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ABSTRACT

Accurate stellar ages and masses are essential for interpreting the demographics and physical properties of exoplanets, partic-
ularly for intermediate-mass, early-type stars where conventional age indicators are ineffective. Isochrone fitting remains the
primary tool for characterising such stars, yet its uncertainties are often underestimated, especially in the presence of rapid
rotation and unresolved binarity. We present a population-synthesis framework designed to quantify realistic mass and age
uncertainties for intermediate-mass stars (1.4-2.5 M), explicitly incorporating distributions in rotation rate, mass, metallicity,
binarity, inclination, and observational measurement error. Our method applies rotational and geometric effects a posteriori to
stellar evolutionary models, enabling a continuous treatment of rotation and its impact on effective temperature and luminosity.
By comparing synthetic populations against commonly used isochrone grids, we demonstrate that rotation and unresolved com-
panions systematically bias the inference of mass and age, particularly for young stars, and additionally introduce methodological
random uncertainties at the ~0.1-Mg and ~100-Myr level, often exceeding those implied by formal fitting errors alone. These
findings carry important consequences for planet detectability, characterisation, and population studies. To make these results
directly usable, we provide a publicly available interactive applet, RAPID, to probabilistically infer stellar parameters from the
synthetic populations. RAPID allows users to place target stars on the HR diagram, include asymmetric uncertainties in the
inputted effective temperature and luminosity, visualise the resulting probability density, and extract posterior distributions for
mass, age, and other stellar parameters. We demonstrate this tool on known exoplanet hosts.
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1 INTRODUCTION type stars (David & Hillenbrand 2015), where age accuracy is most

. crucial.
Isochrones serve as a cornerstone for characterizing the masses and

ages of stars and their planets. Those stellar masses and ages are also
important predictors of planet detection outcomes (Johnson et al.
2007; Swastik et al. 2024), especially for direct imaging (Nielsen
et al. 2019). This is because planets are at their most luminous at
young ages (Bowler 2016), and the giant planets that are amenable
to direct imaging are intrinsically more common around more mas-
sive (M > 1.5Mp) stars (Lannier et al. 2016). Yet the yields from
direct-imaging surveys optimised by host star mass and age are still
relatively low at <10% (Nielsen et al. 2019), so it is important that
the target stars’ ages are correct.

While several studies have evaluated the reliability of ages of
exoplanet hosts (Bonfanti et al. 2015, 2016; Silva Aguirre et al. 2015;
Christensen-Dalsgaard & Aguirre 2018; Berger et al. 2023; Swastik
et al. 2023), including the impact of using different age estimators,
most have focused on FGK-type stars; few have focused on early-
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Both the mass and age of a directly imaged exoplanet are affected
by uncertainty in the age of the host star. Only the planet’s lumi-
nosity, not its mass, is measured by direct imaging, hence, one must
resort to luminosity evolution models to infer the planet’s mass (Cur-
rie et al. 2023). These models relate the luminosity of a planet to
its mass at the estimated stellar age. Hence, the importance of age
uncertainty transcends planet detectability to planet characterization
and demographics (Barber et al. 2024; Squicciarini et al. 2025).

The pace of exoplanet evolution is particularly rapid in the first
50Myr. The combined effects of atmospheric boil-off, Kelvin-
Helmholz contraction, and XUV-driven photoevaporation can shrink
the radii of Neptune-mass planets from ~10 Rg to 4 Rg in this time-
frame (e.g. Owen & Wu 2013; Lopez & Fortney 2013; Rogers &
Owen 2021; Rogers et al. 2024). Interpretation of the physical proper-
ties for such young planets, as well as their atmospheric compositions
(Gupta & Schlichting 2020), therefore depend on accurate ages. This
is especially true for discoveries in complex star-forming regions,
such as the Sco-Cen association (e.g. Ratzenbock et al. 2023), for
which a significant transiting planet population has been found thanks
to the NASA K2 and TESS missions (Mann et al. 2016; David et al.
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2016; Rizzuto et al. 2020; Mann et al. 2022; Zakhozhay et al. 2022;
Vach et al. 2025).

Accurate stellar ages are of astrophysical importance beyond their
application to young exoplanet hosts. In Galactic archaeology, accu-
rate ages constrain the trace-back of stellar orbits in the Milky Way
to understand its stellar populations (Ness et al. 2019; Kordopatis
et al. 2023). Similarly, in planetary system dynamics, reliable stel-
lar ages anchor models of long-term orbital evolution. Processes
such as obliquity excitation (including via binary companions; Su &
Lai 2025), tidal dissipation, and secular interactions operate over gi-
gayear timescales (Albrecht et al. 2012; Knudstrup et al. 2024; Dugan
et al. 2025), but our understanding of these processes is limited by
our ability to assign ages to exoplanet systems of a variety of ages
(Albrecht et al. 2022).

Star clusters and stellar associations offer some of the best-
determined ages for any type of star, because one can model the
age of the whole population rather than fitting individual stars (e.g.
Gratton et al. 2024). However, the existence of age gradients across
even the youngest of star-forming regions (Pecaut & Mamajek 2016),
intrinsic age spreads of up to 5Myr (Soderblom 2010; Krumholz
et al. 2019), and variable pre-main-sequence lifetimes due to bursty
accretion (Vorobyov & Elbakyan 2020; Das et al. 2025), all make
association ages less dependable. Asteroseismic ages are the least
affected by observational uncertainty and also happen to have been
obtained for direct imaging targets (Murphy et al. 2021; Currie et al.
2023), but such analyses are time-consuming and not all stars have
suitable pulsation spectra. Hence, isochrones remain the de facto tool
for stellar age determination, especially for early-type stars where gy-
rochronology and lithium depletion are not applicable (Soderblom
2010).

Isochrones are constructed by interpolating stellar evolutionary
tracks, hence they are highly sensitive to the choice of model physics
(Lebreton et al. 2014). They allow masses and ages to be inferred
from stellar effective temperatures and luminosities, which are now
available for >10% Milky Way stars (Fouesneau et al. 2023; Mc-
Donald et al. 2025). Tayar et al. (2022) highlighted that systematic
uncertainties affecting those observables, such as the calibration un-
certainty of effective temperature via stellar interferometry (see also
Casagrande et al. 2014), limit the achievable isochrone age accuracy
to about 20%, with the actual uncertainties often being larger. Their
study primarily focused on FGK stars.

In this work, we focus on realistic age and mass uncertainties for
predominantly A-type, intermediate-mass stars (1.4-2.5Mg). Pri-
marily due to their rapid rotation, such stars are understudied despite
embodying the stellar mass range with the highest occurrence rate of
giant planets (Johnson et al. 2010; Reffert et al. 2015). Our approach
is agnostic to the presence of planets and not limited to young stars;
hence, the results will be useful to characterization of the hosts of
planets discovered by any means, and indeed to stellar astrophysics
more broadly. We pay particular attention to the effects of rotation,
unresolved binarity, and random measurement uncertainty.

Our approach is to use stellar population synthesis (e.g. Toonen
et al. 2014; Zonoozi et al. 2025). Population synthesis models have
previously been constructed for colour-magnitude diagrams to quan-
tify the impact of rotationally-induced gravity and limb darkening on
the appearance and inferred ages of star clusters (Georgy et al. 2014).
That work framed subsequent discussion around rotation as the cause
of extended main-sequence turn-offs (e.g. Niederhofer et al. 2015;
Brandt & Huang 2015; Bastian et al. 2016; Goudfrooij et al. 2017;
Lim et al. 2019; Sun et al. 2019). Here, we create population syn-
thesis models with the addition of random measurement uncertainty
to quantify isochrone-fitting uncertainties in a different context: the
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application to field stars, especially exoplanet host stars. We use
realistic input distributions across mass, metallicity, age, rotation,
and binarity, and provide public tools for inferring these properties
based on effective temperature and luminosity (and optionally other
parameters).

