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1 INTRODUCTION

ABSTRACT
Asteroseismology has revolutionized our understanding of stellar interiors, but sys-
tematic uncertainties in stellar models — particularly the near-surface effect — hinder
precise comparisons between observations and theory. This study introduces BaseFM,
a novel Bayesian framework for asteroseismic forward modeling that eliminates the
need for ad hoc surface corrections. By marginalizing over frequency offsets and in-
corporating glitch signals from sharp structural variations, it delivers unbiased stellar
parameters with remarkable accuracy. Validated against eclipsing binaries and inter-
ferometric measurements, the method achieves stellar parameters accurate to within
about 1% for stars across evolutionary stages, from Sun-like stars to red giants. Apply-
ing BaseFM to 70 stars in open clusters NGC 6791 and NGC 6819, consistent masses
and ages are derived, confirming revised seismic scaling relations. The analysis reveals
that classical surface corrections systematically overestimate stellar masses by about
5%, and therefore underestimate the stellar age about 20%. The true surface effect, on
the other hand, exhibits a mass and/or metallicity-dependent trend incompatible with
standard power-law assumptions. Additionally, I present a new correction for mixed
dipole modes in evolved stars, enhancing the utility of non-radial oscillations.

This work underscores the limitations of empirical surface corrections and provides
a robust, physics-independent tool for stellar characterization. By bridging the gap be-
tween observations and models, BaseFM opens new avenues for probing physics in stars
with outer convective layers that exhibit solar-type oscillations. The method’s success
paves the way for future missions like PLATO, promising unprecedented precision in
asteroseismic studies.

Key words: methods: statistical — stars: oscillations — stars: fundamental parameters

However, this approach is hampered by uncertainties in
stellar models. A significant challenge arises from the treat-

Asteroseismology has been a cornerstone of the space pho-
tometry revolution initiated by MOST (Walker et al. 2003),
CoRoT (Baglin et al. 2006), Kepler (Borucki et al. 2010),
BRITE-Constellation (Weiss et al. 2014), and TESS (Ricker
et al. 2015). These missions enabled the detection of solar-
like oscillations in hundreds of Sun-like stars and thousands
of evolved cool giants, leading to breakthroughs such as the
discovery of rapidly rotating cores in subgiants (Deheuvels
et al. 2012) and red giants (Beck et al. 2012), as well as the
systematic determination of fundamental stellar parameters
(e.g. Kallinger et al. 2010c). The unprecedented quality and
duration of photometric time series data offer the poten-
tial for precise determinations of both global stellar param-
eters and internal structures by comparing observed oscilla-
tion frequencies to stellar model frequencies (see Chaplin &
Miglio 2013, for a review).

* BaseFMis available at https://github.com/tkallinger/BaseFM
1 E-mail: thomas.kallinger@univie.ac.at

© 2025 The Authors

ment of convection, where mixing-length theory (Bohm-
Vitense 1958) remains a standard approximation. While ef-
fective in deep stellar interiors, this theory becomes insuffi-
cient in the near-surface layers, resulting in systematic shifts
in computed model frequencies. These discrepancies, collec-
tively referred to as the near-surface effect, complicate direct
comparisons between observations and models.

The seismic surface effect was first recognized in the Sun
(e.g., Brown 1984; Christensen-Dalsgaard et al. 1988) and
has since been extensively studied (e.g., Zhugzhda & Stix
1994; Schlattl et al. 1997; Stein & Nordlund 1991; Rosen-
thal et al. 1999; Yang & Li 2007; Houdek et al. 2017; Li
et al. 2023). In the absence of a definitive solution, Kjeldsen
et al. (2008) proposed an empirical surface-effect correction
modeled as a frequency-dependent power law, calibrated to
the differences between observed and theoretical solar radial
frequencies (Christensen-Dalsgaard et al. 1996). While this
method avoids matching incorrect models to observed fre-
quencies, it overestimates the effect at low frequencies and
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assumes that the frequency shifts follow the same power law
for all stars, without physical justification.

To address these limitations, Ball & Gizon (2014) pro-
posed a surface correction that combines inverse and cubic
frequency terms normalized by mode inertia, providing a
theoretically motivated improvement. Although successful
for the Sun, this method may not be universally applicable.
For example, Gruberbauer et al. (2013) demonstrated signif-
icant variations in the surface effect across the HR diagram,
and Sonoi et al. (2015) argued for constraining surface cor-
rections through 3D hydrodynamical simulations. By patch-
ing standard 1D models with their 3D simulations, they de-
rived scaling relations for various surface correction func-
tions, enabling estimates based on a star’s effective tem-
perature and surface gravity without relying on observed
frequencies.

Despite extensive application of standard surface cor-
rections (e.g., Christensen-Dalsgaard et al. 2010; Tang &
Gai 2011; Mathur et al. 2012; Deheuvels et al. 2012; Huber
et al. 2019), the applicability to stars different from the Sun
remains uncertain. Verifying these corrections requires pre-
cise independent measurements of stellar properties, which
are typically unavailable for the rather faint targets observed
by space missions. Rare exceptions include oscillating stars
in eclipsing binary systems, where dynamic masses and radii
can be precisely determined from radial velocity and photo-
metric eclipse observations (e.g., Gaulme et al. 2016). Ball
et al. (2018) investigated three such systems with red gi-
ant components and found that standard surface corrections
failed to model the stars in agreement with binary-derived
results, leading to systematic overestimation of masses and
radii when using only seismic frequencies.

The present study introduces a new method for unbi-
ased comparison between observed and model frequencies
without explicitly correcting for the surface effect (or other
systematic model deficiencies). Within a Bayesian frame-
work, the method marginalizes over an additional frequency
offset parameter, avoiding assumptions about its value. This
allows for an unbiased and accurate determination of the
mean stellar density but has only low discriminative power
to disentangle mass and radius. This is done by correcting
the observed and model frequencies for large-scale variations
(like the curvature signal in red giant oscillation spectra)
and comparing the residuals, which are then dominated by
modulations due to sharp structural variations in the stellar
interior.

The method is validated using the eclipsing binary sys-
tem KIC 8410637, reproducing independently measured stel-
lar masses and radii. It is further tested on red giants KIC
4054905, KIC 9970396, and HR 6817, as well as the Sun-like
stars a Cen A and 16 Cyg A and B, achieving mass and ra-
dius estimates accurate to within ~ 1%. Finally, the method
is applied to 70 red giants in the open clusters NGC 6791 and
NGC 6819, providing independent estimates of cluster RGB
masses and ages, along with a detailed analysis of the surface
effect in evolved stars. I further develop an simple approach
to correct mixed dipole modes in red giants and use the clus-
ter results to improve the non-linear seismic scaling relations
from Kallinger et al. (2018).

2 ASTEROSEISMIC FORWARD MODELLING

One of the key objectives in asteroseismic model fitting is
to identify a stellar model that accurately represents a given
star. The most effective way to test existing methods and
develop new ones is to focus on stars with precise seismic
data and independently measured fundamental parameters,
such as mass and radius. Despite the wealth of data from
missions like Kepler and TESS, such targets remain excep-
tionally rare. The most promising candidates are eclipsing
binary systems, particularly those containing at least one
star with a well-defined frequency spectrum.

2.1 The test case KIC 8410637

To illustrate asteroseismic forward modeling, I focus on KIC
8410637, a detached eclipsing binary system with a red gi-
ant component (Hekker et al. 2010). Frandsen et al. (2013)
conducted an initial dynamical analysis, revealing that the
system comprises a red giant branch (RGB) star and a
main-sequence (MS) star with masses of 1.56 & 0.03M, and
1.32 £ 0.02M), respectively, in a 408.3-day orbit.

Subsequently, Themefil et al. (2018) refined these pa-
rameters using new radial velocity data and improved spec-
tral disentangling, determining the RGB component’s mass
and radius to be 1.47 + 0.02My and 10.60 £+ 0.05R¢, re-
spectively. Additionally, they found the system to have a
near-solar chemical composition.

The four-year-long Kepler data provide a clear red-giant
oscillation spectrum, making this star an excellent target for
testing a range of asteroseismic applications, from seismic
scaling relations (Gaulme et al. 2016; Kallinger et al. 2018)
to detailed modeling (Ball et al. 2018; Buldgen et al. 2019; Li
et al. 2018). The peak bagging of the Kepler data is described
in Appendix A, with the resulting mode frequencies listed
in Table A1l.

2.2 Stellar models

Stellar evolutionary models are computed with Modules for
Experiments in Stellar Astrophysics' (MESA, r12778; Paxton
et al. 2019, and references therein) and cover masses from
0.7 to 2.0 Mg in steps of 0.05 My from the Zero-Age-Main-
Sequence to after the core-He burning phase. To improve
performance of the subsequent analysis the full grid is split
into a main-sequence, sub-giant, RGB, and post-RGB part,
which are available on Github?. For the solar abundances,
the overall abundance mixture of Grevesse & Sauval (1998)
is implemented and the models are computed for an initial
chemical composition of (Y, Z) = (0.280, 0.023)®. The mix-
ing length parameter amrr is set to 2.2, which is in agree-
ment with the findings of Li et al. (2018). During evolution,
overshooting is turned off and RGB mass loss is implemented
according to Reimers (1975), using a scaling factor n = 0.2.

Since the default timestep settings of MESA are not
meant to produce sufficiently dense grids, especially on the

1 https://docs.mesastar.org/en/latest/
2 https://github.com/tkallinger/BaseFM/tree/main/grids.
3 Y is set according to Y ~ 0.249 + 1.33Z (e.g. Li et al. 2018)
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Table 1. Basic parameters of the used stellar model grids. Mass
ranges are in solar units with a step size of 0.05. The last column
gives the degrees of modes computed for the different grid frac-
tions: main-sequence and sub-giant (MS-SG), red giant branch
(RGB), and post-RGB (pRGB).

(Y,Z) M aMLT # of models l

G1  (0.26,0.010) [0.7;2] 2.2  MS-SG: 55762 0,1,2
RGB: 45266 0,1

pRGB: 28231 0

MS-SG: 48922  0,1,2
RGB: 44581 0,1
pRGB: 25308 0

MS-SG: 46360  0,1,2
RGB: 40846 0,1
pRGB: 21648 0

G2 (0.28,0.023) [0.7;2] 22

G3  (0.31,0.035) [0.872] 2.1

lower giant branch, the timestep control* is adjusted so
that the model’s mean density changes on average by only
about 0.2%, causing typical changes in the eigenfrequencies
of about 30nHz. Adiabatic mode frequencies for the about
118800 models are then computed with the GYRE® (v5.2)
stellar oscillation code (Townsend & Teitler 2013) in the
range [0.2,1] times the acoustic cutoff frequency vac, us-
ing an outer mechanical boundary condition as described
by Christensen-Dalsgaard (2008). Grid parameters are sum-
marised in Table 1.

In addition to the eigenfrequencies, several seismic pa-
rameters are computed for each model and stored in the
grid files. Among these is the asymptotic large frequency
separation, Av,s, which can be derived from the asymptotic
expression for p-mode oscillations (Tassoul 1980) as:

where c; is the sound speed throughout the star, and R is
its radius. However, Av,s is valid only for very high fre-
quencies, which are typically unobservable, and it generally
overestimates the large frequency separation of the observed
modes.

To address this limitation, Ong & Basu (2019a,b) pro-
posed a more practical parameter: a modified high-order es-
timator for the theoretical asymptotic separation that ac-
counts for the evolution of the acoustic turning points within
the mode cavities. This estimator introduces an explicit fre-
quency dependence and is defined as:

Avas(v) = | 2 R@; h (2)
R 0 Cs /1—v2/v? ’

where the frequency dependence is incorporated through the
term involving the acoustic cutoff frequency, vac. In prac-
tice, this parameter is evaluated at frequencies near vmax. To
compute Avas(Vmax), the standard output from MESA must
be extended to include the (default) Eddington-grey atmo-
sphere, along with the central and surface points, while re-

4 In practice the max_years_for_timestep parameter in the MESA
inlist is manually adjusted to a value of 107=1-13M where M is
the initial mass of the evolutionary track.

5 https://gyre.readthedocs.io/en/stable/index.html
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taining double points for accurate integration. This adjust-
ment ensures precise computation of the modified asymp-
totic separation in stellar models.

The pure g-mode period spacing, All;, of dipole modes
in red giants provides valuable insights into the properties
of the stellar core. While it is often not directly observable,
it can be reconstructed from the observed mixed p-g modes
(e.g., Mosser et al. 2014), allowing for a meaningful compar-
ison with theoretical models.

The theoretical period spacing is determined directly
from the model structure and is given by (e.g., Dziembowski
1977):

ATl = V27° (/:chf)l, 3)

where A is the Brunt-Viisili frequency, integrated over the
g-mode cavity defined by the radii 1 and r2. This formu-
lation provides a direct link between the model’s internal
structure and the observed seismic properties, enabling de-
tailed studies of stellar interiors.

It is important to highlight that the specific model pa-
rameters (e.g., Y, Z, amrr, 17) and the applied model physics
(e.g., overshooting, diffusion, rotational mixing) are not crit-
ical in the current context. The constructed model grids
are intended solely to demonstrate the capabilities of the
methodology, rather than to determine the most accurate
parameters for the examples presented.

2.3 Classical x? approach

Asteroseismic model fitting involves matching a set of N
observed frequencies (vobs) to those calculated from stellar
models (Vmod). Assuming that both observed and model fre-
quencies have normally distributed uncertainties, the total
variance can be expressed as 0° = 02, + 02,,q. Using this,
the x2-statistic is defined as:

N 2
1 Vi,obs — Vi,mod
= 3 e —med) (@

gj

which must be minimized to identify the best-fitting model
(e.g., Guenther & Brown 2004). By searching across a large
grid of stellar models, it is possible to derive insights into the
stellar interior and obtain precise fundamental parameters.

However, this straightforward approach is susceptible to
several systematic uncertainties, such as those arising from
surface effects, stellar activity, magnetic fields, rotational
effects, mode misidentification, and finite grid resolution.
These uncertainties can prevent the most appropriate model
from being the one that minimizes Eq. 4. Consequently, the
formalism may yield incorrect or nonsensical results for both
the best-fit model and the derived uncertainties. Moreover,
such issues can propagate into the interpretation of the un-
derlying physics used to construct the models, leading to
flawed conclusions.

