVG degree distributions described by the Equation 2,
indices λ < ln(3/2) are related to more chaotic systems while
λ > ln(3/2) means that the system is governed by correlated
stochastic processes which are less unpredictable. Indices equal
to ln(3/2) describes an uncorrelated random process time series
(Lacasa & Toral 2010; Zou et al. 2019).

We examine a hypothesis test based on Kol-
mogorov–Smirnov test. The null hypothesis supposes no
significant difference between the degree distribution of nodes
and the exponential model. However, the alternative hypothesis
assumes a substantial difference between the degree distribution
of nodes and the model. We calculate a p-value to decide
whether or not the exponential distribution hypothesis is
compatible with the distributions. A p-value lower than the
threshold of 0.05 rejects the null hypothesis (H0) showing that
the exponential distribution is ruled out. We cannot deny H0 for
a p-value higher than the threshold of 0.05.

3.3. Lognormal distribution fits

We also apply the maximum likelihood estimation to obtain the
fit parameters of a lognormal model to the HVG degree dis-
tributions due to the relation between the lognormal distribu-
tions and multiplicative mechanisms. A lognormal distribution
can describe the multiplicative process with independent vary-
ing parameters (Bazarghan et al. 2008; Farhang et al. 2022) that
might happen in systems having fractal features (Pietronero &
Siebesma 1986) such what has been studied in δ Sct light curves
(de Franciscis et al. 2018, 2019).

The lognormal probability density function for discrete vari-
ables is introduced by

PDF(k, µ, σ) =
1

kA(µ, σ)
exp

(
−

(log k − µ)2

2σ2

)
(3)

with,

A(µ, σ) =
∞∑

k=1

1
k

exp
(
−

(log k − µ)2

2σ2

)
. (4)

where µ and σ are the lognormal parameters. By examining
a hypothesis test based on Kolmogorov–Smirnov test, we cannot
reject H0 for a p-value higher than the threshold of 0.05.

4. Results and discussions

The complexity characteristics of δ Sct stars can be investigated
by network analysis. We apply the HVG algorithms to investi-
gate the characteristics of 31 HADS (Table B.1) and 38 LADS
(Table B.2), respectively.

4.1. δ Sct networks

Figure 2 represents the average shortest path length for the HVG
of the gap-filled light curves for AD Cmi (HADS) and HD 21190
or TIC 348772511 (LADS) compared with the random network.
Figure 2 shows that the average shortest path length of both
stars has significantly deviated from the average shortest path
length of a random network. Luque et al. (2009) proved that the
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HVG’s average shortest path length for any random Time se-
ries is independent of the generating probability function and
has a logarithmic dependence with the number of time series
data points (N): 1.3 log(N) − 1.7. The linear dependency of the
average shortest path length to the logarithm of light curve size
for both cases indicated the small-world behaviour of networks
(Watts & Strogatz 1998). We observe similar behaviour for all
target stars of Tables B.1 and B.2. The small-world behaviour
for δ Sct stars network shows that the high peaks at the light
curve are connected to several neighboring small peaks and the
other high peaks at the light curve. In the context of complex
networks, small-world networks have been explored in several
studies (Watts & Strogatz 1998; Mathias & Gopal 2001; Latora
& Marchiori 2001).

Figure 3 depicts the average clustering coefficients of HVGs
versus the light curve sizes for HADS (red lines), LADS (blue
lines) stars, and also for their equivalent random networks which
are small-worlds. The average clustering coefficient changes for
small light curve sizes until a quasi-stable network is formed,
and then the average clustering coefficient remains approxi-
mately constant. We cut our light curve at 6527 data points (or
9.2 days) which is shown by a black dashed line where the av-
erage clustering property of networks seems stable and this light
curve size can be used for our analysis. The size of 6527 data
points (or 9.2 days) comes from the smallest segment size among
our 69 light curves that doesn’t have any gap. By considering
the distribution of average clustering coefficients at the cut-line,
the HVG average clustering coefficients of LADS accumulate
around 0.62 which is slightly greater than 0.54 as the peak of av-
erage clustering coefficients for HADS, and all stars are consid-
erably separated from equivalent random networks. The average
clustering for equivalent small-world random networks (CR) is
calculated by measuring the average node degrees of each net-
work, then divided by the number of network nodes (CR = aver-
age degree of nodes / number of nodes) (Watts & Strogatz 1998;
Gheibi et al. 2017)
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Fig. 2. The average shortest path length of the HVGs versus the loga-
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star, AD Cmi as a HADS star, and an equivalent random network indi-
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The fitted line for HD 21190 (blue line) and AD Cmi star (red line) de-
viates from the random network.
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Fig. 3. The HVG average clustering coefficients versus the graph sizes
for HADS (red lines), LADS (blue lines) stars in up-left panel, and for
their equivalent random networks in down-left panel. The distribution of
average clustering coefficients at the size of 6527 nodes shows different
maximum values for HADS (0.62) and LADS (0.54) in the up-right
panel.