We describe the population synthesis and underlying physical pa-
rameter distributions in Sec. 2, with particular focus on the treatment
of rotation. Sec. 3 is dedicated to applications. We compare our syn-
thetic population against different sets of public isochrones, including
those constructed from different stellar rotation rates. We show how
masses and ages can be inferred from our synthetic population us-
ing HD 250208 (TOI2497) and HD 56414 as examples, then we use
KELT-20 (MASCARA-2) to show how full posterior distributions of
stellar parameters can be obtained using RAPID, an applet that we
make available for public use. Our conclusions are given in Sec. 4.

2 POPULATION SYNTHESIS

We have synthesised a population of intermediate-mass (1.4-2.5 M)
stars by taking existing stellar models and modifying them to follow
the desired properties at a population level. The idea is to have
realistic distributions in mass, metallicity, age, and rotation, also
allowing for stars to have binary companions. Our lower mass bound
ensures that our stars lie above the Kraft break (which is at 1.32—
1.41 Mp; Beyer & White 2024), and are thus rapid rotators. Our
approach is to calculate non-rotating models then apply the effects
of rotation and companions a posteriori.

The underlying stellar evolutionary and pulsation models have
been calculated with MEsa and GYRE by Gatuam et al. (2026), where
detailed descriptions of the model physics are given. Here, we focus
only on population-level effects. The order of some of the operations
below is important (particularly Sec. 2.5 and 2.6), should readers wish
to synthesise similar populations. A graphical overview is provided
in Fig. 1 and a summary is given at the end of this section (Sec. 2.7).

2.1 Initial sample selection

We drew our initial sample from the models of Gatuam et al. (2026).
We used all main-sequence (MS) models with zero rotational ve-
locity, because we implemented our own prescription of rotation
(Sec.2.5.3) where we use a continuous distribution of rotation rates
rather than the discrete values in Gatuam et al.. The initial model
selection spans a mass range of M = 1.4 to 2.5 in steps of 0.02 Mg
and metal mass fractions Z = 0.001 to 0.026 in steps of 0.001, which
corresponds to [Fe/H] = —1.16 to +0.25. This parameter space is sim-
ilar to the non-rotating models of Murphy et al. (2023), which would
also have served our purposes. However, we chose the Gatuam et al.
(2026) models to benchmark our rotation prescription. All models
had core overshooting of f = 0.017 and f_0 = 0.002 in the MESA
prescription (Jermyn et al. 2023).

After this initial selection, we sample the grid in various ways
based on age, mass, and metallicity, before applying other effects.

2.2 Age selection and sampling

The evolutionary tracks in Gatuam et al. (2026) are sampled more
densely (shorter time-steps) on the pre-MS up to young MS ages of
50 Myr to maintain accuracy, then the sampling density is lowered
for the MS where stellar properties change slowly. If these models
were sampled directly for population synthesis, pre-MS stars would
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Figure 1. Workflow diagram summarising the various steps in the population synthesis, and their relation to the outputted T and L columns (whose names
are given in black, RHS) in both of the available output files: no_binaries and full. Further details are given in Sec.2.7.

be overrepresented in our sample. To solve this and ensure homo-
geneous sampling, we interpolated along each evolutionary track
to sample stellar properties at 1-Myr intervals. The resulting mod-
els span evolutionary stages from the pre-MS phase through to the
post-MS contraction phase, which is sometimes called the ‘hook’ of
the terminal age main sequence (TAMS). The latter phase is very
short, representing only ~1.6% of the main-sequence lifetime of a
solar-metallicity model at 1.7 M, and ~0.6% at 2.4 Mo.!

The 1-Myr sampling was initially applied regardless of stellar

1 This suggests that the large number of papers in the literature claiming to
observe stars in the post-MS phase might have failed to account for this low
prior probability. These time-frames depend on core overshooting properties,
which were not varied in this study.

mass, which means that stars that live longer are represented by a
greater number of models in the population. This gives a realistic
impression of stellar populations. To give an asteroseismic example,
a 1.7-Mg star moves more slowly through the ¢ Scuti instability strip
than a 2.0-Mg star, hence a snapshot of the instability strip should
contain a greater number of 1.7 than 2.0-Mg stars, regardless of the
relative number of lower mass stars in the Galaxy (i.e. regardless of
the stellar initial mass function, IMF, which we handle separately).

2.3 Sampling in mass

Although the mass range of the evolutionary tracks spanned from
1.4 to 2.5Mpg, it did so uniformly, in steps of 0.02 Mg. To correct
this to reflect the IMF, we downsampled the more massive stars in
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the grid. At masses above 1.0 Mg, the IMF scales as (m/Mg)~ 233
(Salpeter 1955; Kroupa 2002; Chabrier 2003). Thinning was per-
formed probabilistically across the whole grid according to mass
(and later metallicity, see Sec.2.4), rather than thinning every nth
model along evolutionary tracks. In this way, each model’s inclusion
is independent of others on the same evolutionary track. To be spe-
cific, for each model we evaluate the quantity P(m) = (m/1.4) -2.35,
where 1.4 is the lower mass range of the grid, and we keep this model
if P(m) > ry, where ry, is a uniform random number between 0 and
1.

2.4 Sampling in metallicity

Rather than use the full metallicity range of the model grid, we
wanted to emulate the distribution of ‘nearby’ field star metallicities.
The first step for this was to determine the right prior.

2.4.1 Determining a metallicity prior

We first queried the Gaia DR3 source catalogue for stars within
~1kpc (specifically, parallax > 1mas), so as to avoid extremely
metal-poor stars of the halo and bulge, and to avoid metallicity gra-
dients along the Galactic plane with radius (e.g. Casagrande et al.
2011). We also limited our search to stars brighter than g = 10 mag,
so as to capture the types of stars observed by TESS. We did not re-
strict our results by spectral type, because there are very few A stars
with Gaia RVS spectra. Unfortunately, the stars with available spec-
tra are biased towards late spectral types, which naturally includes
a somewhat older population than the population of A stars we are
interested in (low-mass stars live longer), and a correspondingly sub-
solar metallicity distribution (they formed long ago when the galaxy
was less metal-rich). Such biases against metal-rich stars in stel-
lar samples in the solar-neighbourhood are well documented (e.g.
Haywood 2001). Specifically, the above selection criteria yielded a
median [M/H] = —0.19 dex with a standard deviation of 0.24 dex.
Hence, although this is in broad agreement with the metallicity dis-
tribution of Milky Way dwarfs found in other surveys (e.g. Huang
et al. 2022), those surveys have the same biases, namely that older
redder stars outnumber younger bluer stars. For comparison, young,
nearby open clusters have metallicities around solar (the Pleiades has
[Fe/H] = 0.03 £ 0.05; Soderblom et al. 2009). Clearly an alternative
metallicity prior that is suitable for A stars is required.