For stars with convective envelopes, it is well-
established that model frequencies systematically deviate
from observations due to shortcomings in modeling the outer
stellar layers. This discrepancy, known as the (near) surface
effect, can be mitigated either by analyzing ratios of fre-
quency differences (Roxburgh 2005) or by applying empiri-
cal corrections to the model frequencies.
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Figure 1. HR diagram showing the uncertainty box of KIC
8410637 and a subset of the stellar model grid used to fit the
observed frequencies. Grey dots indicate the original grid and
colored dots are interpolated values with the color scale indicat-
ing the “goodness of the fit” (the darker the better). Panel (a)
gives the result for a classical x2 fit using the K08 surface correc-
tion. Panel (b) and (c) show posterior model probabilities from
the surface-correction independent Bayesian model-fitting based
on Eq. 11 and 16, respectively. Inserts show the x2 values (trun-
cated above a value of four) and probabilities in the M — R plane
and the corresponding best-fit values and uncertainties. The black
error box shows the dynamic solution from ThemeS8l et al. (2018).

One widely used empirical correction was proposed by
Kjeldsen et al. (2008) (hereafter K08), who described the
difference A between observed and model solar frequencies
using a power law:

b
A= Vobs — Vmod = @ (M> B (5)
Vref

where vref is a reference frequency (e.g., Vmax), and a and b
are parameters to be determined. For the Sun, they found
b ~ 4.9, a value that has been adopted for other stars
by many authors. However, it is unlikely that this solar-
calibrated correction is universally applicable to all stars
(e.g., Gruberbauer et al. 2013; Sonoi et al. 2015).

Several modifications to this approach have been pro-
posed. For instance, Ball & Gizon (2014, 2017) (hereafter
B14) introduced a cubic correction (b=3) normalized by
the mode inertia I (relative to the mode inertia at vyer):

Vref

b
A:Vobs_l/mod:(l<m> /I (6)

This modification provides a better fit to solar observations.
Although the B14 correction has some theoretical justifica-
tion (Gough 1990; Goldreich et al. 1991), it remains highly
model-dependent and should therefore be applied cautiously
(see Sec. 2.7).

The x? statistic for the observed frequencies of KIC
8410637 is calculated using the K08 and B14 surface cor-
rections, with vmax as the reference frequency for the model
frequencies. The search is constrained to models satisfying
0.95 < AvVc,mod/AVc,obs < 1.05. To enhance the grid reso-
lution, random pairs of mass and radius values are selected
within the range of the searched models, and bilinear inter-
polation is performed on the model parameters and frequen-
cies using the four nearest models on adjacent evolutionary
tracks (see Appendix B).

The resulting x? distribution using the K08 correction
is shown in Figure la, revealing a minimum at x* = 0.32.
The corresponding best-fit model has a mass of 1.65M and
a radius of 11.0Rg. While precise uncertainties are chal-
lenging to determine, they are approximated as the range
spanned by models with x? < 1, yielding uncertainties of
approximately +0.25M and +£0.6Rg.

The results obtained with the B14 correction are simi-
lar (see Table 2), consistent with the findings of Ball et al.
(2018), who concluded that best-fit model parameters de-
rived solely from frequency constraints are generally overes-
timated compared to dynamical parameters.

In summary, the classical approach of matching ob-
served frequencies to model frequencies, combined with stan-
dard surface corrections, is fraught with challenges and of-
ten results in misleading outcomes. To address these issues,
a more robust and unbiased treatment of systematic effects
is necessary, as outlined in the following sections.

2.4 Bayesian seismic Forward Modelling — BaseFM

To consistently incorporate prior information about the in-
vestigated star and to leverage the benefits of Bayesian
statistics, it is advantageous to perform model fitting within
a probabilistic framework. Kallinger et al. (2010b) for-
mulated asteroseismic model fitting using Bayes’ theorem,
where the posterior probability of a model (M) predicting
some data (D) given prior information (Z) is defined as:

p(DIZ) ’

where p(M|Z) represents the prior probability of a specific
model. This prior can encode additional information, such
as constraints on the star’s fundamental parameters. If no
prior information is available, a uniform prior of 1/Nmoeq is
used, where Nmoq is the total number of models in the grid.
The likelihood function,

pM|D, 1) =

. 1. 2
p(DIM,I) =L = (Vi,obs — Vi.mod) >

1
exp | —
i1 oV 2T P ( 201'2
(8)

combines the probabilities that the model frequencies vmod
match the observed frequencies vobs. This is based on the
assumption that the observational uncertainties are nor-
mally distributed and represents the conjunction of individ-
ual probabilities.

MNRAS 000, 1-28 (2025)
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Figure 2. Echelle diagram of KIC 8410637. Panel (a) shows the ob-
served (red symbols) and best-fit model frequencies, where yellow
and blue symbols correspond to fits based on Eq. 11 and 16, re-
spectively. Red and blue lines give second-order polynomial fits to
the frequencies (i.e., curvature). The grey-shaded trails indicate
the prior probability density for varying A;, with black and white
corresponding to a probability of one and zero, respectively. The
dashed line gives Aj max. Panel (b) gives the observed frequenices,
for curvature corrected, and a sequence of models (colored lines),
where instead of the actual model frequencies spline fits are shown
for better visibility. Panel (c) shows the (relative) surface effect
of the best-fit model frequencies. Full and dashed lines indicate a
power-law fit and the original KO8 surface correction, respectively.

The denominator in Eq. 7 is a normalization factor for
the model probabilities, expressed as:

Nmod

p(DIT) = Y p(Mi|T) - p(DIM;, I). )

i=1

By maximizing Eq. 7, one can identify the best match be-
tween the observed and model frequencies. Furthermore, the
best-fit model parameters and their uncertainties can be de-
termined by constructing the marginal distributions of the
corresponding parameters.

Although the Bayesian approach enables a realistic de-
termination of uncertainties and a statistically sound com-
parison of different solutions, it still suffers, in its current
form, from some of the same limitations as the classical x2
method. One of the major strengths of the Bayesian frame-
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work, however, is the ability to marginalize over model pa-
rameters.

Any parameter 6 required to describe a model can be
marginalized by applying the sum rule of probability theory
(Jaynes 2003), which, in the case of continuous parameters,
transforms into an integral. By integrating the full poste-
rior over the parameter range of 0, the marginal posterior is
obtained:

pMﬂDJ%=/pMMDIﬁMWMw (10)

This marginal posterior retains the overall effects of includ-
ing 6 in the model but becomes independent of any specific
value of 0. In other words, the parameter 0 is effectively re-
moved from the detailed analysis, simplifying the interpre-
tation while preserving the contributions of 6 to the model’s
behavior.

Gruberbauer et al. (2012) demonstrated that this
Bayesian approach can be effectively applied to account for
unknown systematic errors in seismic model fitting. They
showed that if A; represents the absolute value of the sys-
tematic error for an individual model frequency, and v = £1
specifies whether the model frequency is expected to be sys-
tematically lower or higher than the observed frequency,
Eq. 8 can be modified as:

Nobs Ai,max
c= 11 [ i
i Ai,min
X ! exp (_(yi’Obs —
oiV 2T

To marginalize (i.e., to remove) the influence of the sur-
face effect on the frequency comparison, A; is treated as
an unknown but consistently incorporated parameter within
the probabilistic framework, provided its lower and upper
bounds can be reasonably estimated. The prior probability,
p(A|Z), encodes prior knowledge about the expected behav-
ior of the systematic error, with the condition that:

/ p(ALT) dA; = 1. (12)

Gruberbauer et al. (2012) further argued that any prior
used for the systematic error parameter A; € [0, Ai max]
should be explicitly defined by its parameter limits and
free from additional parameters that could influence the ev-
idence. They proposed a simple beta prior:

2(Ai,max - A])
A2 ’

i,max

202

Vimod — VA1) )dAi. (11)

p(AT) = (13)
This prior defines a linearly decreasing and properly normal-
ized probability density that reaches zero at Aj max, ensuring
a well-constrained treatment of the systematic error.

The final step is to define the parameter range for A;.
Tests have shown that this is not particularly critical, pro-
vided the actual A; is included within the chosen range. For
radial modes, one could, in principle, set Aj max = Av. How-
ever, since the surface effect is known to increase at higher
radial orders, it is reasonable to allow Aj max to grow with
radial order. Following Gruberbauer et al. (2012), a power
law is adopted:

b
Ajmax = a- Av (@> , (14)

Vmax
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where the parameters are fixed to a = 0.3 and b = 4.9.
The results are, however, quite robust with respect to the
exact values of a and b. Even altering the functional form
(e.g., switching to a Lorentzian) only marginally affects the
outcome.

The formalism described above is applied to the ob-
served frequencies of KIC 8410637, where instead of a con-
ventional grid search a nested sampling approach is used
(see Appendix B). The resulting posterior model probabil-
ities are shown in Figure 1b. Similar to the x> approach,
models with approximately equal mean density form a ridge
of locally high probability that intersects the uncertainty
box of KIC 8410637. However, the actual best-fit values of
M =1.63+02Mg and R = 10.9 +£ 0.5R are again larger
than the dynamical parameters.

In other words, the surface-correction-independent ap-
proach correctly identifies the star’s mean density (i.e., the
scale of the mode pattern) but fails to accurately match
the mass and radius (i.e., the absolute frequencies). This
outcome is not unexpected, as the method favors model fre-
quencies with small surface effects (via Eq.13), which are
not necessarily the most appropriate frequencies (see Figure
2). Additionally, the discriminative power along the ridge of
equal mean density is limited, resulting in relatively large
uncertainties for M and R. This limitation arises because
the marginalization of A; assigns similar weights to a broad
range of models. Gruberbauer et al. (2013) addressed this is-
sue by incorporating prior information about the star’s fun-
damental parameters into the calculation of posterior prob-
abilities.

However, I choose to avoid this approach, as the model’s
M — L — Teg relationship is heavily influenced by assump-
tions about anyrr and the primordial chemical composition,
making it highly model-dependent. Instead, my goal is to
constrain the models using only the observed frequencies.

2.5 Bayesian forward modelling including the glitch signal

While the average frequency difference between consecutive
modes of the same spherical degree (i.e., the large frequency
separation) serves as a measure of the mean density of a
star (e.g., Tassoul 1980), periodic deviations from the regu-
lar mode pattern are indicative of acoustic glitches caused by
sharp structural variations in the stellar interior (e.g., Gough
1990). Any sharp variation in the sound speed profile intro-
duces an oscillatory component into the frequencies, known
as the glitch signal. The period of this modulation is related
to the sound travel time from the structural feature to the
stellar surface, while its amplitude depends on the width of
the glitch. The amplitude also decreases with increasing fre-
quency because, at higher frequencies, the wavelength of a
mode becomes comparable to or smaller than the extent of
the glitch.

In red giants, the primary source of observable discon-
tinuities is the second helium ionization zone. Miglio et al.
(2010) found that the relative acoustic radius of this zone
varies with mass in their models. From an observational per-
spective, Vrard et al. (2015) demonstrated that the phase of
the modulation due to the second helium ionization is also
mass-dependent. Consequently, it is reasonable to infer that
the glitch signal in the observed frequencies provides addi-
tional information that can help more effectively disentangle

p(M|D,I)

10.0

14 15 16 17
M/Mg

p(M|D, 1)

Figure 3. Posterior (colored dots) and cummulative posterior (blue
lines) probability distributions for the mass and radius of the
Bayesian model fit considering the glitch signal to the observed
frequencies of KIC 8410637. Green lines indicate error functions
fitted to the cumulative posterior probabilities. Dashed grey lines
mark the best-fit values (i.e., where the error functions equal 0.5).

mass and radius compared to previous analyses. For further
details, see Appendix C.

In addition to the glitch signal, the frequencies in a red-
giant oscillation spectrum are modulated by the so-called
curvature. This curvature can be described by the second-
order development of asymptotic theory (e.g., Mosser et al.
2011) and is likely caused by hydrogen ionization just below
the stellar surface.

To separate the glitch signal from the curvature in the
observed and model frequencies (which also include a modu-
lation from the surface effect), I follow Kallinger et al. (2018,
hereafter K18) and subtract a second-order polynomial fit
from the original frequencies:

V' (n) =v(n) - [Vc + Avcor (n —ne+ 2(n— nc)Q)] , (15)

2

where v, and n. are the frequency and radial order of the

central radial mode, « is the curvature parameter, and Avcor

is the curvature-corrected large frequency separation. In

practice, it is not necessary to know the absolute radial or-

ders of the individual modes. Instead, their relative order

(n — nc) with respect to v. is sufficient for the analysis.
One can now add a term to Eq. 11:

Nobs Aj max
c= 11 [ i
i Aj min
1 —\Mi,obs — VYimod — Ai 2
X exp( (V.00 V’Qd 7 )>dAi
oiV 2T 207
1 7(’/{ obs Vi/ mod)2
X : : , 16
ai’\/% P ( 2072 (16)

which compares the glitch contributions of the observed and
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Table 2. Mass and radius for KIC 8410637 using different methods to constrain a best fit between the observed and model frequencies.
The parameters a (in units of Av) and b are determined from power-law fits (Eq. 5 and 6) to the difference between the observed and
best-fit model frequencies with T indicating fixed exponents. Values in parentheses are for a grid with the frequencies computed from
MESA models without the Eddington-grey atmosphere (see Sec.2.7).

M/Mg R/Rg aEqgs bEgs aEq6 brqge
dynamic solution(®)  1.4740.02 10.60 + 0.05 - - - -
dynamic solution(?) 1.56 £ 0.03 10.74 £0.11 - - - -
nonlinear scaling(¢) 1.53 £0.07 10.84 £0.18 - - - -

x? with KO8 correction  1.65 £ 0.25 11.00 £ 0.60 —0.013 4.91 - -
Bayesian fit with KO8 correction  1.67 4 0.07 11.00 £ 0.15 —0.015 4.91 - -
x2 with B14 correction  1.75 4 0.20 11.30 £ 0.50 - - —0.011 3.0t
Bayesian fit with B14 correction  1.77 +0.10 11.30 £ 0.20 - - —0.017 3.0f
(1.71+0.10 11.10+0.25 - - —0.015 3.01)
Bayesian fit based on Eq. 11 1.65 £ 0.25 10.97 £ 0.60 —0.022+£0.004 26+£09 —-0.021+0.004 —-1.34+0.9
(1.60+0.30 10.80+0.60 —0.016+0.004 18+1.6 —0.016+0.004 1.1+1.6)
Bayesian fit based on Eq.16 1.55+0.05 10.71+0.12 —0.053+0.003 2.5+0.3 —0.0494+0.0056 —-1.44+0.7
(1.53+0.07 1066 +£0.17 —0.044+£0.004 28+0.5 —0.049+0.003 2.1+0.3)

(@) ThemeBl et al. (2018) — (®) Frandsen et al. (2013) — (9 Kallinger et al. (2018)

model frequencies, where the uncertainties ¢’ result from
Eq. 15.