Figure 4 presents the dependency of HVGs average clus-
tering coefficients on the peak-to-peak amplitude of TESS light
curves. The variety of average clustering coefficients between
the same-size networks of LADS and HADS is differentiable
by considering the peak-to-peak amplitudes in Figure 4. LADS
stars (blue circles) occupy higher average clustering values with
a tiny range of low peak-to-peak amplitudes but HADS stars (red
triangles) occupy lower average clustering values with higher
peak-to-peak amplitudes. Average clustering is a parameter de-
fined in the time domain which is closely related to the presence
of a fine structure in the light curves, i.e. roughness. This fine
structure can only be represented by a high number of frequency
components (for example Iacobello et al. 2018). In Figure 4, the
dependence of average clustering with the peak-to-peak ampli-
tudes shows that LADS light curves generally have a higher aver-
age clustering coefficient and it decreases for higher amplitudes.
Since pulsation mode energies are also higher for higher peak-
to-peak amplitude, this evidence points to a transition from high
to low energies injected by the star in the oscillations favouring
a few high amplitude radial modes (low average clustering in
HADS) in contrast to a high number of low amplitude non-radial
modes (high average clustering in LADS). The green circle is a
LADS star (TIC 7808834) that is located nearer the transition
between high clustering (LADS) and low clustering (HADS).
For that, this target in particular deserves an in-depth frequency
analysis. Furthermore, the green triangle shows ρ Pup which has
a mono-mode HADS properties in the Fourier parameters but its
amplitude in different filters is smaller than what is expected for
HADS (Nardetto et al. 2014). The current analysis with average
clustering coefficient can confirm ρ Pup has HADS properties.

Figures 5 and 6 show PDFs and CDFs of degrees for HVG
nodes of three HADS and three LADS stars, respectively. We
fit the exponential distribution described in section 3.2, to the
HVG degree distributions in red lines with p-values quite higher
than 0.05. Our analysis shows the robustness of exponential fits
in the framework of the study Lacasa & Toral (2010), giving us
several hints on the physical meaning for distributions and the
value of indices. Exponential indices can distinguish between
the stochastic or chaotic nature of the dynamics that generate
the stellar light curve as people investigate in other fields of
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Fig. 5. Logarithm of PDF (first column) and CDF (second column) for
the HVGs nodes degree for three HADS (HD 146953, PT Com, and
V1384 Tau) stars. Exponential fits (red lines) and lognormal distribu-
tions (orange lines) are plotted on their normalized distributions in solid
and dashed lines, respectively.

study (Ghimire et al. 2020; Braga et al. 2016). Concerning the
corresponding spatial processes of energy accumulation and dis-
charge, exponential distributions have been found in time series
for grain density of different Self Organizing Criticality (SOC)
sand-pile models (Kaki et al. 2022). By applying a robust linear
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348772511, and TIC 459908110) stars. Exponential fits (red lines) and
lognormal distributions (orange lines) are plotted on their normalized
distributions in solid and dashed lines, respectively.

regression on the logarithm of the PDF for HVG node degrees
that allows two fit parameters as the slope and the intercept, we
obtain slopes higher than λ = ln(3/2). These exponential indices
higher than ln(3/2)=0.41 might mean that the stellar brightness
variations are governed by the correlated stochastic process. We
calculate exponential fits for the range of degrees k ∈ [4,+∞],
with the corresponding normalization (black dashed line PDF of
node degrees in Figure 5 and 6). Please see Tables B.1 and B.2
for exponential indices, uncertanities and p-values.