Asteroseismology of young red giants (age < 1Gyr) at similar
galactocentric radii to the Sun can also yield metallicities that should
be similar to the intermediate-mass stars in our simulation. Willett
et al. (2023) constructed a hierarchical Bayesian model of such a
sample to constrain the metallicity gradient in the Milky Way thin
disc. Galactic chemical enrichment over the past Gyr in the vicinity of
the Sun is negligible (e.g. Dal Tio et al. 2021), and choosing a young
sample also limits the resulting influence of radial migration through
the Milky Way disc, hence the Willett et al. (2023) results should be
appropriate to this work. The relevant metallicity distribution from
their table 1 is [Fe/H] = —0.022 + 0.115. The uncertainty is smaller
than other studies that covered the same parameter space (e.g. Buder
etal. 2019, where the uncertainty on [Fe/H] is 0.17), and most surveys
with results that avoid old metal-poor stars indicate that a Gaussian
prior centred on [Fe/H]~0 and with a FWHM of 0.15 dex is broadly
appropriate. Hence, with simplicity in mind, we adopted a Gaussian
metallicity prior of [Fe/H] = 0.00 + 0.15 dex.
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2.4.2 Implementing the prior

The prior was implemented by calculating the quantity P(Z) =
erf(n/V?2), where n = [10g(Z/Zs) — ptreri|/ 0Fens, and keeping mod-
els where rz > P(Z), where ry is a uniform random number between
0 and 1 drawn independently from ry,. Our population therefore dif-
fers from the applications in Georgy et al. (2014), whose model
libraries use fixed metallicities, rather than a distribution. For refer-
ence, the Gatuam et al. (2026) grid of models that we use adopted
the Asplund et al. (2009) solar abundances, wherein the metal mass
fraction of the Sun is Zg = 0.0142.

Through down-selection to appropriate mass and metallicity
ranges, the grid reduces to 353 640 models. Each of these models
will eventually be given their own rotation rates, inclinations, and so
on (Sec.2.5.2 onwards), but to ensure that there are always enough
models for meaningful population studies, we first triplicated the
down-selected grid to just over 1 million models.

2.5 Implementing rotation and binarity

At A and late-B spectral types, rotation and binarity are linked. Close
binary systems are tidally braked, with most systems that have periods
below 20 d showing some amount of spin-orbit synchronisation (Abt
etal. 2002). In the absence of a close binary population, the rotational
velocity distribution in our mass range of interest consists only of a
rapidly rotating population (Zorec & Royer 2012). However, when
close binaries are included, there is also a (somewhat smaller) slowly
rotating population. We emulate this by first assigning a boolean
binary-star property (without companion properties), then drawing
rotational properties. The binary companion mass and other prop-
erties are drawn later (Sec.2.5.9). We assume that all binaries are
unresolved and non-interacting.

We also compute a separate synthetic population without any bina-
ries, which we call the no_binaries sample. This is because some
stars, especially exoplanet hosts, are very thoroughly vetted for binary
companions, which can sometimes be ruled out through a combina-
tion of reconnaissance spectroscopy, high-resolution imaging, and
time-series radial velocity observations. Next-generation astrometry
from Gaia DR4 will soon add to this list.

If the system is single, including for the special no_binaries sample,
the rotation properties come from the rapidly rotating population
only, whereas if the system is binary, the rotation velocity is drawn
from the full population. In the latter case, the primary still has a
somewhat lower chance of being a slow rotator than a rapid rotator,
which reproduces the fact that only close binaries — which comprise
only a small subset of the orbital separation distribution — are tidally
braked. We show the results of our emulation in Fig. 2, and will now
describe the details.

2.5.1 Drawing binary stars

Binary stars were simulated by first deciding whether each star has
one or more companions with a mass ratio, ¢, above 0.1. The multi-
plicity fraction for A/F stars (at ¢ > 0.1) is 0.7 (figures 37 & 38, Moe
& Di Stefano 2017). We therefore drew a uniform random number
between O and 1 for each star, and labelled a star as ‘binary’ if that
number was below 0.7. This is not strictly the same as the true binary
fraction, since in reality some stars have more than one companion,
but to allow stars to have multiple companions would markedly in-
crease the complexity and this treatment is intended to be simple —
not a full binary population synthesis model. Hence, while we over-
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Figure 2. Distribution of angular rotation frequencies, €, as a fraction of
the Keplerian value, Qg (orange), and the critical value, Q. (blue), in our
simulated population of 1.06 million models across 250 bins. The red outline
encompasses all stars using the /Qy distribution; the black line represents
the single stars in the same population. The latter are all fast rotators, while
the full sample (binaries + single stars) also features a small slowly-rotating
component. Details of the Maxwellian distributions sampled to construct this
population are given in Sec. 2.5.3.

estimate the number of stars that have one companion, we ignore the
fact that some stars have multiple companions.

2.5.2 Rotation

Rotation has a large effect on a star’s effective temperature and lu-
minosity due to the centrifugal deformation of the star into an oblate
spheroid. The centrifugal acceleration is greatest at the stellar equa-
tor, which in the limit of critical rotation exceeds the polar radius by
a factor of 3/2 (Maeder & Meynet 2004). As a consequence, the ef-
fective gravity is lower, and the star requires a lower core luminosity
in order to counteract gravitational pressure. Thus, a rotating star is
less luminous than its non-rotating counterpart.

The dimmer stellar luminosity corresponds to a cooler effective
temperature. Even though the surface temperature is a function of
latitude — a topic to which we will return shortly — one can still talk
about the effective temperature of the star as a whole. The definition
remains the same, namely,

PRt
T = (0—5)4 , M

where o is the Stefan—Boltzmann constant, but how should one cal-
culate the surface area, S, when there is no unique stellar radius? Var-
ious options have been implemented in the literature. MEsA uses the
surface-averaged photospheric radius, which is defined as the point
at which the optical depth, 7, equals two-thirds. Georgy et al. (2014)
calculated the surface area of the oblate spheroid of known polar
and equatorial radius, while a third option is to use the volumetric-
equivalent radius (Rl qu)l/ 3. Our approach is functionally the
same as the MEsA one (Sec.2.5.6). We show in Appendix A that
the above choices give highly consistent 7. values. The fact that all
three options correspond to a greater surface area than a non-rotating,
spherical star is another reason that the global T, is lower.

For a rotating star, surface temperature is a function of latitude. At
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the equator, where the effective gravity is lowest, the star is substan-
tially cooler than at its poles. An observer viewing the star equator-
on will see a cooler, dimmer star. This effect is commonly known
as gravity darkening, but the term is problematic because pole-on
viewing angles will give brighter luminosities, which some authors
call gravity brightening, and it conflates viewing-angle effects with
centrifugal effects. The inclination of nil effect, i.e., where the appar-
ent 7o and L are equal to their globally averaged quantities, lies at
55°.

Hence, there are two effects that one must account for, when es-
timating the effect of rotation on an observed stellar temperature:
the global effects of centrifugal deformation (Sec.2.5.6), and the
geometric effects of viewing angle (Sec.2.5.7).

As previously outlined, our approach is to calculate non-rotating
models, then apply the effects of rotation a posteriori. The advantage
of this approach is that it is trivial to implement any distribution of
rotation velocities and inclination angles without needing to compute
a stellar evolutionary track for every model. The drawback is that the
evolutionary effects of rotation are not accounted for, namely, the
models’ rotation rates do not change as the stars evolve, nor do
the models have rotationally-induced mixing of fresh hydrogen into
the core, which is known to extend main-sequence lifetimes in a
way that is similar to having more core overshooting (Georgy et al.
2013). The latter process becomes more significant with age, hence
its importance to the main-sequence turn-off. However, how much
mixing occurs is an ongoing question, and recent work suggests that
mixing is ‘weak’ (Martinelli et al. 2025). We therefore acknowledge
its absence in our models and do not attempt any ad-hoc correction.

2.5.3 Drawing rotation velocities

Our rotational velocities are based on the parameterization of ob-
served distributions of A stars (Royer et al. 2007). Specifically,
we used lagged Maxwellian distributions following Zorec & Royer
(2012), who provided those distributions depending on stellar mass.
Each Maxwellian spanned 0.4 M, beginning with 1.6-2.0, then 1.7—
2.1 Mg, and so on. We used the first five (up to 2.4 M), and took the
middle value of each mass range as its representative mass. In each
case, we used the distribution closest to the mass of the model. For
our stars with 1.4 < M < 1.6 Mg, which fall outside of the range
in Zorec & Royer (2012), we had to create an additional Maxwellian
with a slightly smaller mean (104 kms™! rather than 114kms™1) to
match the observed distribution in Royer et al. (2007).