In practice (and if v = —1), the integral (I) in Eq.11
and 16 is solved analytically as:

=i E (4 - ()]

(17)
—A2 —(A+B)2
+o0 [eTaT — @T:| >,

(18)

with A = Vobs — Vmoa and B = A - Apax (with Apax from
Eq. 14), which significantly speeds up the likelihood compu-
tation compared to numerical integration.

The posterior model probabilities are calculated us-
ing Eq. 16, and the results are shown in Figure 1lc. The
best-fit model is now much better constrained and closely
matches the dynamical parameters of KIC 8410637. The cor-
responding model parameters and their 1o uncertainties are
determined by fitting an error function to the cumulative
posterior probability distributions (see Figure 3), yielding
M = 1.55+0.06Mg and R = 10.71 £ 0.12Rg. The best-fit
model frequencies are displayed in Figure 2a.

The discriminative power of the glitch signal is demon-
strated in Figure 2b, where the glitch signal of various mass
models along the ridge of equal mean density is compared.
Clearly, models with masses around 1.5My reproduce the
observations far better than higher-mass models, which are
favored by the x? approach and the BaseFM fit without con-
sidering the glitch signal. Finally, Figure 2c shows the surface
effect of the best-fit model, parameterized by fitting Eqs. 5
and 6 to the differences between the observed and model
frequencies. The resulting parameters are listed in Table 2.

If the final best-fit model is considered a more accurate
representation of KIC 8410637 than those obtained from the
classical x? approach or the BaseFM fit without considering
the glitch signal, its surface effect is significantly stronger
than the estimates derived using the K08 and B14 correc-
tions. This is evident in the fractional surface correction at
Umax (i.€., the parameter a), which is approximately three
times larger than expected. Furthermore, the frequency-

MNRAS 000, 1-28 (2025)

dependent increase (i.e., the parameter b) is incompatible
with standard surface corrections.

The results presented here are in quantitative agree-
ment with those of Ball et al. (2018), who also found that
seismic modeling using standard surface corrections fails to
reproduce the dynamical mass and radius of KIC 8410637
when relying solely on the observed frequencies. In contrast,
Buldgen et al. (2019) determined a seismic mass and ra-
dius using the B14 correction that are consistent with the
dynamical values.

However, a closer inspection reveals that they included
the radial mode at approximately 32.8 4Hz in their forward
modeling (also used by Ball et al. 2018), which is found to be
formally insignificant in the present peak-bagging analysis
(see Sec. 2.1). To investigate the influence of this mode on
the analysis, I repeated the model fitting with the mode
included. The results show that the mode has a marginal
impact on the BaseFM outcome but significantly “improves”
the results from classical approaches by bringing the seismic
parameters closer to the dynamical ones.

For example, including this mode changes the mass es-
timate from approximately 1.67Mg to 1.556M¢ (a shift of
nearly 8%) when the K08 correction is applied, and the fre-
quencies are matched within the Bayesian framework de-
fined by Egs. 7 to 9. This level of sensitivity to a single
mode is quite surprising but does not explain why Ball et al.
(2018) and Buldgen et al. (2019) obtained substantially dif-
ferent best-fit model parameters (e.g., around 1.75My and
1.56 M, respectively) despite using nearly the same set of
observed frequencies and a similar method for matching
them to models.

In summary, the formalism described above provides a
straightforward approach to identifying a best-fit model us-
ing only the observed frequencies, without requiring more
than very basic assumptions about the scale and functional
form of the surface effect. This approach yields realistic re-
sults along with well-constrained uncertainties. By eliminat-
ing the need for empirical surface corrections, it represents
a significant advancement in asteroseismic model fitting.
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Figure 4. Fractional difference in mass (red) and radius (blue —
slightly shifted for better visibility) between the input (hare) and
best-fit model parameter (hound) as a function of the number of
modes used in the BaseFM fit.

2.6 “Hare and hounds” test

To evaluate the reliability and performance of BaseFM, a sim-
ple "hare and hounds” test is conducted. The radial mode
frequencies of a 1.5M and 10Rs model are used as input.
To simulate "observed” frequencies, surface corrections based
on Eq. 5 (with a = —0.04 and b = 4.9) are applied, along
with normally distributed uncertainties matching those of
the observed frequencies of KIC 8410637. These frequencies
are then fitted using BaseFM, with the number of considered
modes incrementally increased from four (the minimum re-
quired for a meaningful curvature correction) to nine (the
typical maximum number of observed modes in this region
of the HR diagram).

The results are illustrated in Figure 4, showing that
BaseFM requires only four frequencies to reproduce the cor-
rect mass and radius of the input model, albeit with rela-
tively large uncertainties and a slight systematic offset. The
fits improve significantly as the number of used modes in-
creases, with uncertainties stabilizing at approximately +£3%
in mass and +1% in radius, and with negligible systematic
offset.

Repeating the test with different input frequencies (i.e.,
modifying the surface effect by changing a and b in Eq. 5)
yields only marginal changes to the results, demonstrating
the robustness of the method.

2.7 Model-dependency of the Ball & Gizon (2014) surface
correction

In addition to identifying a best-fit model and its parame-
ters, BaseFM enables the measurement of the actual surface
effect in the model frequencies. To compare this with the
predictions from K08 and B14, Egs. 5 and 6, respectively,
are fitted to the differences between the observed and best-fit
model frequencies. The resulting scaling factor a and expo-
nent b are listed in Table 2.

Both fits fail to reproduce the surface corrections pro-
posed by K08 and B14, indicating that these corrections
are not capable of identifying the correct model for KIC
8410637. Specifically, the KO8 correction underestimates the
scale of the surface effect (i.e., a is too small) and overes-
timates its steepness (b is too high). In reality, b should be
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Figure 5. Frequencies and the corresponding mode interia of the
best-fit models of KIC 8410637. Panel (a) shows the frequencies
in an echelle diagram, where the red and blue symbols correspond
to frequenices from the original model grid and those computed
for the same model but without an Eddington-grey atmosphere,
respectively. The dash-dotted lines indicates the observed vmax.
Panel (b) gives the mode inertia normalised by the inertia at vmax.
Panel (c) shows the unscaled (i.e. without the scaling factor a)
surface correction according to Eq. 6.

closer to three, whereas KO8 originally suggested a value of
4.9, based on the solar calibration.

The results for the B14 correction are even more pecu-
liar. Here, a negative exponent (b ~ —1.1) is obtained, which
deviates significantly from the originally proposed cubic de-
pendence of the surface correction. To investigate this large
discrepancy, I examined the way the model frequencies are
calculated.

In order to compute a higher-order estimator for the
theoretical asymptotic frequency separation (Ong & Basu
2019a,b), the standard MESA output (see Sec. 2.2) needs to
be modified before calculating the frequencies with GYRE.
While this modification has minimal impact on the frequen-
cies themselves (less than 0.5% of Av in the case of KIC
8410637), it significantly alters the mode inertia (see Fig-
ure 5). Specifically, the mode inertia decreases much more
rapidly with frequency than in “standard” models (i.e., fre-
quencies computed for MESA models with the default output).
For the modified models, the mode inertia for the highest ob-
servable mode is about 25 times smaller than for the lowest
observable mode, compared to a factor of approximately 3
in the standard models.

As a result, the frequency corrections using the B14 cu-
bic surface correction are significantly larger than those for
the standard models (see Figure 5). This discrepancy neces-
sitates compensation by a smaller (or even negative) expo-
nent in Eq. 6. One could argue that this behavior arises from
the specific method used to calculate the model frequencies,
and the B14 correction might still work for standard models.
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To test this, I constructed a model grid based on the
standard MESA output and repeated the model fitting. While
this improved the situation, the exponent obtained when
fitting Eq. 6 to reproduce the actual surface effect of KIC
8410637 was 2.1 £ 0.3, still significantly smaller than the
originally suggested value of three.

These results clearly demonstrate that directly applying
surface corrections developed for the Sun to evolved stars is
highly problematic, introducing unknown systematics into
the results (see also Ball et al. 2018).

3 SOME EXAMPLES
3.1 Red giant in the SB2 system KIC 4054905

Benbakoura et al. (2021) identified 16 new eclipsing binaries
observed by Kepler that host a red giant. Among them is
the SB2 system KIC 4054905, for which they solved the bi-
nary orbit and determined dynamical masses and radii for
both components. Given the relatively low measurement ac-
curacy, Brogaard et al. (2022) conducted a follow-up study
to better characterize KIC 4054905. They determined the
system consists of two stars with nearly identical masses (ap-
proximately 0.95M) in a 274.7-day eccentric orbit. The pri-
mary star is a red giant with a radius of 8.36+0.03 R, while
the secondary is a subgiant with a radius of 3.09 + 0.01 R .
Additionally, they measured the primary’s effective temper-
ature and metallicity as Teg = 4850 £+ 70K and [Fe/H] =
—0.60 %+ 0.02, respectively, which is consistent with values of
4740 £ 100 and —0.46 4+ 0.04 from the APOKASC catalog
(Pinsonneault et al. 2018). From a seismic perspective, the
Kepler photometry reveals a clear oscillation spectrum only
for the red giant component.

Based on an analysis of the mixed-mode spectrum,
Benbakoura et al. (2021) classified the red giant as a core
helium-burning star, suggesting it could be a rare system
that underwent mass transfer during the primary’s evolu-
tion through the tip of the RGB (e.g., Verbunt & Phinney
1995). However, this classification is inherently ambiguous.
The determined asymptotic period spacing (AIl; ~ 160s)
would place the star in the secondary clump given its rela-
tively high Av of about 5.4 pHz. However, the star’s mass is
far too low for it to be a secondary clump star (e.g., Mosser
et al. 2014). While one might argue that this could result
from the star’s low metallicity, a more plausible explanation
is that the star is still ascending the giant branch. This con-
clusion is supported by classification methods from Elsworth
et al. (2017) and Kallinger et al. (2012), which clearly place
the star in the RGB regime.

A closer inspection of the observed dipole modes shows
they are consistent with AIl; = 59 4 2.5s, a value obtained
by fitting Eq. 13 from Mosser et al. (2015) to the observed
period spacings (see Sec. 5). This is illustrated in Figure 6,
where the observed dipole modes of KIC 4054905 are com-
pared with the expected mode patterns for AIl; = 59s (typ-
ical for an RGB star with Av = 5.4 yHz) and 160s.

The low metallicity of KIC 4054905 corresponds to a
metal mass fraction of approximately Z = 0.006. To facilitate
further analyses and applications, I computed a new metal-
poor model grid consisting of about 129,000 models with
an initial chemical composition of (Y, Z) = (0.26, 0.010)
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Table 3. Stellar mass and radius of KIC 4054905 from various
sources. BaseFM fits are based on the model grids from Table 1.
The last column gives the resulting fit probability in percent when
applying the AIl; prior.

M/Mg R/Re p
dynamic solution(®)  0.95 4 0.01 8.36 & 0.03
nonlinear scaling®  0.95 4 0.05 8.37 £ 0.15
Gl 0.97+0.03 8.24 4 0.09 88
G2 0.94+0.03 8.12 4 0.08 12

G3 0.88£0.04 7.94+0.13 <1

(@)Brogaard et al. (2022) — () Kallinger et al. (2018)

and ampr = 2.2. The grid spans a mass range from 0.7 to
2.0Mgin steps of 0.05Mg, covering the evolution from the
ZAMS to the post-core helium-burning phase. Details of the
grid parameters are listed in Table 1, with the modeling
procedures described in Sec. 2.2.

Using the seven consecutive radial modes from Kallinger
(2019), BaseFM identifies a best-fit model with a mass and
radius that agree with the dynamical values to within ap-
proximately 2% (see Table 3). Additionally, the model-
independent corrected seismic scaling relations of Kallinger
et al. (2018) yield consistent results, using vmax = 48.8 =
0.2 uHz and Avgor = 5.39 + 0.01 pHz as inputs 6,

A valuable feature of the Bayesian framework employed
by BaseFM is its ability to compare different fits (e.g., using
different model grids) and quantify which model reproduces
the observations most effectively. This is achieved by com-
paring the so-called global evidence, z, defined as the inte-
grated posterior model probability from Eq. 7. Similar to the
approach in Appendix A, different fits with varying z values
can be assigned probabilities according to p; = z;/ Zj zj.

For KIC 4054905, the metal-poor grid yields a logarith-
mic global evidence of In z = 3.55. In comparison, fitting the
frequencies to the original grid described in Sec. 2.2 results
in a global evidence of Inz = 3.56. Comparing the best-fit
parameters (see Table 3) with the dynamical values shows
that the metal-poor models provide a better match. How-
ever, when ignoring the dynamical measurements, the prob-
ability contrast between the two fits, pa1 : pg2 ~ 0.49 : 0.51,
is insufficient to draw any definitive conclusions about the
metallicity of KIC 4054905.

In other words, for this example, using only the observed
frequencies enables accurate determination of the star’s mass
and radius but does not allow conclusions beyond these pa-
rameters. Nevertheless, other properties of the two best-fit
models differ significantly. For instance, the metal-poor grid
produces a best-fit AIl; that deviates by more than 10%
from that of the near-solar metallicity grid. To incorporate
this discrepancy a Gaussian prior is introduced:

(Xmod - Xobs)Q)

1
MT) = — —exp -
PMIT) = — exp( -

(19)

6 Note that these values differ from those reported by Benbak-
oura et al. (2021) and Brogaard et al. (2022). As emphasized by
Kallinger et al. (2014, 2018), consistent definitions of vmax and
Av must be used throughout the process — from parameter ex-
traction to seismic scaling relations (including solar references) —
to avoid systematic uncertainties in the results.
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Figure 6. Same as Fig. 2 but for KIC 4054905. Green dots in the
top panel indicate the observed dipole modes, which are compared
to expected modes based on a AIl; of 59 (yellow) and 160s (or-
ange). The latter are arbitraily shifted in vertical direction for
better visibility.

where X represents the target parameter (in this case, All;)
and its uncertainty. In principle, any model parameter — or
combinations of parameters — can be used. The current ver-
sion of BaseFM includes the option to implement Gaussian
priors for age, mass, radius, luminosity, effective tempera-
ture, and AIl;. With minor modifications to the code, other
types of priors can be easily incorporated to accommodate
specific requirements.

For the given example, applying a AIl; prior of 5942.5s
has only a marginal effect on the best-fit model’s mass and
radius but significantly alters the resulting global evidences.
To extend the analysis, I also fit the frequencies to a metal-
rich grid (see Sec. 4.1) and arrive at a final probability con-
trast of pc1 : poe : pos ~ 0.883 : 0.117 :~ 107>, which
clearly favors the metal-poor models.