In addition, we fit the PDFs and CDFs of degrees for HVG
nodes of light curves with lognormal models explained in sec-
tion 3.3, obtaining high p-values and two distribution parameters
with negligible uncertainties (Tables B.1 and B.2). In Figures 5
and 6 the lognormal distributions are plotted in orange lines. Let
us remind that a log-normal distribution is induced by some mul-
tiplicative stochastic process, e.g., a product of many indepen-
dent stochastic variables, QT =

∏T
t=1 qt. Its logarithm is a sum

of many independent stochastic variables, ln(QT ) =
∑T

t=1 ln(qt),
which is Gaussian distributed. Using a heuristic argument we
observe that if node t in the HVG is linked to node t + τ,
then in the corresponding time series, the height h of all nodes
{t + 1, . . . , t + τ − 1} has to be lower than the height of t and t+τ.
So the probability P(t → t + τ) to have a link in the network be-
tween t and t+τ depends conditionally on the product

∏t+τ
t̄=t Pt̄ of

suitable probability functions Pt̄(ht̄ < ht, ht+τ) of all the heights
in between, i.e. on the whole time story of the signal, whose val-
ues may follow distributions from independent stochastic vari-
ables. This probability P(t → t + τ) reminds a multiplicative
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process. Observationally, lognormal distributions have been ob-
tained in some studies of different energetic surface phenomena
in solar physics (for example Alipour et al. 2022; Farhang et al.
2022). We could not discard neither a power law behaviour for
high values of degree, since in some conditions a lognormal dis-
tribution could switch to a power law distribution (Mitzenmacher
2004). Following the product of probabilities argument of the
former paragraph, for some specific distributions of height, PDF
result to be the sum of lognormal distributions, which would
have essentially a lognormal body but a power law distribution
in the tail. Even in presence of a single lognormal if σ is an ap-
preciable amount of the range of degree we are observing, one
can confound lognormal with power law. Finally a small change
in the constraints of multiplicative process allows a power law
distribution. As long as there is a bounded minimum that acts
as a lower reflective barrier to the multiplicative model, it will
yield a power law instead of a lognormal distribution. Power law
distributions have been measured in models and observation of
energy discharges process, like in VG for number of sunspots vs
time Zou et al. (2014), as well as HVG for avalanches size in
the classical Self Organized Criticality BTW model Adami et al.
(2024).

4.2. White noise signature in the HVG networks

Luque et al. (2009) showed that the degree of nodes (k ≥ 2) for
the HVG map of an uncorrelated random time series follows the
theoretical exponential distribution of Equation 5 which can be
obtained from Equation 2 when λ = ln(3/2).

PDF =
1
3

(
2
3

)k−2

. (5)

They also showed that this theoretical expression is indepen-
dent of the probability distribution from which the random time
series was created. Using Equation (5), we obtain the theoretical
cumulative distribution function (CDFT ) as

CDFT (k) =
1
3

(
ln

2
3

)−1 (
2
3

)−1 (2
3

)k−1

− 1

 . (6)

The complementary cumulative distribution function
(CCDF) is useful for describing the tail distributions and is
related to CDF as CCDF=1-CDF.

Figure 7 represents the PDF (top panel) and the CCDF
(bottom panel) of the degrees of the HVG nodes of a Gaus-
sian random noise with 6527 data points (the same size as
our light curves) and the theoretical expression (Equations 5
and 6). We expect the HVG degree distribution for any ran-
dom time series with arbitrarily generated probability distribu-
tion would excellently match the theoretical expression. The
Kolmogorov-Smirnov distance (KS D) is a measure to quan-
tify the distance between distributions. The KS D is given by
KS D = sup(|CDFdata − CDFT |), where CDFdata is the empir-
ical cumulative distribution function (Mahmoud 2000) for the
HVG degree distribution of time series. The KS D is distributed
around 0.003 for various random time series with a size of 6527
data points. We suggest KS D=0.003 as a criterion to distinguish
pure Gaussian white noise with a size of 6527 data points.

To figure out the role of noise on the HVG parameters of a
light curve, we simulate a synthetic single-frequency time series
with a size of 6527 data points in the presence of white noise
with a variety of signal-to-noise ratio (SNR). The zero SNR cor-
responds to a zero-amplitude signal with random Gaussian white

101
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10−1
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Theoretical

101

Degree of nodes
10−4
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Fig. 7. PDF (upper panel) and CCDF (bottom panel) of the degrees of
the HVG nodes of a Gaussian random time series with 6527 data points
(blue line) and the theoretical functions expressed in equations 5 and 6
respectively (black dashed line).

noise (such as Figure 2). Using the power of signal (Ps) and noise
(Pn), the SNR is given by

SNR =
ps − pn

pn
. (7)

Figure 8 shows the KS D values for the HVG degree distribu-
tions of this synthetic noisy time series with various SNRs. The
KS D is about 0.0040±0.0014 for tiny SNRs and increases with
increasing SNR. Increasing the SNR slightly more than 0.1, the
KS D is significantly higher than the noise network. The lower
SNRs corresponded to the lower oscillation amplitudes in the
noisy background. Therefore, KS D of the HVG degree distribu-
tion of time series or light curves may be a valuable criterion for
the frequency pre-whitening process. In other words, if the HVG
degree distribution for a light curve residual is matched with the
theoretical expression for an uncorrelated random time series,
the frequency cleaning is expected to stop (see also Section 4.1).