The lagged Maxwellians’ parameters (‘scale’ = «, and ‘lag’ = )
were applied to draw the equatorial rotation velocity, veq, for that
model, using

2
fx) = \/g(xa_f)e—(x—l’)z/(zaz) 2)

from Zorec & Royer (2012), where x is the velocity range. Each of
these Maxwellians are bimodal distributions with a ‘fast’ and ‘slow’
component. For single stars, only the fast component was used, but
for binaries, the entire bimodal distribution was used. Every model
was assigned an equatorial rotation velocity independently in this
manner. We later redraw a small fraction of these velocities, where
they are super-critical for the stars they are assigned to (Sec. 2.5.5).

2.5.4 Calculating angular rotation velocities

The calculation of angular rotation velocities, €2, is complicated be-
cause  depends on the equatorial radius, Req, which itself depends
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on the rotation rate [i.e. Req = Req(Q)] as the star becomes increas-
ingly centrifugally distorted. We describe these calculations in this
section.

In this work, we use the Roche approximation in our calculations
of the stellar structure as a function of rotation. This approximation
asserts that the surface of the star is defined by an equipotential and
that this potential arises from a centrally concentrated mass. In other
words, the equatorial bulge arising from rapid rotation does not alter
the distribution of mass within the star. This assumption has been
extensively tested and shown to be accurate to within 1% error even at
critical rotation, and is generally far better (Orlov 1961; Owocki et al.
1994; Zahn et al. 2010; van Belle 2012). The Roche approximation
also implies that the potential at the equator equals the potential at
the pole,

GM GM

1 2.0
= - =Q°Rg,, 3)
Ry = Req 2 @

where Ry is the polar radius, which under the Roche approximation
is equal to the non-rotating radius and unlike Req it does not depend
on . We note that Qzqu = vgq, which are the linear velocities we
obtained in Sec.2.5.3. It follows that

11

Req Ry 2GM

C)

and we obtain a relation for the equatorial radius as a function of the
polar / non-rotating radius and the equatorial velocity,

1
R "czq .
2GM

Req = Rp (%)

1

This allows angular velocities to be calculated using Q = veq/Req.
It is convenient to express angular velocities as a function of the
critical angular velocity, Qc, or the Keplerian angular velocity, Qg,
but much confusion has proliferated in the literature. We try to give
a clear account here and point out potential pitfalls.
The Keplerian angular velocity describes the angular velocity of a
body in a circular orbit at the equator, which is

GM
% == (6)
Req

where it is important to remember that Req = Req(£2), and so Qg
decreases as the rotation velocity increases. Substitution into eq. 5
and defining wy = Q/Qg, we see that

2 02
&_ _RpRqu B

_ S B2 ™
Req 2GM 2Req ¥

leading to the convenient expression for the equatorial radius for any
value of wy:

1
Req = Rp (1 + sz) : (8)

There exists a rotation value for each star where it is no longer
able to hold onto its equatorial material. This is achieved when the
centrifugal term, —(1/ Z)Qzqu, is equal to the gravitational potential,
~GM /Req, in eq. 3. There, the angular rotation velocity is equal to
the Keplerian angular velocity, i.e. wy = 1, and from eq. 8§ we have

3
Req|a)k:l = Eva )

which is a classical result of Roche theory (e.g. Cranmer & Owocki
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1995; Zahn et al. 2010). From eq. 6 it follows that the critical angular
velocity is then defined as

21GM
Q. = 3 (10)
3Ry

For convenience, we also define we = Q/Qc.

Importantly, wg and w, are only equivalent at zero and at the point
of criticality (wx = we = 1). At all other times, wg < w¢. One must
pay careful attention in the literature as to which quantity is being
used. The seminal paper on gravity darkening of rapidly rotating
models (Espinosa Lara & Rieutord 2011) is careful with definitions
and uses wy, as does the GDit code? that implements their equations.
MIST isochrones calculated with rotation (Choi et al. 2016) use the
notation w¢ but their formulae pertain to wy. The fifth MEsA paper
(Paxton et al. 2019), which upgraded the implementation of rotation,
refers to ‘critical rotation’ in section 4 but provides the equation
for Q.3 Users may work in we or wy as preferred, but be aware
that they are not interchangable, and specific tools demand specific
inputs, such as wy for GDit and for many of our expressions such as
eq. 8. Using the wrong term, or forgetting the £2-dependence of Req
in eq. 8, are examples of the pitfalls to which we referred earlier.

We showed our distribution of rotation rates in terms of wy and
wc in Fig. 2, where the significance of their differences is evident.
We have also created a helpful animated gif that illustrates how wc,
w, and the Roche geometry change with linear increases in veq for
a specific model.* Hereafter, we only use wj unless making a direct
comparison, and to further alleviate confusion we always use the
subscripts.

2.5.5 Redrawing velocities for super-critical rotators

When drawing rotational velocities (Sec.2.5.3), a small fraction of
stars (~1.11 %) were assigned velocities that exceeded those permit-
ted by the Roche model for their mass and radius. In such cases, the
implied rotation is super-critical, in the sense that the correspond-
ing value of wy exceeds unity, and the model cannot be supported
in hydrostatic equilibrium. These draws are unphysical for the sam-
pled stellar model and must be rejected. We classified draws with
wg > 0.999 as super-critical and redrew them.

Redrawing the rotational velocity rather than discarding the star is
necessary because the maximum physically allowed rotation depends
on the stellar properties, i.e. a velocity that is super-critical for one star
may remain sub-critical for another with a different mass and radius.
Simply removing all stars above some fixed velocity threshold would
therefore artificially suppress the high-rotation tail of the population,
and bias other stellar properties such as radius (and indirectly, age).

The redraws were performed using the same lagged Maxwellian
prescription described in Sec. 2.5.3, but with the probability density
truncated so that only the high-rotation part is retained. We adopted
this truncated redraw to limit the bias of the resampled stars toward
systematically lower rotation. Specifically, we restricted each mass
dependent distribution in Sec. 2.5.3 to the interval between the mode
and the maximum velocity, and renormalised the resulting probability

2 https://github.com/aarondotter/GDit

3 Itis only an issue with notation, the mathematics is fine.

4 https://github.com/gautam-404/roche_model/blob/main/
rotation_roche.gif
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density function before redrawing. The truncated distribution is then

xma,(&’ Xmode <X < Xmax,
Predraw (X) = f f&x)dx! 11)

Xmode
0, otherwise,

where f(x) is the lagged Maxwellian defined in Sec.2.5.3, xp0de =
£+ V2 @, and xmax is the upper limit of the adopted velocity range.

This allowed us to preserve the rapidly rotating part of the adopted
observed distribution for these stars while making sure that the fi-
nal assigned velocity was physically realisable for each synthesised
model. If a redraw remained super-critical, the process was repeated
until a sub-critical velocity was obtained.

2.5.6 Calculation of log L and global T for rotating models

To account for the effects of centrifugal deformation on the observ-
ables of our models, we first calculate the luminosity by reference to
a grid of rotating models computed with MEsA using the same input
physics as Gatuam et al. (2026). The reference grid was evaluated
at a fixed age of 40 Myr and metallicity Z = 0.015, while spanning
the full mass range of our population synthesis models, from 1.4
to 2.5Mpg, and a broad range of rotation rates. All models in this
reference grid have uniform radial rotation profiles, i.e. dQ/dr = 0.