In conclusion, a set of observed radial mode frequen-
cies, combined with a rough estimate of All;, is sufficient for
BaseFM to determine an unbiased and accurate mass and ra-
dius, as well as to identify whether a star is more metal-poor,
solar-like, or metal-rich — without requiring any assumptions
about the surface effect.

The seismic analysis of KIC 4054905 provides a very
clear picture, allowing one to confidently assume that the
identified best-fit model is a reliable representation of the ac-
tual star. It is therefore notable that the surface effect of this
model remains irreproducible by the classical approaches. A
power-law fit to the difference between the observed and
best-fit model frequencies yields an exponent of 4.2+ 0.4 for
the K08 approach and —0.04 4+ 0.03 for the B14 correction.

Table 4. Same as Table 3 but for KIC 9970396.

M/Mg R/Ro p
dynamic solution(®)  1.18 4 0.02 8.04 4+ 0.07
nonlinear scaling(®  1.17 4 0.05 8.06 +0.12

Gl 1.18£0.04
G2 1.16£0.04
G3 1.13+£0.03

7.92 £0.09 72
7.86 + 0.09 27
7.80 £0.08 1

(@) Brogaard et al. (2018) — () Kallinger et al. (2018)

These results are consistent with the findings in Sec. 4.4.
Forcing the surface effect to adhere to these classical ap-
proaches will inevitably introduce systematic uncertainties,
as discussed in Sec. 3.6.

3.2 Red giant in the SB2 system KIC 9970396

The third example I present here is the SB2 system KIC
9970396, which hosts a red giant orbited by a main-sequence
in about 235 days. This system was initially part of the sam-
ple studied by Gaulme et al. (2016), but Brogaard et al.
(2018) subsequently refined its characterization. Their anal-
ysis determined the red giant component to have a mass
of 1.18 + 0.02My and a radius of 8.04 + 0.07Re (see Ta-
ble 4). Additionally, they measured the star’s effective tem-
perature and metallicity as Teg = 4860 £ 80K and [Fe/H] =
—0.20 £ 0.02, respectively, consistent with the APOKASC
catalog values of 4795 + 75 K and —0.16 4 0.03 reported by
Pinsonneault et al. (2018).

The seismic analysis of the Kepler time series, detailed
in Appendix A2, reveals a sequence of six consecutive radial
modes (Table A2). Using these modes, BaseFM identifies a
best-fit model from the metal-poor grid G1 (Table 1) that
perfectly matches the dynamic mass while underestimating
the dynamic radius by only 1.5 + 1.4%. Although fits to
grids G2 and G3 yield slightly poorer matches (Table 4),
the probability contrast remains insufficient to definitively
identify the best-fit grid — particularly when disregarding
both the dynamic benchmarks and the known metal-poor
nature of the star.

KIC 9970396 exhibits an even more densely popu-
lated dipole-mode spectrum than KIC 4054905, allowing for
straightforward determination of AIl; as 68 £ 1.5s. Incor-
porating this as a prior scarcely alters the best-fit model
parameters but improves the probability contrast to pgi :
pa2 : pas =~ 0.72 : 0.27 : 0.01. This result effectively rules
out grid G3 while moderately favoring grid G1. The best-fit
model frequencies are illustrated in Figure 7.

As with previous examples, the actual surface effect of
the best-fit model frequencies cannot be reproduced by clas-
sical approaches (Figure 7). Power-law fits to the frequency
differences yield exponents of 3.7+0.2 for the KO8 approach
and —0.07 £ 0.6 for the B14 correction, both significantly
deviating from their canonical values of 4.9 and 3, respec-
tively.

3.3 The planet-host red giant HR 6817

Another well-suited test object is the planet-host red giant
HR 6817 (e.g., Johnson et al. 2008). Given its relative bright-
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Figure 7. Same as Fig.2 but for KIC 9970396. Yellow dots give
expected dipole modes based on AIl; = 68s vertically shifted for
better visibility.

Table 5. Mass, radius, and luminosity of HR 6817 as determined
by interferometry and spectral energy distribution fitting (first
line — see text for the details), nonlinear seismic scaling relation,
and BaseFM fits to model grids from Tab. 1. The last column gives
the resulting fit probability in percent.

M/Mg R/Ro L/Lg P

4.39 +0.06 11.0+0.4

(@) 1.40+0.04 4.40 £ 0.04 10.7+£ 0.6
Gl  1.37+0.03 4.32 £0.03 11.84+04 77
G2 1.30=+0.03 4.24 £ 0.04 9.9+03 22
G3  1.19+0.03 4.11 £0.03 82+03 1

(@)nonlinear scalings (Kallinger et al. 2018)

ness and proximity, White et al. (2018) measured a precise
interferometric angular diameter of fr,p = 0.823 & 0.011mas
and a bolometric flux of Fyo1 = 142.6 £ 5.5pW m~ 2, Us-
ing the Gaia DR3 (Gaia Collaboration 2022) parallax of
w = 20.131 £ 0.029mas, the stellar radius is determined
as R = 0Lp/(2w) = 4.39 £ 0.06 R, and the luminosity as
L= 477Fb01/w2 =11.04+0.4Lg. These values are consistent
with the original estimates from White et al. (2018), which
were based on the Hipparcos parallax.

The metallicity of HR 6817 is somewhat uncertain.
High-resolution spectroscopic studies by Mortier et al.
(2013) and Ghezzi et al. (2018) suggest [Fe/H] values be-
tween 0.03 and 0.1, while the APOGEE-2 DR17 (Abdurro’uf
et al. 2022) and Gaia DR3 (Gaia Collaboration 2022) cat-
alogs list values as low as -0.16 and -0.41, respectively. Ad-
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Figure 8. Same as Fig. 7 but for HR 6817 and AIl; = 82s.

ditionally, the LAMOST catalog (Xiang et al. 2019) reports
[Fe/H] = -0.23, identifying the star as relatively metal-poor.

The effective temperature of HR 6817 is more consis-
tently determined. As a bright star, there are numerous mea-
surements of Teg available in the literature. After searching
the VizieR database and removing obvious outliers, a me-
dian Teg = 4975 + 62K is obtained based on 20 independent
sources.

HR 6817 is also located in the Continuous Viewing Zone
of NASA’s Transiting Exoplanet Survey Satellite (TESS;
Ricker et al. 2015) and has been observed in 33 sectors be-
tween June 18, 2019, and September 30, 2024. Initial re-
sults were presented by Hon et al. (2022), but no individual
frequencies have been extracted from these data. For the
present analysis, data processing and peak bagging are de-
scribed in Appendix A3.

Using the eight radial modes listed in Table A3, BaseFM
identifies best-fit models with radii ranging from 4.11 to
4.32Rq (see Table 5), depending on the model grid used.
As in the case of KIC 4054905, the probability contrast of
the individual fits is insufficient to draw conclusions about
the star’s metallicity. However, the dipole mode spectrum of
HR 6817 allows AIl; to be constrained to 82 4 2s. Includ-
ing this as a prior improves the probability contrast of the
fits. From a seismic perspective, HR 6817 is more likely a
metal-poor star than a near-solar metallicity star.

While not definitive, this conclusion is supported by the
fact that the best-fit metal-poor model’s mass and luminos-
ity are more consistent with independent measurements than
those from other fits (see Table 5). The observed and best-fit
model frequencies are shown in Fig. 8.

In summary, BaseFM identifies a representative stellar
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Figure 9. Same as Figure 6 but for o Cen A.

Table 6. Various parameters of a Cen A. References: (1) —de Meu-
lenaer et al. (2010); (2) — Bazot et al. (2007); (3) — Kervella
et al. (2016); (4) — Kervella et al. (2017); (5) — Chmielewski et al.
(1992); (6) — Eggenberger et al. (2004)

BaseFM fit literature source

Aveor [pHz]  105.27 £0.08 105.9 £0.3 (1) (2)
M/Ms  1.088+0.030 1.106+0.003 (3)
R/Rs 1.213£0.014 1.223 +0.005 (4)
L/Lg 1.574+0.10 1.5240.02 (4)
Torr [K] 5857 £ 66 5795+ 19 (4)
[Fe/H]s - 0.22+£0.02 (5)
age [Gyr] 6.2+14 6.54+0.3 (6)

model with a radius consistent with the interferometric ra-
dius to within one sigma, or 1.6%. The surface effect of this
model, however, remains incompatible with classical surface
corrections. The difference between the observed and best-
fit model frequencies requires a power-law correction term
with an exponent of 3.9 4+ 0.4, as opposed to the canonical
value of 4.9 in the K08 approach.

3.4 The main sequences star o Cen A

Even though BaseFM was developed to model evolved red
giants, there is no reason it cannot be applied to main-
sequence stars as well.

Apart from the Sun, the stars in the a Cen system are
likely the solar-type oscillating main-sequence stars with
the most accurate, seismology-independent fundamental pa-
rameters available (e.g., Guenther & Demarque 2000). This

nearby visual binary system consists of two stars exhibiting
solar-type oscillations that bracket the Sun in mass and ra-
dius. Kervella et al. (2016) revised the orbital parameters
of the system and, using the new reduction of the original
Hipparcos data (van Leeuwen 2007), determined a mass of
1.106 £0.003 Mg for the primary component, o Cen A. Com-
pared to older literature values, the updated parallax also
affects the radius, which was derived from the interferomet-
ric angular diameter (Kervella et al. 2017). A summary of
a Cen A’s fundamental parameters is provided in Table 6.

For the seismic analysis of a Cen A, a new stellar model
grid was computed (see Sec. 2.2), consisting of approx-
imately 12,000 models with masses ranging from 0.9 to
1.3Mg (in steps of 0.025M) and radii from 1.0 to 1.5Rg.
Given [Fe/H] = 0.22 (e.g., Chmielewski et al. 1992), the ini-
tial chemical composition was set to (Y, Z) = (0.30, 0.03).
As with the original grid, amir = 2.1 was used, and over-
shooting was turned off.

Following the procedure described in Sec. 2, nine con-
secutive radial mode frequencies determined by de Meule-
naer et al. (2010) were used to search for a best fit in the
model grid. Despite the relatively large frequency uncer-
tainties (typically 0.5 uHz), BaseFM accurately constrained
the mass and radius of aCen A to 1.088 + 0.030M and
1.213 + 0.014 R, respectively, using only the observed fre-
quencies. These results are in excellent agreement with the
binary mass and interferometric radius (see Table 6). While
the luminosity and age are less well constrained (uncertain-
ties of approximately +6% and +22%, respectively), they
remain consistent with independent measurements.

The observed and best-fit model frequencies are illus-
trated in Figure 9, which again shows that the surface effect
(i.e., the frequency difference) is not fully compatible with
the KO8 power-law correction. A fit to the frequency shifts
reveals a power-law exponent of 4.0 0.5, differing from the
canonical value of 4.9.

A larger and more precise set of frequencies will soon
become available from TESS, allowing for seismic testing of
model physics for a star similar to, but different from, the
Sun. BaseFM is an ideal tool for such analyses, as it is not
biased by our incomplete understanding of the surface effect.

Initial tests have shown that with minor modifications”,
BaseFM can also be used to fit solar frequencies. However,
properly calibrating a solar model grid is a complex task
beyond the scope of this paper and will be addressed in a
future publication.

So far, only radial modes have been used in forward
modeling with BaseFM. However, the method can also han-
dle nonradial modes, at least for less-evolved stars where
significant mixing between pressure and gravity modes is
absent. aCen A, however, is not an ideal example for this
due to the ambiguity of its observed modes caused by daily
aliases, which would require a more detailed analysis. A bet-
ter example is discussed in the following section.

MNRAS 000, 1-28 (2025)
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Figure 10. Seismic analysis of the solar analogs 16 Cyg A (left) and B (right). Panels (a) show Echelle diagrams with colored circles
and squares indicating the observed and best-fit model frequencies. Lines indicate curvature fits. Panels (b) give the curvature corrected
frequenices with black lines corresponding to fits to all modes (see text for an explaination). Panels (c) illustrate the residuals between the
curvature corrected observed and model frequencies from panels (b). Panels (d) show the differences between the (uncorrected) observed
and model frequencies (i.e., the surface effect) with black lines indicating powerlaw fits to the radial modes.

Table 7. Various parameters of 16 Cyg A&B, where the non-seismic values (first line) for the mass, radius and luminosity are determined
here (see text) and only the age (in Gyr) is from Bazot (2020). The BaseFM fit is based on a small grid with (Y, Z) = (0.25, 0.024).

16 Cyg A 16CygB
M/M@ R/R@ L/L@ M/M@ R/R@ L/L@ age
1.027 £0.024 1.1924+0.009 1.51£0.04 6.9+£0.1 0.976£0.024 1.087+£0.009 1.22+0.04 6.9+0.1
(a) 1.035£0.007 1.2114+0.003 1.46 £ 0.02 0.988 +£0.007 1.097 £0.003 1.16 +0.02
BaseFM fit 1.033£0.010 1.211+0.010 1.464+0.03 9.6+0.3 0.989+0.010 1.099+0.010 1.144+0.03 10.24+0.4

(@)nonlinear scalings (Kallinger et al. 2018)

Table 8. Glitch signal parameters of the two 16 Cyg stars according
to Eq. 20.

A n Tg
[uHz] [ uHz] [s] [rad]
16 Cyg A 89 + 35 367+31 1006 £16 —0.7+£0.3
16CygB 114 4+50 405+ 37 864 + 18 5.6+0.4

3.5 The solar analogs 16 Cyg A&B

The two solar analogs 16 Cyg A and B are among the bright-
est stars in the Kepler field and were continuously observed
for over 2.5 years. The resulting high-precision time se-
ries provided some of the best seismic data available for
main-sequence solar-type oscillators (aside from the Sun).

7 Eq. 15 must be extended to higher-order terms to accurately
follow the global trend of solar frequencies.
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This data inspired numerous seismic studies (e.g., Metcalfe
et al. 2012, 2015; Bellinger et al. 2016; Silva Aguirre et al.
2017; Farnir et al. 2020), leading to a relatively consistent
set of stellar parameters. These include seismic masses of
1.080 + 0.016 and 1.030 £ 0.015M, for 16 Cyg A and B, re-
spectively (Bellinger et al. 2017), and an estimated system
age of 6.88 + 0.12 Gyr (Bazot 2020).