Figure 9 displays the CCDF of the degree nodes of the
HVG networks for the same HADS star of Figure 5 and LADS
stars of Figure 6 in the left and right columns respectively. The
Kolmogorov–Smirnov distance KS D between the HVG degree
distribution of random model (black dashed line) of Equation
(6) and the HVG degree distribution of pre-whitened residu-
als for light curve sizes of 6527 data points were computed.
The pre-whitened residuals were obtained by using SigSpec
(Reegen 2012) where only the dominant frequency is removed
(blue line) and all significant frequencies with SNR>4 are re-
moved (red line). The green distribution corresponds to the de-
gree distribution of the HVG of the original light curves where
all frequencies are present. After removing all mode frequencies
(SNR>4), for the noisy residual of HD 146953, PT Com, and
V1384 Tau, the KS D values of 0.006, 0.003, and 0.007 were ob-
tained, respectively. Also, the KS D values for TIC 329153513,
TIC 384772511, and TIC 459908110 were calculated as 0.003,
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Fig. 8. The KS D values versus the signal-to-noise ratio (SNR) for the
HVG degree distributions of synthetic time series with a size of 6527
data points. The red-shaded area shows the standard deviation of KS D
for several white noises.

0.006 and 0.008, respectively. These results imply that the high-
est peak frequency is not the only mode for these HADS stars,
and reducing most of the oscillation modes from the δ Sct light
curves gives a mostly noisy residual that approximately obeys
the degree of nodes of an uncorrelated random time series.

The KS D about 0.004±0.0014 would be a helpful criterion
for verifying noisy (white) residuals by removing oscillations of
a pulsating star light curve. In the next step, this method will be
developed for more stars, and a network approach is applied to
recognize the coloured noise (e.g., red) in the stellar residuals.

5. Conclusions

We investigate the network characteristics for δ Sct stars as non-
linear complex systems. We focus on the undirected HVG’s local
and global metrics to discuss the properties of HADS and LADS
stars (69 sample stars in Table B.1 and B.2).

– The linear dependency of the HVG average shortest path
length to the logarithm of the size of δ Sct light curves (Fig-
ure 2). This behaviour for δ Sct stars indicates the small-
world complex networks with non-random properties. This
small-world property implies that the peaks of the stellar flux
light curves connect with some small close peaks and are
then linked to other significant peaks along the light curves.

– The average clustering coefficients of the HVGs for δ Sct
stars deviated from random models and also they are dif-
ferent for HADS and LADS (Figure 3). Scattering of av-
erage clustering coefficient and peak-to-peak amplitude of
HADS and LADS stars can separate two δ Sct subclasses
in overlapping two clusters (Figure 4) that follow two lin-
ear behaviours, in general. The lower clustering coefficient
for most HADS stars indicates the simpler light curve (con-
taining one, two, or three independent modes then having
a smoother light curve). In contrast, the higher clustering
for LADS cases is a signature of the more complicated and
rough light curve (including multiple oscillation modes and a
higher chance of becoming triangles in the equivalent graph).
In summary, the average clustering coefficient as a measure
to the lightcurve roughness in time domain, in a similar way
as connectivities in (Pascual-Granado et al. 2015a), might be
able to explain the higher injected energy to the HADS pul-
sations.
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Fig. 9. The HVG degree distributions of three HADS light curves (HD
146953, PT Com, V1384 Tau) in the left column and three LADS light
curves (TIC 329153513, TIC 348772511, and TIC 459908110) in the
right column, in presence of all frequencies (green), in absence of the
dominant frequency (blue), and in the absence of all significant frequen-
cies (red). The black dashed line shows the theoretical expression for
random series (see Eq.6). The KS D is presented for these three stages
of pre-whitening for each star. Note that it is getting smaller, and quite
close to the value of 0.0040±0.0014.