For each model in this reference grid, we calculated the ratio of
the log-luminosity of the rotating model to that of the corresponding
non-rotating model, log L/log L, as a function of stellar mass, m,
and wg . We then constructed a 2-D interpolation function in (m, wy),
which allows the luminosity of a rotating model to be obtained from
its non-rotating counterpart.

Having determined the luminosity of the rotating model from our
interpolation function, we then calculated its global effective tem-
perature from the Stefan—Boltzmann relation (eq. 1) and the surface
area, S, of the centrifugally deformed star. For the surface area, we
adopt the Roche-surface approximation used in Paxton et al. (2019),

2 ‘”i 4 6
Skoche = 4mReg (1= = +0.08525 wif ~0.04908 |, (12)

where Req is the equatorial radius. We refer the reader to Appendix
A for a comparison with other shape-based methodologies for calcu-
lating the effective temperature of a deformed star.

We found that the fractional 7.g reduction was almost independent
of stellar mass, peaking at 0.127 at wy = 0.999. The luminosity
reduction is not a linear function of mass, and lower-mass stars are
most affected. The fractional reductions in log L at the maximum
rotation rate were 0.034 for M = 1.4 Mg and 0.014 for M = 2.5 Mg.
Since the magnitude of the reduction in 7g is much greater than that
of log L, the net effect in the HR diagram is to shift stars to the right
and slightly down (Fig. 3a). This is consistent with our expectations
set out in Sec. 2.5.2.

For most of the main-sequence evolution, we do not expect age to
have an appreciable effect on this method. The Roche approximation
assumes a centrally condensed star, and the degree of central conden-
sation does not change much on the main sequence. Indeed, Espinosa
Lara & Rieutord (2011) found negligible difference in the latitudinal
dependence of Tog when changing the hydrogen abundance in the
core. Nonetheless, we checked the validity of our fixed-age interpo-
lation by performing a multi-dimensional interpolation (on the same
rotating models) that also included variable age up to the TAMS. For
models up to 90% of the TAMS age, the standard deviation of the
T.g differences between the two approaches is 14.1 K. When limiting
to 2/3 of the TAMS age, this drops to 6.2 K. These values pale in
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comparison to the 250K of random measurement uncertainty ap-
plied later (Sec. 2.6). However, at the TAMS, whose location occurs
at different age for stars of different mass, an interpolator that has
both wy and age as variables does not perform well. This is why we
fixed the age at the early main sequence for our interpolation.

2.5.7 Viewing angle (inclination) effects

To account for the geometric effect of viewing angle, we drew a
random inclination angle for each star. For an isotropic distribution,
the probability of observing a star at some inclination, i, is propor-
tional to sini. Thus, we assigned each star an inclination following
P(i) « sini. When combined with the rotation rate, the inclination
determines the amount of observed gravity darkening (or brighten-
ing). In the Roche model approximation, the shape of the stellar
surface depends only on wy, and the geometric correction due to
viewing angle thus depends only on i and wy.> We used pre-computed
geometric correction factors Cr and Cr, calculated with GDit and
packaged with MEsA for interpolation and repeated use. This is much
faster than 10° function calls.

The geometric effect adds 63 K and 1.5 L of scatter to the tem-
perature and luminosity distributions of the stars, respectively. There
was only a small systematic shift in these distributions by 3 K cooler
and 0.0026 Ly brighter, respectively. We did not make additional
corrections for limb darkening, which Georgy et al. (2014) showed
to be negligible for stars with radiative envelopes in all but the most
extreme cases.

Across our > 1 million models, the median effect of rotation on
the observed T is —250.0 K. The most extreme case has AT =
—1591.2 K, which occurs for a 2.36-Mg, star rotating at wi = 0.966
and viewed at an inclination of i = 74.3°. At the 90th percentile,
AT = 576 K.

2.5.8 Effect of rotation on density and pulsation mode frequencies

Many stars at spectral type A pulsate as ¢ Sct stars (Kurtz 2022). Their
pulsations are acoustic modes whose frequencies depend on stellar
density. We foresee that our synthetic population will be useful in
studying populations of pulsators, hence we consider here the effect
of centrifugal deformation on mean stellar density, and hence on
mode frequencies.

At the mode of the rotational velocity distribution, centrifugal de-
formation reduces mean stellar density by several percent (Murphy
et al. 2022). As Qo approaches Qg (i.e. as wx — 1), the density
of the oblate spheroid relative to its non-rotating equivalent, p/pg,
approaches 4/9 (= 0.44; derived below). Since the frequencies of
acoustic pulsation modes scale with y/p (Ulrich 1986; Aerts et al.
2010), these are substantially reduced, too. Reese et al. (2008) and
Garcia Hernandez et al. (2015) have demonstrated that the astero-
seismic large spacing, Av, continues to scale approximately with 4/p,
even at rapid rotation.

Since the total stellar mass is constant, the effect of rotation on
stellar density is governed by the change in the Roche volume, which
follows from the scaling V ~ Rpqu. Given R = Ry, the ratio of the

5 One could, in principle, use w, instead, but since wy # wc, the functional
dependence is different. Further, GDit returns values based on inputs of wy,
hence we refer explicitly to wy, here.
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Figure 3. Individual additions to the scatter of stars in the HR diagram relative to single, non-rotating stellar models. (a) The combined effects of rotation
(centrifugal acceleration) and inclination (viewing angle). (b) The effect of any binary companion. (¢) Random measurement uncertainty, or ‘observational
scatter’. The small grey points show the background distribution of simulated stars, thinned by a factor 250. Each panel shows an observational box (magenta),
whose edges are =10 from its centre, using typically-adopted observational uncertainties (defined in Sec.2.6), i.e. £250K in T.g (0.0268 in log T.g) and
+0.07 dex in log L. Each arrow traces the same simulated star as each effect is applied, initially thinned by a further factor of 5, but only plotted if both ends of
the arrow are inside the plot window, hence there are more arrows in the first panel. Arrows for binarity are only drawn if the simulated star is a binary, causing
a further reduction in the number. The final panel gives the impression that random scatter is biased to the lower-left, but this is just the combined result of only
drawing arrows if both ends are inside the plot window and the stars having moved rightward in the preceding panels. The combined effects are summarised in

Sec.2.7.

new to the old volume is

VR (R’ (13)
Voo RS \Ro)’
and it follows from eq. § that
2 -2
R 1
£ (—0) = (1 + -wﬁ) . (14)
PO Req 2

With the relation Req = (3/2)Rp at wy = 1 (eq.9), one readily
obtains the earlier statement that p/pg — 4/9 as wi — 1.

We consider all acoustic mode frequencies, f, to scale with 4/p,
hence they are related to their non-rotating equivalents, fp, via

f 1o\
% = (1 + za)k) . (15)
All mode frequencies provided in this work are corrected for this
effect.

We only provide frequencies for radial modes, whose frequencies
in non-rotating stars were calculated with GYRE (Townsend & Teitler
2013) as described by Gatuam et al. (2026). For radial modes, the
first-order correction due to rotation in the Ledoux formula is zero
(Ledoux 1951; Aerts et al. 2010). We do not account for second-order
or higher corrections (see, e.g., Sudrez et al. 2006; Guo et al. 2024).
Additional known effects, such as the focusing of pulsation modes to
the equatorial regions of rapid rotators (Reese et al. 2013), are also
not accounted for here (nor in Gyre). Our frequencies are intended
to be indicative, i.e. valid at the population level, or ‘approximate’;
they should not be used for asteroseismic modelling. Our focus on
radial modes also avoids the issue of avoided crossings (Aerts &
Tkachenko 2024; Gatuam et al. 2026).