In addition to seismic data, a set of complementary
non-seismic parameters has been established over time. Fre-
quently cited stellar radii are derived from the interfero-
metric measurements of White et al. (2013) combined with
Hipparcos parallaxes, though these values are found to be
about 2% too large. Updated estimates use more precise
interferometric angular diameters from Karovicova et al.
(2022), who reported o = 0.524 + 0.004 mas for 16 Cyg
A and 0.479 £ 0.004 mas for 16 Cyg B. When combined
with Gaia DR3 parallaxes of w = 47.324 £+ 0.020 mas and
47.320 £ 0.017 mas, these yield refined non-seismic radii of
1.192 £ 0.009R and 1.087 + 0.009Re, respectively (see Ta-
ble 7). Karovicova et al. (2022) also provided bolometric
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flux measurements, which lead to luminosity estimates of
1.51+0.04L for 16 Cyg A and 1.22+0.05L¢ for 16 Cyg B.
While these values are consistent with earlier estimates (e.g.,
Metcalfe et al. 2012), they are approximately 3% smaller
overall.

The two primary components of the 16 Cyg hierarchi-
cal triple system have an orbital period exceeding 18,000
years (Hauser & Marcy 1999), making it impossible to esti-
mate their individual dynamic masses. Instead, seismic esti-
mates have been utilised, though these are only marginally
consistent with independent constraints. A straightforward
approach to estimating a star’s mass involves using its sur-
face gravity (g) and radius, based on M = gR?. However,
this method often provides only a rough estimate because
surface gravity measurements are typically difficult to de-
termine with high precision. This is not the case for the
two stars in 16 Cyg, where several independent, consistent,
and highly precise log g values are available in the literature.
I adopt measurements from ten sources listed in Table 2 of
Ryabchikova et al. (2022), averaging to log g = 4.297+0.008
for 16 Cyg A and 4.355 + 0.008 for 16 Cyg B. Using these
values, along with the previously determined radii, yields
masses of 1.02740.024 Mg for 16 Cyg A and 0.9764+0.024 Mo
for 16 Cyg B®, which are about 5% smaller than previous
estimates. Interestingly, these results align well with the es-
timates by Hauser & Marcy (1999), who derived masses of
1.05 £ 0.01 and 0.99 4 0.01 for the two stars using spectral
types and B—V colors as mass indicators.

In addition, I derive the peak frequencies for 16 Cyg
A and B from the Kepler time series, obtaining vmax =
2215.5+2.5 pHz for 16 Cyg A and 2585.0+2.8 uHz for 16 Cyg
B, following the methodology of Kallinger et al. (2014). Us-
ing effective temperatures of Teg = 5816 + 20K for 16 Cyg A
and 5756 4+ 20K 16 Cyg B (average values from the sources
listed by Ryabchikova et al. 2022), the nonlinear scaling re-
lations from Kallinger et al. (2018) yield the masses and
radii listed in Table 7. These values align well with the non-
seismic estimates.

In the realm of seismic studies, Bellinger et al. (2017)
demonstrated that even the most refined models fail to
fully reproduce the observed frequencies. Their analysis
revealed a significant systematic deviation between the
surface-corrected model frequencies and the observations.
Specifically, the model frequencies tend to overestimate the
observed frequencies at low and high radial orders while un-
derestimating them at intermediate radial orders. This sys-
tematic discrepancy suggests a structural mismatch between
the models and the actual stars. To quantify this difference,
Bellinger et al. (2017) employed a model-independent struc-
ture inversion technique.

For the BaseFM analysis, I use the [ = 0 to 2 frequen-
cies from Davies et al. (2015) to identify the best-fit models
within grids G1, G2, and G3 (from Table 1). The resulting
best-fit parameters yield masses and radii ranging from 1.05
to 0.92My and 1.22 to 1.16R for 16 Cyg A and 1.01 to
0.87My and 1.11 to 1.05Rs for 16 Cyg B. More critically,
the metal-poor grid G1 is preferred for both stars, with prob-
ability contrasts of pg1 : pae : pas = 0.96 : 0.04 :~ 0.001 for
16 Cyg A and 0.71 : 0.23 : 0.06 for 16 Cyg B. However, this

8 applying a log g = 4.4381 (Mamajek et al. 2015)

contradicts the observed chemical compositions of the stars.
According to Ryabchikova et al. (2022), the metallicities are
[M/H] = 0.11 4+ 0.04 for star A and 0.07 £ 0.03 for star B,
making grid G2 a more plausible match. Unfortunately, G2
is based on a helium abundance of Y = 0.28, which is incon-
sistent with the Y & 0.25 determined by Verma et al. (2015)
for both stars.

Notably, BaseFM does select the “best” helium abun-
dance among the available options (0.26, 0.28, and 0.31),
but the overall chemical composition of the best-fit models
results in masses and radii that are significantly smaller than
the independent measurements. To explore whether a more
realistic chemical composition would yield better results, I
constructed a new grid with a primordial composition of
(Y,Z2)=(0.25,0.024) and masses ranging from 0.9 to 1.2Mg
from the ZAMS to 1.5Rq. All other modelling details are as
described in Section 2.2.

Searching within this new grid (G4) produces improved
fits, reproducing the non-seismic masses, radii, and luminosi-
ties to better than 1.3+2.7%, 1.6+1.2%, and 6 +4%, respec-
tively (see Table 7). For 16 Cyg A, the probability contrast is
also moderately in favour of G4, with pg1 : pga = 0.3 : 0.7.
For 16 Cyg B, the probability contrast alone does not allow
for a clear conclusion.

Since the new seismic masses are significantly lower
than previously accepted, it is unsurprising that 16 Cyg ap-
pears significantly older than previous estimates. However,
it is reassuring that BaseFM predicts ages that differ only
by 6 = 5% (or 1.20). The identified best-fit models are not
necessarily the definitive models for 16 Cyg A and B, as the
quality of the fit is inherently limited by the representative-
ness of the model grid. However, the goal of this analysis
is not to conduct an in-depth seismic study of 16 Cyg but
rather to showcase the capabilities of BaseFM.

When multiple mode sequences are used, BaseFM per-
forms a simultaneous curvature fit (Eq.,15) to all selected
modes, employing a single curvature parameter a but allow-
ing for individual Avcor. The observed modes, their corre-
sponding curvature fits, and the curvature-corrected modes
are displayed in panels (a) and (b) of Figure 10. To confirm
that the residual signal, after correcting for curvature, arises
from the He II ionization glitch, I fit a damped harmonic
function:

Sv(v) = Ae” )M gin (Arraui . + B), (20)

where the fit yields acoustic depths for the glitch (measured
from the surface) of 7, = 1005 + 16s for 16 Cyg A and 864 +
18s for 16 Cyg B (see Table 8). These results are consistent
with the acoustic depths of He II ionization zones observed
in other main-sequence stars (e.g., Mazumdar et al. 2014).

In summary, four independent measurements of the
masses of 16 Cyg A and B — two seismic and two non-
seismic — show agreement at the 1-2% level. This consis-
tency strongly indicates that previous seismic analyses have
overestimated the masses of both stars by approximately 3—
5% (or 2-30), with significant implications for subsequent
in-depth follow-up studies.

3.6 Systematic uncertainties

To investigate potential systematic uncertainties in different
forward modelling methods, I repeat the seismic analyses

MNRAS 000, 1-28 (2025)
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Figure 11. Seismic and non-seismic masses and radii for the seven tested stars. Color-filled squares represent the 1o uncertainty range of

the non-seismic parameters, while grey-filled squares indicate the error
dots denote the best-fit BaseFM parameters, with red, green, and blue

range for M and R derived from nonlinear scalings. Color-filled
corresponding to fits to the grid G1, G2, and G3, respectively.

Orange and purple indicate grids used to fit &« Cen A and the 16 Cyg stars. Star and diamond symbols indicate the best-fit parameters
based on the KO8 and B14 surface corrections, respectively. The two panels in the bottom right corner show seismic masses and radii

relative to the non-seismic values.

of the seven test stars using the classical surface correction
approaches. The results are shown in Figure 11, which com-
pares non-seismic masses and radii with seismic values de-
rived from BaseFM and the K08 and B14 surface corrections.

Notably, BaseFM provides the closest match to the non-
seismic parameters in all cases. Specifically, BaseFM re-
produces the non-seismic masses and radii with ratios of
1.007 £ 0.012 and 0.999 £ 0.005, respectively (see bottom
left panel of Figure 11). In other words, it overestimates
the mass by 0.7 £ 1.2% and underestimates the radius by
0.1 + 0.5%, both well within the average uncertainties of
approximately 3% for mass and 1% for radius.

By contrast, the K08 surface correction shows a more
significant deviation, overestimating the mass and radius on
average by 5.3+£1.4% (i.e., > 30) and 0.9+0.6%, respectively,
which implies underestimating the stellar age by more than

20%.

4 FORWARD MODELLING OF CLUSTER GIANTS

An ideal test bench to demonstrate the capabilities of BaseFM
are the red giants observed by Kepler in the two open clus-
ters NGC 6791 and NGC 6819 (e.g., Stello et al. 2011a,b).
In a cluster, main-sequence stars, which share the same
age, distance, and primordial chemical composition, exhibit
a tight relation between their initial mass and evolution-
ary stage. However, stars on the red giant branch (RGB)
evolve much faster than those on the main sequence. As a
result, very luminous RGB stars are only slightly more mas-
sive (typically less than 1%) than low-luminosity RGB stars.
Consequently, one can safely assume that all members of a
cluster’s RGB approximately share a specific characteristic
mass (Mgrcg), which is a key property of the cluster. More
importantly, this provides an opportunity for a fundamental
test: independent seismic modeling of individual RGB stars
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Figure 12. Radial mode frequencies for 45 RGB (dots) and 25
RC (diamonds) stars in NGC 6791 and NGC 6819 with at least
four modes with p > 0.95 and o, < 70nHz, with colour-coded
mode amplitdes. The insert shows a histogram for the number of

significant modes per star.

within a given cluster should yield consistent values for mass
and age across all stars.

Several studies have attempted to determine Mrgp for
the two clusters (e.g., Basu et al. 2011; Miglio et al. 2012; Wu
et al. 2014b,a). These studies primarily rely on seismic scal-
ing relations for the global oscillation parameters vmax and
Av (e.g., Kjeldsen & Bedding 1995; Kallinger et al. 2010a),
yielding masses of approximately 1.23M¢ for NGC 6791 and
1.65M for NGC6819. However, it has since been estab-
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Figure 13. Peak frequency vs.

effective temperature for the analysed sample of RGB (red and green symbols) and RC (blue symbols) stars

in NGC6791 and NGC6819. Circles and squares indicate stars with the effective temperature taken from the APOKASC catalogue and
derived from polynomial fits (grey dashed and dotted lines), respectively. Horizontal grey lines represent the uncertainties in Teg. The
inserts examplarily show echelle diagrams for 16 stars from both clusters (marked by their KIC number). The coloured and grey symbols
indicate the observed and corresponding best-fit model frequencies, respectively. Horizontal dashed lines give the peak frequency.

lished that classical seismic scaling relations tend to signifi-
cantly overestimate the mass and radius of stars on the RGB
(e.g., Gaulme et al. 2016; Themefll et al. 2018). To address
this, Kallinger et al. (2018) reformulated the classical seis-
mic scaling relations in a model-independent way, deriving
Mrge = 1.10 + 0.03M for NGC 6791 and 1.45 + 0.06 M,
for NGC 6819.

Since BaseFM operates independently of the seismic scal-
ing relations, confirming these findings would not only vali-
date the revised (non-linear) scaling relations but also pro-
vide compelling evidence for the reliability of Bayesian for-
ward modeling.

Details about the Kepler data for the cluster stars are
provided by K18. Radial mode frequencies are extracted fol-
lowing the procedure described in Sec. A and are shown in
Figure 12. The sample includes 45 RGB stars and 25 RC
stars, each with at least four significant radial modes, cov-
ering vmax values from approximately 17 to 155 pHz.

The positions of the stars in the “seismic” HR diagram
are illustrated in Figure 13, where vmax serves as a proxy for
stellar luminosity. Since not all stars in the sample are listed
in the APOKASC catalog (Pinsonneault et al. 2014), miss-
ing effective temperatures are interpolated using polynomial
fits in the Vmax— Teg plane (see K18 for further details).

4.1 Independent forward modelling

The stars in NGC6819 have a metallicity of [M/H]
0.05 £ 0.04 (Pinsonneault et al. 2014), which is practically
identical to that of KIC 8410637. Consequently, the model

grid constructed in Sec. 2 can also be used for these stars.
On the other hand, stars in NGC 6791 exhibit a much higher
metallicity of [M/H] = 0.38 £ 0.054, requiring the use of
metal-rich models for a proper seismic analysis. To address
this, I compute a metal-rich grid consisting of approximately
108,800 models with an initial chemical composition of (Y,
Z) = (0.31, 0.035) and amvr 2.1. Note that amyr is
slightly smaller than that used for the original grid. While
this adjustment has no significant impact on the analysis,
it better reproduces the stars’ positions in the HR diagram.
All other parameters are set as described in Sec. 2, and the
basic grid parameters are listed in Table 1.

In the first step, BaseFM uses 4-9 significant radial mode
frequencies (see Figure 12) to identify a representative model
for each star, treating each star independently. The best-
fit masses and radii are illustrated in Figure 14, while the
observed and corresponding best-fit model frequencies are
shown for eight representative stars from each cluster in Fig-
ure 13. The average masses and ages (with corresponding
uncertainties) for the 25 RGB and 13 RC stars in NGC 6791
and the 20 RGB and 12 RC stars in NGC 6819 are summa-
rized in Table 9. These results are in good agreement with
those derived from the non-linear seismic scaling relations.

The scatter in the best-fit masses, at around 4%, is rela-
tively low and compares well with the average uncertainty of
individual measurements, approximately 3%. This suggests
no significant intrinsic dispersion beyond this level of accu-
racy. In contrast, the average ages are less well constrained,
with 7.0 + 1.2 Gyr for NGC6791 and 2.6 £ 0.3 Gyr for
NGC 6819. For example, best-fit ages for stars in NGC 6791
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Table 9. Average mass (in solar units) and ages (in Gyr) of RGB and RC stars as given in the literature and determined in the present

analysis. The finally adopted values are in bold face.

NGC6791 NGC 6819
MgrcB Mrc tRGB trC MrcB Mrc tRGB trc
eclipsing binaries  1.15 % 0.02% - 8.3+ 0.3f 1.54 £ 0.0211 - 2.62 4 0.25TT
nonlinear scaling’™  1.104+0.03  1.02+0.05 10.1+0.9 1.45+0.06  1.54 +0.07 2.9+0.3
independent fit 1.084+0.04 1.05+003 7.0+1.2 61405 151+006 1.56+003 26+03 22402
fit with age prior 1.14+0.02 1.07+002 74+04 74403 151+002 151+002 26+01 25+0.1

fBrogaard et al. (2021) — Tt Sandquist et al. (2013) — TTTKallinger et al. (2018)

range from 5.0 to 8.6 Gyr, with correspondingly large uncer-
tainties. Such a wide spread is unlikely to be real and instead
reflects the challenges of accurately placing the best-fit mod-
els in parameter space when only a limited number of oscil-
lation modes are available. To address this issue, another
advantage of the Bayesian framework outlined in Sec. 2.4
can be exploited, as described in Sec. 4.2.