– The nodes degree distribution of HVG networks (Figure 5
and 6) for δ Sct stars obey the exponential distributions with
indices higher than λ = ln(3/2) indicating the presence of
correlated stochastic process in δ Sct light curves. The log-
normal behaviour for the light curve of δ Sct stars networks
also suggests a mechanism of a multiplicative generative pro-
cess.

– We find that the Kolmogorov–Smirnov distance (KS D) be-
tween the HVG nodes degree distribution of a δ Sct light
curve and the analytical expression for an uncorrelated ran-
dom model (with arbitrary random generation) can be an es-
sential measure for cleaning frequencies to obtain the noisy
residual of pulsating stars. The tiny KS D for a residual light
curve after cleaning the frequencies may be a valuable cri-
terion to validate the frequency analysis of pulsating stars
(please see Figure 9).

In conclusion, even if in our study we have several evi-
dences of the exponential distribution form for PDF, that could
be used to characterize the stochastic/chaotic behaviour of the
light curves and also to study the corresponding pre-whitening
cascade, our time series are short, and the populations for k
degree statistics have poor sampling with respect to other nu-
merical studies (Lacasa & Toral 2010; Kaki et al. 2022; Adami
et al. 2024). Further studies with longer time series are needed
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to strengthen the KSD distances as a pre-whitening criterion or to
verify the presence of lognormal and/or power law distributions,
and the underlying physical conditions where they emerge.
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Appendix A: HADS and LADS differences in time domain
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Fig. A.1. Three-day light curves of a HADS (V1393 Cen) and a LADS (TIC 81003) observed by TESS, respectively in red and blue.

Appendix B: Degree distributions fitting parameters

Table B.1. The list of HADS stars accompanied with the λ indices of exponential fits and their uncertainties, p-value of exponential fits, µ and σ
of the lognormal fits and, the p-values of lognormal fits.

Star ID
Name HD TIC λ p-value (exponential) µ σ p-value (lognormal)

1 AD Cmi 64191 266328148 -1.10±0.14 0.93 1.35 0.25 1.0
2 BE Lyn 79889 56914404 -0.86±0.12 0.73 1.34 0.028 0.86
3 CY Aqr – 422412568 -0.53±0.11 0.29 1.33 0.32 0.42
4 DX Cet 16189 278962831 -0.69±0.12 0.47 1.35 0.24 0.34
5 GW Uma – 150276417 -0.69±0.07 0.99 1.33 0.32 0.67
6 PT Com – 335826251 -0.92±0.06 1.0 1.32 0.36 0.99
7 RS Gru 206379 139845816 -1.12±0.23 0.96 1.33 0.30 0.99
8 V 524 And – 196562983 -1.0±0.15 0.98 1.33 0.31 1.0
9 V367 Cam – 354872568 -0.89±0.05 0.98 1.34 0.30 0.99

10 V1162 Ori – 34512862 -1.13±0.10 0.98 1.34 0.29 0.99
11 V2455 Cyg 204615 266794067 -0.60±0.14 0.16 1.35 0.26 0.58
12 AN Lyn – 56882581 -0.86±0.11 0.86 1.33 0.32 0.67
13 – 146953 210548440 -0.94±0.07 0.98 1.33 0.32 1.0
14 V1384 Tau – 415333069 -0.88±0.10 0.98 1.32 0.36 0.86
15 V1393 Cen 121517 241787384 -0.87±0.03 0.96 1.34 0.28 1.0
16 V2855 Ori 254061 166979292 -1.05±0.04 0.96 1.34 0.29 1.0
17 ZZ Mic 199757 126659093 -1.47±0.41 0.96 1.36 0.23 1.0
18 AE Uma – 357132618 -0.73±0.03 0.99 1.33 0.32 0.99
19 ρ Pup 67523 154360594 -0.93±0.19 0.47 1.36 0.19 0.98
20 BL Cam – 392774261 -0.72±0.05 0.99 1.33 0.34 1.0
21 BS Aqr 223338 9632550 -0.76±0.23 0.98 1.33 0.31 1.0
22 DE Lac – 119486942 -0.84±0.07 0.99 1.33 0.36 1.0
23 KZ Hya 94033 188209486 -0.73±0.07 0.83 1.33 0.31 0.92
24 RY Lep 38882 93441696 -0.95±0.13 0.66 1.35 0.24 0.99
25 SS Psc – 456857185 -0.97±0.05 1.0 1.31 0.37 0.99
26 SX Phe 223065 224285325 -0.62±0.05 0.89 1.32 0.33 0.71
27 V1719 Cyg 200925 290277380 -1.11±0.05 0.96 1.35 0.26 1.0
28 VX Hya – 289711518 -0.63±0.11 0.99 1.31 0.37 1.0
29 VZ Cnc 73857 366632312 -0.41±0.05 0.63 1.32 0.32 0.11
30 XX Cyg – 233310793 -0.71±0.08 0.99 1.31 0.38 1.0
31 – – 448892817 -0.80±0.16 0.86 1.32 0.36 0.93