We do not demonstrate any applications of mode frequencies in

MNRAS 000, 1-21 (2025)

this work, but in the future we intend to use them for population-level
inference of pulsation properties, and we provide them for community
use. More information is given in Sec. 3.6 and the Data Availability
Statement.

2.5.9 Binary star properties (full sample only)

When drawing companion masses, it is not appropriate to draw from
a stellar IMF because companion masses are correlated with the
primary mass (and with orbital period). For each binary system we
drew a mass ratio according to a segmented power law as formulated
by Moe & Di Stefano (2017), that is, we drew from a probability
distribution p, oc g7 with slopes

Y= Ysmag for 0.15<¢g <030, (16)

Vargeg for 0.30 < ¢ < 1.00, 17

where the mass-ratio probability distribution p, is continuous at
g = 0.3. Mass ratios are generally smaller at larger orbital separa-
tions and the quality with which they are measured in the literature
varies markedly according to the sensitivity of various binary detec-
tion techniques. The most precise measurement of Ysmallg and Yiargeq
for A-type stars comes from a pulsation-timing study of 341 systems
(Murphy et al. 2018), but this covers only 1 dex inlog P, 4, Wwhereas
binaries are found over approximately 7 dex. Conversely, the broadest
survey covering the same mass range is by Gullikson et al. (2016),
covering 3.6 dex in log Py, ¢ but containing an order of magnitude
fewer binaries than the pulsation-timing sample (after sample clean-
ing performed by Moe & Di Stefano 2017), hence the uncertainties
are somewhat larger. The Gullikson et al. sample also only extends
to ¢ = 0.75, but Murphy et al. (2018) have shown that p, flattens
between 0.75 and 1.0, so the Gullikson et al. result can be trivially
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Figure 4. Unnormalised probability density for the binary mass ratios.

extended to ¢ = 1.0. The Gullikson et al. sample covers the mid-
dle of the log P, range, and its extended cumulative distribution
function (Fy 0.1-1.0) is almost identical to the Murphy et al. sample.
Hence, we adopted the Gullikson et al. result of ygpay, = 0.7 and
Yiargeq = —1.0 (Fig. 4). The mass ratio is then drawn by evaluating a
uniform random number between 0 and 1 against the corresponding
cumulative distribution function.

Once a mass ratio is drawn for the system, the companion’s lu-
minosity is estimated using a mass—luminosity relation, L o« M*-328
(Eker et al. 2015), and the primary mass and luminosity. The lu-
minosity of the two stars is then summed. Since we assume the
companions to be lower in mass and the primaries to be on or near
the main sequence, the secondaries are also on the main sequence
(they are not red giants), and the use of a mass—luminosity relation
is justified. This approach avoids the obvious problem that the sec-
ondary star will often have a mass lower than the low-mass limit of
our underlying model grid.

Estimating the companion’s effect on the observed effective tem-
perature is more challenging. Similar problems in the literature have
been solved by using fluxes and colours (Albrow & Ulusele 2022),
but these were not computed for our MEsa model outputs. Simula-
tions in appendix A of Murphy et al. (2015) used stellar spectral
synthesis and Balmer-line fitting to show that 7.4 misestimations of
300K are ‘easily introduced” when a binary consisting of two late-A
stars are misinterpreted as one star. However, spectral synthesis for
each binary is beyond the scope of this work; a simpler approach is
required. We simulated the effect on observed T, values by taking
a weighted average of the T, values of each component, weighting
by the luminosity ratio. Since the Tog values are not known for the
secondary in our binary synthesis, we sought a generalised form.
Specifically, we took pairs of non-rotating stars of the same age and
metallicity, and plotted their weighted average T, as a function of
their mass ratio. To access lower mass ratios (and for this purpose
only), we calculated extra models using the same MEsa inlist as Gat-
uam et al. (2026), down to M = 1.2 Mg. We found T, differences
peaking at 0.75 < g < 0.80 that reach —600 + 200 K, with the un-
certainty dominated by stellar age (Fig.5). Naturally, at ¢ = 1.0 the
inferred T.g difference is 0. For simplicity, we approximated this in
quadratic form as AT.g = 12000(g — 0.8)% — 500 for 0.6 < ¢ < 1.0,
and set AT.g = 0 for ¢ < 0.6. The latter choice is justified because
components with disparate temperatures become easy to distinguish
in spectral energy distribution (SED) fitting (Jadhav et al. 2021),
hence, would show up in a careful analysis of any given target. Since
the majority of the companions to A stars will have masses that
put them below the Kraft break (below ~ 1.4 Mg; Beyer & White
2024), we assumed the secondaries were non-rotating and we did
not centrifugally distort them. Our implementation of binarity dif-
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Figure 5. Simulated 7.4 difference between a 2.2-Mg star observed in isola-
tion and as part of a binary. The binary mass ratio is ¢ = M>/M,. Because
more massive stars evolve more quickly, the amplitude of the difference is
age dependent. There is negligible metallicity dependence for our synthetic
population.

fers from Georgy et al. (2014), who drew companion masses from a
uniform random distribution between 0.1 and 1.0, and who adopted
the primary T as the Tog of the binary.

To evaluate the reliability of our approximation, we considered
the eclipsing binary HD 23642 in the Pleiades (age ~120-170 Myr),
whose component masses and temperatures were measured by South-
worth et al. (2023). The stars have masses of 2.273 and 1.595 Mg,
hence a mass ratio of g = 0.70, and T, values of 10200 and 7670 K,
respectively. The TIC v8.2 gives T = 9962 (Paegert et al. 2021).
Our approximation estimates a T reduction of 380 K, while the
actual reduction is (10200 — 9962 =) 238 K. The difference of 142 K
is within the typical TIC T.g uncertainty (and well within the ac-
tual uncertainty of 449K for this target), and the proximity of the
two stars in their 2.4-d orbit has undoubtedly affected the Tg of
each star through mutual irradiation in this case. In summary, the
approximation appears valid for our purposes.

The effect of binaries will always be to increase the observed
luminosity and, if the companion mass is large enough to significantly
affect the SED, to decrease the observed Tog (Fig. 3b).

2.6 Observational uncertainty
2.6.1 When should uncertainty be added?

When stellar models are used to simulate an observed population, it is
important to add measurement uncertainty to the stellar properties.
We discuss the magnitude of that uncertainty in this subsection.
However, if the model population is used as a reference sample to infer
the properties of a real star with its own measurement uncertainties
(as in the examples we give later in Sec. 3.4 and 3.5), then one should
not add measurement uncertainty to the models.

2.6.2 Tog uncertainty

Observational uncertainties are often poorly quantified, especially in
effective temperature. It is common practice to quote random uncer-
tainties resulting from spectroscopic analysis by one specific code
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with little consideration for the underlying systematics, such as un-
certainties arising from inadequacies of model atmospheres, differ-
ences in outputs from different spectroscopic analysis codes applied
to the same data, or the accuracy to which those codes are cali-
brated (Byrne & Stanway 2023). A good summary of this was made
by Blanco-Cuaresma (2019). The Gaia General Stellar Parametriser
(GSP; Recio-Blanco et al. 2023) is a prime example, sometimes re-
turning implausibly small uncertainties of < 10 K. The GSP team is
aware of the issue.

The same can be said of spectral energy distribution (SED) fitting:
in publishing their new PySSED code for determining stellar effective
temperatures with SEDs, McDonald et al. (2024) provide a good
discussion of the effect of uncertainties on the inputs, but remark
that it is not possible to accurately quantify uncertainties on the
resulting effective temperatures. It is also known that photometric
and spectroscopic methods can give systematically different values
(Frebel et al. 2013).