An additional interesting outcome of this analysis is
its implications for mass loss on the giant branch. For
NGC 6819, no significant mass loss is observed between RGB
and RC stars. In contrast, stars in NGC 6791 that have ig-
nited core-helium burning should have lost about 7% of their
initial mass (Miglio et al. 2012; Kallinger et al. 2018). While
BaseFM appears to partially reproduce this for NGC 6791
(i.e., Mgrc is smaller than Mgrcg), the ages of RC stars are
systematically underestimated. As a result, it is challenging
to directly compare the masses of best-fit models for stars
on the RGB and RC, as they must have the same age for a
meaningful comparison.

4.2 Forward modelling with an age prior

Originally, all models are treated equally by using a uniform
prior in Eq. 7. However, given that all cluster members are
expected to share a common age, an age prior is applied in-
stead, following Eq. 19, to encode this information. The prior
includes a target age t and its uncertainty o:. For the reasons
discussed earlier, trc is excluded from the initial modeling.
Instead, slightly relaxed age priors of 742 and 2.6 £0.5 Gyr
are adopted for NGC 6791 and NGC 6819, respectively, and
the analysis is repeated. The resulting best-fit masses and
radii are illustrated in Figure 14, while the average masses
and ages are listed in Table 9.

Although the adopted priors allow for considerable dis-
persion, they significantly reduce the scatter in the best-fit
masses and ages — by a factor of two to three. The age prior
aligns the RC stars with the same age range as the RGB
stars, enabling an exploration of the mass difference between
these two populations.

For NGC 6791, the difference between Mrcp and Mgrc
is 0.07 £ 0.03Mg, equivalent to 6 & 2%. This result is fully
consistent with the mass loss reported in previous studies.
Conversely, no mass loss is detected in NGC 6819, which
aligns with theoretical expectations.

The masses determined here are consistent within un-
certainties with those reported by K18, despite the use of en-
tirely independent methods and different evolutionary mod-
els. They also compare well with measurements of several
eclipsing binaries near or on the clusters’ main sequences
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Figure 14. Seismic mass versus radius from Bayesian model fit-
ting. Open and filled circles indicate results from independent
model fitting and those determined with a common age prior, re-
spectively. Uncertainies are only shown for the latter for better
visibility. Grey diamond symbols show M and R from fits with
the B14 surface correction. Red (top) and green (bottom) symbols
indicated RGB stars and blue symbols give RC stars. Also plotted
are BaSTI isochrones for solar metallicity in the top panel and
[Fe/H] = 0.26 in the bottom panel with the numbers indicating
the age of the isochrones as well as a number of eclipsing binaries
(purple squares), with the labels indicating: Aa — WOCS23009
A; Ba, Bb - WOCS24009 A & B; Ca, Cb — WOCS40007 A &
B; Da, Db — V18 A & B; Ea, Eb — V20 A & B; Fa — V80 A.

(e.g., Grundahl et al. 2008; Brogaard et al. 2012; Jeffries
et al. 2013; Brewer et al. 2016). For a detailed discussion of
this comparison, I refer to K18.

In summary, the lower Mgrgp values derived from seis-
mic forward modeling (and the non-linear scaling relations)
are in better agreement with binary measurements than the
previously adopted higher Mgrgp values of approximately
1.23M¢ for NGC 6791 and 1.65M¢ for NGC 6819 (e.g., Basu
et al. 2011; Miglio et al. 2012; Wu et al. 2014b; Handberg
et al. 2017; Rodrigues et al. 2017). This is qualitatively il-
lustrated in Figure 14, which shows that the binaries follow
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Figure 15. The top panel gives the measured surface effect (in the sense of observed minus model frequencies as a fraction of Av) for the
sample of cluster stars. Symbol colours indicate Av with red and blue corresponding to the largest and smallest values in the sample,
respectively. The middle and bottom panels show the scaling factor (a in per cent of Av) and exponent (b) of fits with Eq.5 (left) and 6
(right), respectively, to the measured surface effects. Symbol colours are as in Fig. 13. The open symbols in the bottom right panel give
exponents determined from model fitting with the classical model grid (Sec.2.7). Black dots indicate predicted values from Sonoi et al.
(2015). Dashed lines correspond to linear (middle) and log-linear (bottom) fits to the scaling factors and exponents, respectively, with
the grey-shaded areas indicating 1o uncertainties. Dotted lines in the bottom panels give the originaly adopted exponents for KO8 and

B14 corrections.

the same range of BaSTI® isochrones as the red giants. The
only exception is WOCS23009, which is an outlier. However,
its mass was derived from isochrone fitting rather than from
binary orbit measurements and is therefore questionable.
Quantitatively, Brogaard et al. (2021) reported that the
isochrone fitting the binaries in NGC 6791 implies Mrcs
should be around 1.15M¢, which matches the average mass
of the RGB stars in this cluster determined here. Similarly,
the detailed seismic analysis of McKeever et al. (2019) also
yields Mree =~ 1.15My. A similar agreement is found for
NGC 6819, where Sandquist et al. (2013) reported that the
isochrone fitting an eclipsing binary at the cluster turnoff
corresponds to a giant branch mass of 1.52 — 1.56 M, which
is consistent with the present findings within one sigma.
Determining the cluster ages is more challenging. While
the average seismic age of NGC 6819, 2.6 + 0.1 Gyr, is in
excellent agreement with independent measurements (e.g.,
Sandquist et al. 2013), BaseFM appears to underestimate the
age of NGC 6791 compared to other studies (e.g., Brogaard
et al. 2021). However, age estimates for NGC 6791 in the
literature vary widely, ranging from approximately 6.8 Gyr
(Basu et al. 2011) to over 10 Gyr (K18). Such a large spread
is unlikely to be real and instead reflects the difficulty of

9 BaSTTI isochrones

determining stellar ages, a persistent challenge in stellar
astrophysics that will not be resolved here. Absolute age
estimates depend heavily on the adopted models, the im-
plemented physics, and input parameters such as chemical
composition, mixing length, overshooting, and mass loss. For
example, neglecting mass loss on the giant branch alone can
increase the inferred cluster age by about 2Gyr. As a re-
sult, any age determination for NGC 6791 with better than
~ 10% precision should be treated cautiously, as it is likely
to reflect the internal accuracy of the method rather than
the true cluster age.

Finally, I determine M and R using the B14 surface
corrections within the Bayesian framework and present the
results in Figure 14. While the scatter is relatively large, the
average RGB mass derived for NGC 6791, 1.14 +0.08 M), is
fairly consistent with the value obtained from the surface-
effect-independent approach. The situation is different for
NGC 6819, where the individual best-fit masses and radii are
systematically larger than those obtained with BaseFM. The
B14 correction yields Mrgp = 1.61 & 0.09Mg, consistent
with the findings of Ball et al. (2018), who reported that
commonly adopted surface corrections lead to systematically
overestimated masses and radii for red giants.

This discrepancy likely arises because the classical sur-
face corrections are unable to accurately reproduce the true
surface effect in red-giant models, thereby introducing sys-
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Figure 16. Photometric versus seismic radii from BaseFM for
RGB (red/green) and RC (blue) stars in NGC 6791 (dots) and
NGC 6819 (squares). Grey symbols correspond to seismic radii
from the nonlinear scalings of K18.

tematic errors in the model matching process. This issue is
further explored in the next section.

4.3 Systematic uncertainties

The systematic uncertainties in the mass of cluster stars are
with less than 2 4+ 2% practically negligible, as illustrated in
Figure 14 and Table 9. A reliable method to also validate the
radii obtained from BaseFM is to compare them with those
derived from the star’s distance (d) and apparent bolometric
magnitude (mpo1) using:

Rphot = 8.935 x 1027 0-2mbel) g2, (21)

€

where Teg is expressed in solar units and d in kiloparsecs.
The apparent bolometric magnitudes are sourced from K18
and are based on 2MASS JH K photometry (Skrutskie et al.
2006), with bolometric corrections applied via interpolation
using the tables from Bonatto et al. (2004). K08 also de-
termined the cluster distances to be 4.19 4+ 0.06 kpc for
NGC6791 and 2.41 + 0.03 kpc for NGC 6819.

Figure 16 compares the resulting photometric radii with
those from BaseFM, revealing no significant discrepancies.
Specifically, the average ratio between photometric and seis-
mic radii for RGB stars in both clusters is 1.00 £ 0.01, indi-
cating equivalence within 1%. For RC stars in NGC 6791, the
ratio is 1.0140.01, which is also nearly perfect. However, the
seismic radii of RC stars in NGC 6819 are on average 2+ 1%
smaller than the corresponding photometric radii. Although
this difference is not statistically significant, it likely results
from RC stars in NGC 6819 having undergone minimal mass
loss, contrary to the assumptions of the stellar models used
which assume some mass loss.

In summary, the cluster stars’ masses and radii deter-
mined from the BaseFM fit, incorporating an age prior, are
consistent with independent values, showing systematic dif-
ferences smaller than 1% for radii and 2% for mass.
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4.4 The surface effect on the giant branch

Assuming that the best-fit models identified above are rep-
resentative of the analyzed stars, their actual surface effect
corresponds to the difference between the observed and best-
fit model frequencies. These differences are shown in Figure
15 and exhibit a wide range of characteristics. For stars near
the base of the giant branch (i.e., with large Av), the sur-
face effect appears relatively shallow, contributing less than
10% of the large frequency separation. In contrast, for more
evolved stars, the frequency shifts exceed 20% of Av.

To quantify this, I fit Eq. 5 (K08 correction) and Eq. 6
(B14 correction with a free exponent) to the frequency dif-
ferences and plot the corresponding scaling factors (a) and
exponents (b) in Figure 15. One might expect that the vary-
ing surface effect along the giant branch is driven by the
scaling factor a. However, no clear trend with Av is ob-
served, although the scatter is substantial. Linear fits yield
small gradients of 0.18 +0.05 and 0.15 +0.05%/ uHz for the
KO8 power law and the inertia-scaled B14 power law, respec-
tively. Furthermore, no significant dependence on the mass
or metallicity of the stars is evident.

The exponent, however, shows a clear decrease with de-
creasing Av. While the K08 power-law exponents are consis-
tent with the canonical value of 4.9 for stars near the lower
giant branch, they decrease to approximately 3 for more
evolved stars. Again, no significant dependence on the evo-
lutionary stage, mass, or metallicity is apparent. To quantify
this trend, I fit a log-linear function to the measured expo-
nents, obtaining b = (4.0 = 0.5) log Av + (0.3 £ 0.5).

A similar trend is found for the inertia-weighted fre-
quencies (i.e., the B14 correction). However, the absolute
values of the fitted exponents differ substantially. As dis-
cussed in Sec. 2.7, the peculiar behavior of the model fre-
quencies’ inertia forces the exponents to deviate significantly
from the expected value of three, with even negative values
for stars with Av smaller than approximately 8 uHz. A fit
reveals b = (4.9 + 0.6) log Av — (5.3 +0.4).

Using a standard model grid brings the exponents closer
to three but retains the same trend, with b = (2.3 £
0.5) log Av + (0.5 +0.4). This indicates that the B14 correc-
tion, like the KO8 correction, is unable to accurately predict
or correct the surface effect in red-giant models. Using either
correction in forward modeling will inevitably introduce un-
known systematic errors.

Sonoi et al. (2015) argue that empirical surface cor-
rections should not be calibrated solely on the Sun but
should instead be constrained using realistic physical mod-
eling. To this end, they employed 3D hydrodynamical sim-
ulations patched onto 1D stellar models to compute realis-
tic model frequencies (supposedly free of the surface effect)
and compared these to the eigenfrequencies of the original
1D models. Through this approach, they characterized the
surface effect for various positions in the HR diagram and
provided scaling relations for the parameters of several cor-
rection functions, such as the K08 correction.

However, their model grid focuses primarily on the main
sequence and includes only one model on the giant branch.
Consequently, their scalings are not expected to provide reli-
able predictions for red giants. This is demonstrated in Fig-
ure 15, where the predicted parameters of the K08 correction
are compared with the actual measurements, showing only
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Figure 17. Connection between the acoustic glitch and the surface
effect. Symbol colors are the same as in Fig. 13. Panel (a) shows
the correlation between the exponent and scaling factor (in per
cent of Av) of the the power law fitted to difference between
observed and best-fit model frequencies for RGB stars in the two
clusters. Panel (b) gives the amplitude to the acoustic glitch signal
(in per cent of Av) as a function of the large separation. Panel (c)
describes the correlation between the scale of the surface effect
and amplitude of the glitch signal. Dashed lines indicate linear fits
with the grey-shaded area corresponding to the 90% confidence
interval. Large symbols mark the Sun (a and b taken from K08),
a CenA (orange star), 16 Cyg A&B (green and lightgreen), KIC
8410637 (red star), KIC9970396 (yellow star), KIC 4054905 (blue
star), HR 6817 (purple star), which are not used for the fits.

marginal agreement. Notably, the scalings produce signifi-
cantly different scaling factors for stars in different clusters,
suggesting a strong dependence on metallicity or mass. How-
ever, their scalings are a function of Teg, which differs by
more than 100 K for stars with similar surface gravity (the
other independent variable in their scaling) but belonging to
different clusters. Such an effect is not evident in the actual
measurements.

A more conclusive parameterization of the surface ef-
fect properties is presented in Figure 17. It shows that the
power-law scaling factors and exponents are correlated, with
the exponent decreasing (i.e., the shape becoming shallower)
as the scaling factor increases (i.e., for a “deeper” surface ef-
fect). A fit reveals b = (6.0 £ 0.2) + a - (0.5 £ 0.05), where a
is expressed as a percentage of Av. This correlation is also
consistent with values derived for the Sun (using a and b
from KO08) and the stars from Sec. 3.

I then test various parameters (Vmax, Av, R, M, Teg,

etc.) for correlations with either a or b and find the strongest
correlation between a and the amplitude of the acoustic
glitch signal, Agiitch. As mentioned earlier, the amplitude
of the periodic deviations from a strictly regular mode pat-
tern is a measure of the width of the region in the stellar
interior responsible for the acoustic glitch (in the case of red
giants, the second helium ionisation zone).