Article number, page 9 of 10



A&A proofs: manuscript no. output

Table B.2. The list of LADS stars accompanied with the λ indices of exponential fits and their uncertainties, p-value of exponential fits, µ and σ
of the lognormal fits and, the p-values of lognormal fits.

Star ID
Name HD TIC λ p-value (exponential) µ σ p-value (lognormal)

1 – 129831 81003 -0.69±0.04 0.99 1.29 0.42 0.99
2 – 77914 975071 -0.86±0.06 0.99 1.30 0.40 0.99
3 – 112063 9591460 -0.75±0.03 0.98 1.32 0.37 1.0
4 RX Cae 28837 7808834 -1.0±0.21 0.9 1.33 0.29 0.99
5 – 21295 12524129 -0.50±0.04 0.99 1.26 0.49 1.0
6 – 79111 18658256 -0.58±0.02 0.99 1.27 0.47 0.99
7 – 86312 26957587 -0.69±0.08 0.99 1.29 0.43 0.99
8 – 181280 30624832 -0.55±0.03 0.99 1.27 0.48 1.0
9 – 44930 34737955 -0.62±0.05 0.99 1.28 0.46 0.93
10 – 185729 79659787 -0.78±0.07 0.99 1.30 0.40 0.99
11 – 25674 34197596 -0.62±0.02 0.99 1.31 0.38 1.0
12 – 113221 102192161 -0.47±0.02 0.99 1.26 0.49 0.99
13 – 180349 121729614 -0.48±0.02 0.99 1.25 0.50 0.99
14 – 216728 137796620 -0.51±0.03 0.99 1.26 0.49 0.99
15 – 113211 253296458 -0.50±0.02 0.99 1.26 0.49 0.99
16 – 31322 246902545 -0.73±0.11 0.99 1.32 0.36 1.0
17 – 32433 348792358 -0.68±0.04 0.99 1.29 0.44 0.89
18 – 56843 387235455 -0.71±0.02 1.0 1.29 0.42 0.99
19 – 38597 100531058 -0.69±0.07 0.99 1.32 0.35 0.99
20 – 99302 458689740 -0.65±0.04 1.0 1.28 0.45 0.89
21 V479 Tau 24550 459908110 -0.61±0.02 0.99 1.28 0.46 0.99
22 V353 Vel 93298 106886169 -0.62±0.03 0.99 1.27 0.46 0.99
23 – 17341 122615966 -0.68±0.06 0.99 1.29 0.42 0.99
24 – 183281 137341551 -0.58±0.02 0.99 1.26 0.49 0.99
25 – 182895 159647185 -0.59±0.04 1.0 1.27 0.48 0.89
26 – 46722 172193026 -0.92±0.05 0.98 1.32 0.34 1.0
27 – 8043 196921106 -0.51±0.04 0.92 1.26 0.48 0.99
28 CC Gru 214441 161172103 -0.72±0.04 0.83 1.33 0.32 0.92
29 – 24572 242944780 -0.68±0.06 0.99 1.30 0.41 0.99
30 – – 274038922 -0.83±0.06 0.98 1.31 0.39 0.99
31 IN Dra 191804 269697721 -0.80±0.03 0.99 1.30 0.40 0.89
32 GW Dra – 329153513 -0.83±0.03 0.99 1.31 0.39 0.99
33 CP Oct 21190 348772511 -0.86±0.05 0.98 1.31 0.37 0.99
34 IO Dra 193138 403114672 -0.75±0.03 0.98 1.30 0.40 0.99
35 – 42005 408906554 -0.71±0.04 0.99 1.28 0.45 0.99
36 DE Cmi 67852 452982723 -0.89±0.20 0.99 1.32 0.36 0.99
37 V435 Car 44958 255548143 -0.85±0.02 1.0 1.32 0.37 1.0
38 V1790 Ori 290799 11361473 -0.62±0.05 0.89 1.28 0.46 0.96
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