There are some fundamental calibrators of effective temperature,
such as eclipsing binaries (Miller et al. 2020, 2022), the infrared flux
method (Casagrande et al. 2010, 2021), and interferometry (Mae-
stro et al. 2013; Casagrande et al. 2014; Jones et al. 2015; White
et al. 2018). Alarmingly, indirect methods of inferring temperature
are based on only a handful of such calibrator stars or systems, lead-
ing to a “calibration pyramid” susceptible to unknown systematic
errors (Tayar et al. 2022). Interferometric calibration suggests that
spectroscopy is accurate to about 2% for G stars (White et al. 2018)
and to 3% for B stars (Maestro et al. 2013), with A stars being some-
where in the middle. But rarely is any underlying accuracy from
calibrations of the T, scale factored in to quoted uncertainties for
individual stars. It is then left to individual users to implement a floor
in uncertainty (e.g. 2% in the Tg of A stars; Murphy et al. 2020).

We considered that one approach to inferring meaningful uncer-
tainties was to inspect the scatter in Teg values from various meth-
ods applied to the same star(s). Niemczura et al. (2015, 2017) con-
ducted such an analysis for spectroscopic temperatures of A stars
determined by different approaches (fitting Balmer lines, fitting Fe
lines) and compared them with temperatures from photometry: SEDs
and the Kepler stellar properties catalogue of Huber et al. (2014).
They found typical scatter between spectroscopy and SED-fitting
of +200K (~2.5%), which is greater than the formal uncertainties
quoted (e.g. 100K for the Balmer lines and Fe lines analysis). In
a more recent example, Kuef3 & Paunzen (2025) compared the T,
values of chemically normal A stars from multiple different cata-
logues of stellar properties, including the Gaia DR3 Apsis catalogue
(Fouesneau et al. 2023) and the revised TESS Input Catalogue (Stas-
sun et al. 2019). Between those two catalogues, they found a mean
T difference of 455 K and a standard deviation of 663 K. This large
difference is alarming, and far exceeds the typical Teg uncertainties
of A stars quoted in the TIC, which average a little under 200 K. Kuef3
& Paunzen (2025) also compared two other catalogues in permuta-
tion with the TIC and Gaia Apsis pipelines, and found differences
averaging ~200 K.

In light of the above, namely a floor of at least 2% uncertainty and
characteristic scatter of ~200K, it seems that a 250-K uncertainty
(those values added in quadrature) is a reasonable choice for late A
stars.

2.6.3 Luminosity uncertainty

For luminosity, the uncertainty estimate is much more situational.
In most cases, the uncertainty is dominated by two sources, namely
parallax and extinction, both increasing with distance. Extinction is
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highly variable across the sky, even at short distances and away from
the galactic plane (Green et al. 2019). This can make the uncertainty
correspondingly variable. Extinction is also filter dependent, mean-
ing the uncertainty on bolometric correction should be accounted for,
and Tayar et al. (2022) pointed out that bolometric fluxes (and hence,
luminosities) are accurate to a fundamental floor of 2.4% + 0.6%.
Parallax uncertainties are shrinking with successive Gaia data re-
leases (Gaia Collaboration et al. 2023), and for most TESS objects of
interest or asteroseismic targets, parallax is no longer the dominant
contributor to the luminosity uncertainty. This might not hold true
for upcoming space telescopes with larger mirrors (such as Roman;
Weiss et al. 2025) targeting farther stars.

This situational nature of the uncertainty budget makes it difficult
to elucidate a single value. There are also too few hot exoplanet hosts
to infer a ‘typical’ uncertainty used in the literature, so instead we
have sought one from asteroseismic work. For the cluster NGC 2516,
which lies some 1.3 kpc distant and includes many y Dor and ¢ Sct
stars, Li et al. (2024) adopted the equivalent of 0.13 dex of uncertainty
in log L. In the study of the Cep—Her Complex, which lies somewhat
closer at 340 + 30 pc, Murphy et al. (2024) provided uncertainties
equating to o (logL) =~ 0.04dex. Outside of clusters, the values
are less homogeneous: for Kepler ¢ Sct stars, Balona (2018) used
0.052 dex, which was provided without discussion; Murphy et al.
(2019) implemented Monte Carlo simulations that yielded a median
uncertainty of o-(log L) = 0.029 dex; and Bowman & Kurtz (2018)
used log g in place of log L. Other recent asteroseismic studies of
TESS A stars have assumed an uncertainty (0.1 dex; Diirfeldt-Pedros
et al. 2024), or did not calculate one (Gootkin et al. 2024).

The above discussion highlights how variable luminosity uncer-
tainties can be. For this work, we ultimately adopted a simple average
of the above five numbers for 0.07 dex of log L uncertainty, noting
that our motives spanned both the calculation of realistic uncertain-
ties where possible and capturing those used by others.

2.6.4 Summary of observational uncertainty

In summary, we added Gaussian-distributed observational uncer-
tainty to the T (250 K) and log L/Lg (0.07 dex) values, providing
these in additional columns of our output files. These values cor-
respond to the observational box in Fig.3. The magnitude of the
uncertainties above may need modification when applied to certain
stellar populations, e.g., nearby stars with smaller parallax uncer-
tainties. Users may wish to replicate our detailed recipe to produce
synthetic populations suited to their use cases. For further reading,
Tayar et al. (2022) provide an in-depth analysis focused on Sun-like
stars.

2.7 Summary of population synthesis

We have taken a grid of models of ‘intermediate’ mass (1.4-2.5Mg)
and sampled them with a Salpeter-like IMF. Their metallicities were
sampled in accordance with young A stars in the solar neighbour-
hood, and we ensured that models were sampled equitably in age so
as not to bias any particular evolutionary phase. We randomly drew
for stars to be binaries according to known binary fractions, and drew
companion masses consistent with measured mass-ratio distributions
for A stars. We also drew rotational velocities from the measured dis-
tributions for A stars, accounting for dependence on both stellar mass
and binarity. The centrifugal effects of rotation were applied. Each
star was assigned a viewing angle (inclination), which further affects
the observed properties. Random observational error was also added.
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Figure 6. (a): The distribution of log L /L differences, compared to single
non-rotating stars, caused by binarity (right ‘y2’ axis), by rotation (left ‘y1’
axis), and by simulated random measurement error (left axis). Also shown
is the total (sum) of these distributions (left axis). (b): As above, but in T.g.
Notes: For the binarity histograms, only the values for binary stars are shown,
otherwise non-binaries contribute an even larger peak at x = 0 in both panels.
Although measurement error is random, binaries only add to the luminosity
and subtract from the inferred T.g. Similarly, the effect of rotation is always
to decrease the observed T¢g.

The various contributions to the final temperatures and luminosities,
and their differences from single non-rotating models, are shown in
Fig. 6.

Hereafter we distinguish between five stages of stellar parameters,
which are all available as separate columns in the output files (see
also Fig. 1):

(i) Original properties are those of the original non-rotating mod-
els, without any effects of rotation, binarity, or random measurement
uncertainty applied.

(i) Model properties are those of rotating model stars, after cen-
trifugal deformation has been applied, but without any effects specific
to the observer, such as viewing angle.

(iii) Inclined properties are the model stars (ii), further modi-
fied to apply viewing-angle effects arising from the inclination and
rotation rate.

(iv) Binary properties are the inclined properties (iii) after also
applying the T, and log L effects of a binary companion. This con-
stitutes a reference stellar population against which to compare real
observed stars. This stage is skipped for the special no_binaries
sample.

(v) Observed properties correspond to the previous step (iv in the
full sample, oriiiin the special no_binaries sample), plus random
observational error, useful for theoretical population-level studies. By
separating this column from its previous steps, it becomes trivial for
users to apply measurement uncertainty of a different magnitude.