Normally, fitting a damped harmonic function to the
frequency deviations is used to determine the properties
of the glitch signal. However, given the limited number of
observed modes per star, this approach becomes problem-
atic. An alternative method to estimate the glitch amplitude
leverages the statistical property lim, o Var(sinz) = 0.5
(Where n is the number of elements in x). Using this, Agiitcn
can be approximated as v/2 times the standard deviation of
v from Eq. 15, representing the average glitch amplitude
over the observed frequency range.

The resulting amplitudes are shown in Figure 17 as a
function of Av. These results suggest that the width of the
second helium ionisation zone increases during stellar evolu-
tion, consistent with the findings of Vrard et al. (2015). More
importantly, Agitch correlates with the scale of the surface
effect. A linear fit yields:

a=(—3.0%0.2) — Agicen - (1.1 £0.2). (22)

Notably, members of the metal-rich (and presumably
helium-rich) cluster NGC 6791 tend to group at larger glitch
amplitudes and deeper surface effects, while members of the
roughly solar-metallicity cluster NGC 6819 are located to-
ward smaller glitch amplitudes and shallower surface effects
in the models. This suggests that both the observed glitch
signal and the surface effect in representative models are
influenced by the chemical composition.

5 THE SURFACE EFFECT OF DIPOLE MODES

Unlike less-evolved stars, seismic model fitting of RGB stars
is typically restricted to radial modes, as the spectrum of
non-radial mixed modes is too complex to handle effectively.
However, various applications, such as the analysis of inter-
nal rotation profiles (e.g., Beck et al. 2012, 2014), require a
comparison between observed and theoretical mixed dipole
modes, necessitating precise mode identification — that is,
determining which theoretical mode corresponds to which
observed mode.

This task becomes increasingly challenging as stars
evolve up the giant branch. The mixed-mode spectra grow
denser, and conventional surface corrections can potentially
exceed the g-mode spacing. To address this, Ball et al. (2018)
proposed modifying the first adiabatic index of the stellar
model to suppress gravity modes in the stellar core. This
adjustment forces the model to oscillate in pure pressure
modes, which can then be corrected using standard surface
corrections. A less invasive approach is presented in the fol-
lowing discussion.

None of the red giants analyzed so far are suitable for
studying the surface effect on dipole modes, as their mixed-
mode spectra are either too dense (e.g., KIC 8410637) or lack
significant dipole modes. A much better target for this pur-
pose is the RGB star KIC 10513837. The four-year Kepler
observations reveal an almost complete spectrum of [ = 0
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and 1 modes spanning over five radial orders, with clearly
resolved dipole modes that show no significant rotational
splittings (which could complicate mode identification).

KIC 10513837 is part of the APOKASC sample and
has a metallicity of approximately [M/H] = 0.03. Therefore,
the model grid G2 from Table 1 can be used for the seismic
analysis. The radial and dipole modes are extracted as de-
scribed in Appendix A and are shown in Figure 18. A BaseFM
fit to the six central radial modes yields a mass and radius
of 1.31 £ 0.01Mp and 4.74 £+ 0.02R, respectively.

The best-fit model has a AIl; value of 82.5+0.5s (cal-
culated using Eq. 3), which agrees very well with the value
of 82.3 & 1.1s determined from the observed modes. The
latter is derived by fitting the observed dipole mode period
spacings (AP) using:

AP = AIL((v), (23)

where ((v) represents the ratio between the kinetic energy of
the mode in the g-mode cavity and the total kinetic energy.
This parameter describes whether a mode is predominantly
trapped in the g-mode cavity (g-dominated modes with ¢
close to 1) or in the p-mode cavity (p-dominated modes with
¢ < 1) and can be expressed as (e.g., Mosser et al. 2015;
Hekker & Christensen-Dalsgaard 2017):

-1
2
() = 1+£— g AlL —
Vg2 4+ (1 — ¢?)sin? (7r =+ eg)

(24)

Here, the local minima are defined by vy,, the frequency
of the pure p-mode of radial order n, (approximately the
midpoint between two consecutive radial modes). The pa-
rameter g describes the coupling between the p- and g-mode
components, and €4 is a phase term.

For KIC 10513837, the fit yields a coupling factor of
q = 0.17 £0.02 and a phase term of ¢, = 0.07 & 0.01, which
are typical for stars at this evolutionary stage (e.g., Mosser
et al. 2017). The observed and best-fit model period spac-
ings, along with the corresponding fits to Eq. 23, are shown
in Figure 18.

It is noteworthy that while the fits yield almost identical
parameters, the surface effect causes Vn, to increase more
rapidly in the model frequencies than in the observations.

Since nonradial modes are more conveniently analyzed
in period space, I define the difference between the observed
dipole modes and their corresponding theoretical counter-
parts as:

1 1
Ap, = _ (25)

b
Vobs Vmod

and plot the period differences of the 25 observed dipole
modes in Figure 18. Intuitively, one might expect the most
p-mode-like mixed modes (i.e., the p-dominated modes) to
exhibit a trend similar to the surface effect of the radial
modes, expressed in terms of period differences. Indeed, the
period difference increases with frequency, with an ampli-
tude comparable to that of the radial modes but in the op-
posite direction.

Interestingly, the g-dominated modes follow the ra-
dial mode trend more closely than the p-dominated modes.
The period differences of the p-dominated modes appear to
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Figure 18. Panel (a) shows an echelle diagram of the observed ra-
dial (red squares) and dipole (numbered blue squares) modes and
the corresponding best-fit model frequencies (orange and green
dots) of KIC 10513837. The red and orange lines indicate the mid-
points between adjecent radial modes connected by line segments.
Green crosses indicate the surface-effect-corrected dipole modes
of the model (connected to original modes by dotted-line seg-
ments). Panel (b) gives the corresponding period spacings along
with fits to Eq. 23. Panel (c) shows the period difference between
the observed and best-fit model dipole modes before (green dots)
and after (green crosses) the surface correction with Eq.26. Or-
ange dots indicate the surface effect of the radial modes in period
and dashed lines are the correction function (Eq.26), with and
without the {-function multiplied.

be modulated similarly to the mode’s period spacings, de-
scribed by the (-function. To account for this, I correct the
period of a given dipole mode v using:

Ap (v) = =Ap (v) C(¥), (26)

where Ap, is the period difference of the corresponding ra-
dial mode, which is determined in practice through linear
interpolation between adjacent radial modes. For improved
accuracy, the ¢-function is rescaled to a range [0,1] for the
considered frequency range.

The corrected dipole modes are illustrated in Figure
18 and generally agree well with the observations. In this
example, the average period difference is reduced from ap-
proximately -13.7s to 0 £ 3s.

Since the mode inertia is expected to follow the (-
function, this surface correction for dipole modes resembles
the B14 correction. The key difference is that the modes are
corrected in period space rather than frequency space. More-
over, this correction can be seamlessly integrated into the
Bayesian model fitting framework outlined in Sec. 2. How-
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ever, further testing is required, and this will be addressed
in a follow-up study.

6 CONCLUSIONS

This paper presents a novel Bayesian approach to aster-
oseismic forward modeling that is based on the work of
Gruberbauer et al. (2012, 2013) but significantly improves
the accuracy and reliability of stellar parameter estimations,
for stars with solar-type oscillations. The method’s primary
strength lies in its ability to overcome the inherent uncer-
tainties in stellar models, especially the near-surface effect,
without resorting to often problematic empirical corrections.
Traditional methods rely on latter corrections, which are cal-
ibrated to solar data and may not generalize well to other
stellar types, especially evolved stars. The study demon-
strates a superior methodology by directly incorporating the
uncertainties into the Bayesian framework. The key advance-
ments are as follow:

(i) The core innovation of BaseFM is the probabilistic
treatment of the near-surface effect. Instead of applying a
correction, the method introduces an additional parameter
to represent the systematic frequency shift. This parameter
is then marginalized over, effectively integrating out its influ-
ence while retaining its impact on the overall model prob-
ability. This avoids the assumptions inherent in empirical
corrections and produces more robust and unbiased results.
The impact is substantial, as it allows for reliable compar-
isons between observed and model frequencies without rely-
ing on approximations that may not be valid for all stars.

(ii) The inclusion of the glitch signal (periodic deviations
from regular mode patterns due to sharp structural varia-
tions in the stellar interior) further refines the parameter
estimations. This aspect enhances the discriminative power
of the method by providing additional constraints on the
model selection process. The improved results demonstrate
the usefulness of incorporating additional seismic features to
improve model fits.

(iii) The second major advantage of BaseFM is its adop-
tion of nested sampling for model selection, parameter es-
timation, and uncertainty quantification. Unlike traditional
grid-search methods — such as those used in AIMS (Rendle
et al. 2019) or BASTA (Aguirre Borsen-Koch et al. 2022)
— nested sampling focuses computational resources on high-
likelihood regions of parameter space, while also providing
properly weighted posterior samples and robust evidence es-
timates.

(iv) The efficacy of the method is rigorously tested and
validated across diverse stellar types from Sun-like stars
to evolved red giants (including 70 RGB and RC stars in
NGC 6791 and NGC6819). Consistent results across these
stars strongly support the method’s robustness and general
applicability. The successful reproduction of independently
measured parameters with negligible systematic uncertain-
ties significantly enhances confidence in the methodology.

(v) The study provides a critical assessment of exist-
ing empirical surface corrections (K08 and B14). It finds
that these corrections are often inadequate, highlighting
a systematic overestimation of stellar masses and radii
when these corrections are utilized. This analysis emphasizes
the limitations of relying on empirically-derived corrections

and motivates the development of model-independent tech-
niques.

(vi) The research presents a comprehensive analysis of
the surface effect, demonstrating its dependency on various
stellar parameters (effective temperature, large separation,
and possibly metallicity). This detailed exploration reveals
a complex relationship between the surface effect and other
stellar characteristics, adding to the broader understanding
of stellar structure and oscillations. The correlation between
surface effect magnitude and acoustic glitch amplitude is a
significant finding that supports the physical understanding
of the phenomenon.

(vil) Also presented is a method to correct for the surface
effect on dipole modes by modifying the period of the dipole
mode based on the period difference of the corresponding
radial mode and a factor that accounts for the mode’s mixed
p- and g-mode character. This approach provides a more
effective way to compare observed and model dipole mode
frequencies in evolved stars.

The presented BaseFM approach represents a superior
method for asteroseismic forward modeling that has the po-
tential to significantly contribute to our understanding of
stellar structure and evolution, especially in evolved stars.
The refined parameter estimations will significantly improve
the accuracy of stellar modeling, allowing to identify more
representative models for stars with solar-type oscillations
than this was previously possible. Consequently, BaseFM
opens new avenues to more precise tests of various physical
phenomena, from the puzzling angular momentum transport
in evolved stars to stellar evolution theory in general.

This study’s results are not intended as exhaustive anal-
yses of the individual stars presented. Instead, these exam-
ples demonstrate and validate a method for asteroseismic
fitting that circumvents the limitations of near-surface effect
corrections. The realism of any best-fit model is inherently
limited by the underlying stellar models and their physical
assumptions. During the last ten to twenty years numerous
published seismic analyses rely on classical surface correc-
tion. Frankly, one has to question them all, as these correc-
tions are now demonstrably flawed. BaseFM offers a crucial
first step to overcome this.

In a broader context, the findings presented here also
have implications for the frequently used seismic scaling re-
lations (e.g., Kallinger et al. 2010a). The scaling relations
Av N and Vmax X g/\/m provide a convenient way
to estimate a star’s mass and radius from its global seis-
mic parameters. However, these relations are not exact (e.g.,
Gaulme et al. 2016), leading to the introduction of correction
terms. The Av correction is typically derived from the eigen-
frequencies of stellar models, which are in the worst case
uncorrected for the surface effect (e.g., White et al. 2011,
Guggenberger et al. 2016; Sharma et al. 2016). Even when
applying traditional surface corrections, this introduces un-
known systematic uncertainties into the Av scaling'®. While

10 Note that even in the case of the Sun, the surface effect con-
tributes to roughly half of the discrepancy between the observed
Av and the value derived from theoretical eigenfrequencies. Intro-
ducing a model-dependent correction to the scaling relation thus
artificially incorporates the surface effect into a relation that is,
by nature, independent of it.
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one might compensate for these effects statistically by empir-
ically calibrating the vmax scaling (e.g., Pinsonneault et al.
2025), the validity of this approach remains questionable
(see also Valle et al. 2025). The results presented here lay
the groundwork for improving the model-independent non-
linear scalings proposed by Kallinger et al. (2018), but a
detailed exploration of this will be deferred to a follow-up
study.
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APPENDIX A: AUTOMATED PEAK BAGGING

Seismic forward modelling requires accurate oscillation fre-
quencies extracted from the time series observations as in-
put. So-called “peak bagging” (i.e., the extraction of individ-
ual mode parameters from the observed power density spec-
trum — PDS) has proven itself extensively for main-sequence
and sub-giant stars, but has so far only been applied to a
handful of red giants (e.g. Corsaro et al. 2018; di Mauro
et al. 2011; Handberg et al. 2016; Themefl et al. 2018).
This is mainly due to complications introduced by the com-
plex structure of the mixed dipole modes (e.g. Mosser et al.
2012). However, Kallinger (2019) presented a new approach
to overcome this difficulties and applied it to more than 6 000
red giants from the APOKASC sample (Pinsonneault et al.
2018).

The peak bagging algorithm used here, is part of the
STELLAR!! pipeline, which also characterises — prior the

11 https://github.com/tkallinger/KeplerRGpeakbagging/
tree/master/STELLAR
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Figure Al. Power density spectrum (grey line) of KIC 8410637 in the frequency range of the oscillations with the red line representing a
fit to I = 0 and 2 modes. Red triangle symbols enclose the range in which the modes are searched and blue arrows mark possible dipole

modes in the vicinity of even modes, which potentially distort the fit.

mode extraction — the granulation background and global
properties of the oscillation power excess (i.e., the frequency
of maximum oscillation power vmax, the frequency of the
central radial mode v., the local large and small frequency
separations Av. and dvg2, respectively, and the evolutionary
stage, in case of a red giant). See Kallinger et al. (2010c,a,
2012, 2014) for more details. Unlike other methods that fit
all modes at once, STELLAR fits them sequentially. This ap-
proach is well justified since, for instance, the [ = 0 and 2
modes of consecutive radial orders can be treated as inde-
pendent, leading to a significant increase in computational
speed.

Based on the prerequisite, the peak bagging starts in
the centre of the power excess and fits two superposed
Lorentzians (to cover the [ = 0 and 2 modes),

) + Z i : (A1)

P, =
te (1) 1+ 4rm(v —w))?

on top of the granulation background (B) to the PDS in the
frequency range [—1.5,0.5]0vp2 around the estimated posi-
tion of a given radial mode. For the fit, the Bayesian nested
sampling algorithm UltraNest (Buchner 2021) is used. It
delivers the posterior probability distributions for the fre-
quency (v;), rms amplitude (a;), and mode lifetime (7;) of
the i-th profile, from which the best-fit parameters and their
lo uncertainties are determined. It thereby uses a logarith-
mic likelihood function,

Pobs(l/)
Inf =— ; ( Pr(v) + In Pgs (l/)> , (A2)
where P,,s and Pg are the observed and fit power density,
respectively.

However, mixed dipole modes that sometimes appear in
close vicinity to the radial and quadrupole modes potentially
distort the fit (see Fig. A1). To identify such modes the fit-to-
background ratio (FBR) is used. Corsaro et al. (2015) found
that a FBR of eight compares well to a 99% probability of a
peak to be not due to noise. All sharp peaks with FBR > 8
are therefore very likely dipole modes and the corresponding
frequency bins are excluded from the PDS before re-fitting
with Eq. Al

To rate the significance of the individual modes, the
algorithm considers four scenarios:

S1: Both modes are statistically significant.
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S2: Only the | = 0 mode is significant (I = 2 is absent).
S3: Only the | = 2 mode is significant (I = 0 is absent).
S4: No significant signal.

Given that S1 to S84 cover all possible cases the total prob-
ability has to be equal to one. The individual probabilities
are then given as, ps; = zs:/ Zj zsj, where zs; is the global
evidence of scenario i as delivered by UltraNest. To deter-
mine zs4 is quite simple as it requires the “fit” to follow the
background (i.e., no additional signal is present) and the
corresponding model has no free parameter. The global ev-
idence simplifies to the likelihood defined by Eq. A2, with
Psy = B. In oder to determine the global evidences for S2
and 83, one could fit only one profile to the PDS, which
is, however, computationally expensive. A much faster but
equivalent solution is not to test the presence of one mode
but the absence of the other. This again simplifies to mod-
els with no free parameter for which the global evidences
directly result from Eq. A2. In case of §2, Pg; is equal to B
plus the radial mode profile from S1. For 83, Pst turns into
B plus the quadrupole mode profile from S1. The resulting
ps2 and pss give the probabilities that only the | = 2 and
[ = 0 mode is insignificant, respectively.

The mode significance can therefore be defined with the
odds ratios Oj=0 = (ps1 + ps2)/(ps3 + psa) and Oj=2 =
(ps1 + ps3)/(ps2 + psa). In practice a mode is considered
to be significant’® if @ > 5. The significant modes are
then prewhitened from the spectrum according to Pobs,i =
P,ps,i—1- B/ Pgy for the i-th iteration, with Pgt (from Eq. A1)
including only the significant mode profiles.

The search for radial and quadrupole modes is con-
tinued from the centre of the power excess outwards un-
til no significant modes in two consecutive radial orders
if found. The individual radial mode positions are thereby
predicted from vg,, that results from the previous step as
Yo,nt1 = Yo,n + Ave.

Once all significant [ = 0 and 2 modes are prewithened,
the residual PDS then only contains I = 1 and 3 modes,
which are then sequentially extracted following the method
of Kallinger (2019) until no significant mode is left. STEL-
LAR can also fit rotationally split [ = 1 and 2 modes, but

12 Note that in probability theory p > 0.8 (i.e. an odds ratio of
5:1) is considered as substantial evidence (Jeffreys 1998).



26  T. Kallinger

Table Al. Global seismic parameters (taken from Kallinger et al.
2018) and significant radial and quadrupole mode frequencies of
KIC8410637. All values are in pHz.

Vmax Ave AvVcor

46.8740.23 4.648+0.011 4.594+0.005
l Vin

this work ~ Themefl et al. (2018)  Li et al. (2018)
2 - 32.13+0.05 -
0 - 32.79+0.02 -
2 36.55£0.02 36.56+0.03 -
0 37.20+0.02 37.184+0.02 -
2 41.01+0.01 41.02+0.01 41.01£0.03
0 41.61+£0.01 41.62+0.01 41.63%0.03
2 45.69+0.01 45.69£0.01 45.68+0.01
0 46.27£0.02 46.28+0.02 46.2940.03
2 50.31£0.02 50.314+0.02 50.32+0.04
0 50.86+0.02 50.85+0.01 50.86+0.02
2 55.00+0.07 55.06+0.04 55.05+0.05
0 55.56+0.02 55.5440.03 55.53+0.05
2 59.81+0.05 59.7440.05 59.70+0.09
0 60.32+0.02 60.28+0.05 60.37+0.03

this option is not used here. A detailed description of the
automated peak bagging approach including extensive tests
and comparisons with results from others will be subject to
a separate paper. First results for radial mode amplitudes
and lifetimes were presented by Vrard et al. (2018).

Al KIC8410637

To demonstrate the automatic peak bagging I utilise the four
year-long Kepler time series of KIC 8410637 (see Sec.2.1).
Fig. A1 shows the PDS of KIC 8410637 along with the co-
added best-fit radial and quadrupole mode profiles. The ex-
tracted frequencies (see Tab. Al) compare well with those
determined by ThemeBl et al. (2018) and Li et al. (2018)
except for the mode pair around 32 pHz from Themefll et al.
(2018). However, this was also picked up by my algorithm
but found to be not significant.

A2 KIC9970396

As for KIC 8410637, the four year-long Kepler time series of
KIC 9970396 are analysed with STELLAR, where the eclipses
of the companion star are left out for simplicity. The results
are shown in Fig. reffig:9970396spec and the significant mode
frequencies are listed in Tab. A2, which compare reasonably
well with those of Li et al. (2018).

A3 HRG6817

For the present study, the 2-min cadence Pre-search Data
Conditioning Simple Aperture Photometry (PDC_SAP)
data are used provided by the TESS Science Processing Op-
erations Center pipeline (Jenkins et al. 2016, SPOC) and
accessible via the Mikulski Archive for Space Telescopes
(MAST) at the Space Telescope Science Institute. Individ-
ual observations are only used if their quality flag is equal to
zero and no further outliers are removed. The resulting 1901
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Figure A2. Seismic analysis of KIC 9970396 from STELLAR. Panel
(a) shows the power density spectrum (grey) of the Kepler time
series along with a global fit (red line). The blue line is the fit
without the Gaussian component and serves as background for the
subsequent peak bagging. Dashed green lines give the two granu-
lation components. Panel (b) shows the power density (black) in
the frequency range of the oscillations. The red line indicates the
fit with Eq. Al. Panel (c) and (d) are the amplitude and lifetime
of the significant radial (red) and quadrupole (orange) modes, re-
spectively. Panel (e) shows and Echelle diagram of these modes.

day-long time series consists of about 492000 data points
with a duty cycle of about 38%. Even tough there are long
gaps in the time series, the spectral window is clean enough
to only marginally influence the subsequent analysis.

Data preparation and the subsequent peak bagging fol-
low the approach described above and the result is shown in
Fig. A3. Significant mode frequencies are listed in Tab. A3.

MNRAS 000, 1-28 (2025)



Table A2. Global seismic parameters and significant [ = 0, 1, and
2 mode frequencies determined from the Kepler observations of
KIC9970396. All values are in pHz.

Vmax Ave Avcor

63.42£0.25 6.301£0.007 6.286 £ 0.006

=0

=2

=1

45.29 £ 0.02

51.19 £0.03

57.41 £0.01

63.74 £ 0.01

69.98 £ 0.02

76.41 £0.03

44.36 £ 0.02

50.37 £0.01

56.50 £ 0.02

62.89 £ 0.01

69.17 £0.01

75.62 £ 0.02

48.10 £0.01
48.35 £ 0.02
48.48 £0.01
48.62 £0.01
53.74 £0.01
54.16 £0.01
54.35 £0.01
59.97 £0.01
60.34 £ 0.01
60.53 £ 0.02
60.69 + 0.01
60.86 £ 0.01
61.14 £ 0.01
61.49 £0.01
66.39 + 0.01
66.68 £0.01
66.90 + 0.01
67.12£0.01
67.40 £ 0.01
67.69 £0.01
67.99 £ 0.01
72.71 £0.02
73.04 £ 0.01
73.26 £0.01
73.57 £0.01
73.90 £0.01
74.26 £0.01

Table A3. Same as Table A2 but for the TESS observations of
HR 6817. All values are in pHz.

Vmax Ave Avcor
248.7+ 0.5 17.158 £ 0.005  17.206 £ 0.009
=0 =2 =1

179.24 £ 0.04 177.04 + 0.05 186.70 £ 0.08
188.35 + 0.01

195.85 + 0.02 193.75+ 0.10
212.82 £0.02 210.73 £ 0.05 219.36 £ 0.05
221.61 £ 0.07
230.01 £0.02 228.07 £ 0.04 235.99 £ 0.02
239.45 £ 0.02
243.15 £ 0.02
247.08 £0.01 245.13 £0.04 250.82 £0.10
255.68 £0.01
257.30 £0.04
261.01 £0.03
264.30 £0.01 262.49 £+ 0.04 268.01 £0.01
272.99 £ 0.01
276.62 £ 0.02
281.71 £0.03 279.76 £ 0.05 282.66 £ 0.02
288.73 £ 0.02
291.64 £0.03

299.17 £0.04 297.18 £0.07
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Figure A3. Same as Fig. A2 but for the TESS observations of
HR 6817.

APPENDIX B: GIRD INTERPOLATION AND NESTED
SAMPLING

The stellar model grids used in the present analysis are not
sufficiently dense to produce well-sampled posterior prob-
ability distributions (see Fig.3) from which reliable best-
fit parameters and their uncertainties can be determined.
This limitation arises because the eigenfrequencies of ad-
jacent models differ by more than the typical observational
uncertainties of the measured frequencies (approximately 10
to 50 nHz for the stars analyzed here). While increasing the
grid density is a potential solution, it is computationally im-
practical.

A more practical solution is to interpolate the miss-
ing models. The existing grids are dense enough that the
parameter variations (including eigenfrequencies) between
adjacent models can be accurately approximated through
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linear interpolation. This is demonstrated in Fig. B1, which
compares real and interpolated model frequencies along a
1.525 My evolutionary track. For testing, this additional
“test track” was computed, located between the 1.5 and
1.55 Mg tracks of grid G2 used in Sec. 2. This setup repre-
sents a worst-case scenario for interpolation accuracy. Along
the test track, pairs of mass and radius were used to bi-
linearly interpolate all other parameters from the four sur-
rounding models on the 1.5 and 1.55 M tracks.

During normal stellar evolution, the absolute differ-
ences between real and interpolated model frequencies is
2+0.8 nHz, which is much smaller than typical observational
uncertainties and comparable to the findings of Clara et al.
(2025). Only during the first dredge-up phase — occurring in
the range between about 11.3 and 12.2Rs — do interpola-
tion support points become inconsistently allocated, leading
to larger uncertainties. Even then, the differences remains
on average below 10nHz, comparable to or smaller than
observational uncertainties. Importantly, this represents a
worst-case scenario, meaning the interpolation uncertainties
for other regions of the mass-radius plane within the model
grid are smaller than those shown in Fig. B1. For other in-
terpolated parameters, such as age and luminosity, the un-
certainties are similarly small, averaging around 0.1%, while
the effective temperature shows deviations of about 1 K.

In practice, BaseFM generates pairs of mass and ra-
dius values and interpolates the remaining model parameters
at these points. Rather than increasing the grid resolution
through interpolation and performing a grid search, it em-
ploys a nested sampling approach to efficiently identify the
best-fit model.

Nested Sampling (e.g., Skilling 2006) is a Monte Carlo
method primarily used to compute the Bayesian evidence Z
(i.e., the marginal likelihood) and weighted posterior sam-
ples for parameter estimation. The key idea involves trans-
forming the high-dimensional integral of the evidence into a
one-dimensional integral over the prior volume X.

Initially, a set of N random live points is sampled from
the prior distribution (). At each iteration, the point with
the lowest likelihood £* is removed and replaced by a new
point drawn from the prior under the condition £(6) > L*.
This shrinks X exponentially, while Z is approximated as a
weighted sum over the discarded points. The algorithm ter-
minates when the remaining prior volume contributes neg-
ligibly to the evidence.

The final evidence and posterior weights (w) are com-
puted from the discarded and live points as,

 LiAXy

Z =~ ZEkAXk Wr = Z (Bl)
k

where AX} represents the change in prior volume at each
step.

Normally, the main challenge lies in efficiently sampling
from the constrained prior, requiring sophisticated methods.
In the present case, the prior volume reduces to a 2D space
(i,-e. with the model mass and radius as parameters), where
the likelihood can only be high along ridges of equal mean
density. During live point replacement, it is sufficient enough
to search for new points in the vicinity of these ridges.
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Figure B1l. Comparison between actual and interpolated model
frequencies in the vicinity of the best-fit model for KIC 8410637.
The top panel shows the evolotion of the central six radial modes
(colored symbols) along a 1.525 M, evolotionary track. The grey
symbols indicate model frequencies of the original Z=0.023 grid.
The bottom panel gives the difference between actual and the for
models along 1.525 M track interpolated frequencies. The region
with the large scatter is due to the first dredge-up phase where
evolution follows a small loop in the HR-diagram (i.e. models
with near equal mass and radius but different inner structure are
located next to each other).

APPENDIX C: THE GLITCH AMPLITUDE IN
STELLAR MODELS

To verify that the amplitudes of the frequency variations
that result from acoustic glitches in the stellar models in fact
depend on the model mass I apply Eq. 15 to the radial model
frequencies covering +3 orders around v., which is assumed
to be the radial mode closest to the theoretical vmax of the
model. To extract the properties of the glitch signal one
would now need to fit a damped harmonic function to the
resulting curvature corrected frequencies v’(n). In practice,
such a fit is ill-defined and tends to not converge properly.
However, the standard deviation of v/(n) is already a good
proxy for the amplitude of the glitch signal Agiitcn-

The resulting glitch amplitudes are exemplarily shown
in Fig. C1 for the RGB part of the model grid used in Sec. 2.
The figure shows that for the used model grid, the glitch am-
plitude varies between about 0.2 and 1.7% of Av, which cor-
responds to the range that is observed in real stars. More im-
portantly, it also shows that for models with a given Av (i.e.
constant mean density), Agitcn correlates with the model
mass. The glitch signal therefore in fact improves the other-
wise weak discriminative power between mass and radius of
BaseFM.

This paper has been typeset from a TEX/IATEX file prepared by
the author.
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Figure C1. Glitch amplitudes (given in per cent of Av) of stel-
lar models as a function of the model mass and large frequency
separation.
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