In the following applications, we explicitly state to which proper-
ties we refer and help the reader understand which properties to use
in various contexts.

Population synthesis for A-type stars 11

Teff, K
9000 8000 7000

— 2000

11750

11500

11250

Myr

11000 -

Age

1750

1500

1250

3.975 3.950 3.925 3.900 3.875 3.850 3.825
log Tesr

Figure 7. Hertzsprung—Russell diagram of the synthesised population,
thinned to every 50th star, colour-coded by age. Solid blue and red lines are
the theoretical ¢ Sct instability strip edges determined with time-dependent
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Figure 8. The great mixer: various physical effects shift synthesised stars
into and out of the observational box (magenta) described in Figures 3 & 7.
The small grey points show the background distribution of synthesised stars,
thinned by a factor 250. Blue arrows show the initial and final positions,
corresponding to original and observed parameters, for stars that were initially
inside the box but got scattered out. In contrast, orange arrows show the stars
that were originally outside the box but got scattered in.

3 APPLICATION TO STELLAR PARAMETER INFERENCE
3.1 Demonstration that age inference can be biased

An HR diagram of the observed parameters of our synthesised pop-
ulation is shown in Fig. 7.

The effects of centrifugal deformation are to move stars to the
right (and slightly down) in the HR diagram, and the effects of un-
resolved binaries are to move stars up and right in the HR diagram.
These individual contributions were shown in Figs 3 & 6. Hence,
any population-level analysis that assumes stars are single and non-
rotating will be strongly biased. Random observational error further
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broadens the distribution of stellar properties in any given region in
the HR diagram. To indicate the net effect, we consider the impact
upon an ‘observational box’ of stars, as shown in Fig. 8. These pro-
cesses explain why the binary main sequence that exists for late-type
stars (Gaia Collaboration et al. 2018) is not evident for early-type
stars.

It is clear from Fig. 8 that selecting stars from a narrow range
of observed T.g and log L does not succeed in constraining their
physical properties to the same extent. The resulting mass and age
distributions change markedly (Fig. 9). The mass distribution is 44%
broader, and while the change in its mean of 0.0058 Mg is small,
the large sample sizes of stars originally (n = 23538) and ultimately
(n = 22945) in the observational box makes it statistically significant:
Welch’s ¢-test, which is like a student’s z-test but is calculated without
the assumption of equal variance of the two samples, gives a p value
of 5 x 10713 for the null hypothesis of identical means. The age
distribution shows more pronounced change. It becomes broader,
skewed, and shifted. The central 95% of the distribution has changed
from 383-1028 Myr to 47-980 Myr, and its median changed from
735 to 497 Myr. The magnitude of the effect depends on the Teg
and distance from the ZAMS of the observational box, as we shall
show in the next subsection. Any inference based on HR diagram
position may be biased by the above effects. An obvious example,
which we discuss below, is isochrone fitting. Asteroseismic examples,
including the use of observations to calibrate theoretical instability
strip boundaries and period-luminosity relations, will be the subject
of future work.

3.2 Expected mass and age uncertainties across the A-star
main sequence

To analyse the dependence of the age bias on position in the HR
diagram, we calculated the difference between the observed and
the original ages, as a fraction of the original age. Non-rotating
isochrones will estimate ages similar to the original age, i.e., without
the effects of rotation and binarity. We use the observed properties
(rather than the binary properties) because we are making a theoreti-
cal comparison between two sets of models, and we want to know the
magnitude of the bias and random uncertainty that one can expect
from isochrone fitting of a real star. Since the latter would have its
own positional uncertainty, we must simulate that uncertainty here by
adding the measurement uncertainty (scatter) to the synthetic stars.

We used a grid size of 0.004 in log T, and 0.05 in log L/Le,
and discarded results from cells with fewer than 5 simulated stars in
either the original or the observed parameters. Fig. 10a shows that
the observed ages of stars near the ZAMS are much higher than sin-
gle non-rotating models would predict.® In other words, isochrones
will systematically underestimate ages at the ZAMS. This is largely
because random measurement uncertainty can scatter older stars into
this region, but there are no younger stars around to scatter in to
compensate. Meanwhile, the systematic movement of stars upward
and to the right also carries away some of the younger population.
Away from the ZAMS, ages are systematically overestimated by tens
of percent. This is because, for any given cell, younger stars from the
lower left will have moved in, while stars originally in the cell will
tend to move up and right.

In addition to the bias, there is a methodological random uncer-
tainty, which we calculated as the standard deviation of stellar ages

6 Although the colour bar is capped at 100%, 31 of the 165 cells with positive
A age had values exceeding 100%, and 15 of those exceeded 200%.
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Figure 9. The distribution of stellar masses (a) and ages (b) of stars within an
observational box, before (grey) and after (blue) taking into account the effects
of binarity, rotation, and random observational uncertainty. The leftmost
bin of the original age distribution consists of pre-MS stars crossing the
observational box.

within each cell (Fig. 10b). This random uncertainty is larger for
lower mass stars, which have longer lifetimes, but even for higher
mass stars the error is seldom less than 100 Myr. Across the 1022
cells with more than 5 stars, only 92 (9.0%) of them have random
uncertainty <100 Myr.

Mass estimates are also biased when similarly inferred from po-
sitions in the HR diagram alone (Fig. 10c). Strong biases are seen
at the ZAMS, but unlike for ages, substantial biases are not seen
in the middle of the main sequence. This is probably because the
movement vectors of stars in the HR diagram due to rotation and
binarity are almost parallel to evolutionary tracks. Biases also exist
at the TAMS, but other effects are important there, and our analy-
sis is not immune to all of them. For instance, we did not include
the evolutionary effects of rotation, nor how model parameters such
as core overshooting affect the TAMS location (e.g. Claret & Torres
2016). Conversely, an effect we have accounted for is model sampling
density: because evolution is much faster in the post-MS contraction
phase, isochrone analyses must account for this difference in prior
probability (Pont & Eyer 2005; Jgrgensen & Lindegren 2005; Dotter
2016). In our synthetic population, this effect is ‘built in” because
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Figure 10. Ages (left) and masses (right) based on position in the HR diagram are susceptible to bias due to rotation and binarity. This figure shows the typical
bias (top) and uncertainty (bottom) one can expect in each parameter from position-based inference such as isochrone fitting. (a) Age bias, calculated as the
observed minus original age, as a percentage of the original age, for all cells containing 5 or more stars. The colour bar shows the change in mean age in the
cell. In red regions, non-rotating isochrones will underestimate stellar ages; in blue regions they overestimate ages. (b) The standard deviation of observed ages
in each cell, interpretable as methodological random uncertainty. Solid black lines are evolutionary tracks labelled with their masses in Mg, stretching from
the ZAMS to the TAMS, computed with zero rotation and with solar metallicity, for reference. (¢) Masses are also biased at the ZAMS, where non-rotating
isochrones will underestimate them. Although there is a bias at the TAMS, it is smaller and there are other effects to consider (see the text). There is little mass
bias across most of the main sequence. (d) Methodological random uncertainty on mass, which is greater for more massive stars and rapid rotators.

models are sampled uniformly — fewer models will be found there
per Myr.

The methodological random uncertainty in mass increases towards
higher luminosity (Fig. 10d), except at the top left of the figure where
the edge of our grid is apparent (there are no higher-mass stars to
scatter down). We attribute this trend to two effects: (i) a fractional
dependence on mass, meaning that a given fractional mass uncer-
tainty equates to a higher absolute uncertainty for more massive
stars; and (ii) more massive stars rotate more rapidly, on average,
hence are located farther from their non-rotating counterparts on the
HR diagram than is typically the case for low-mass stars.

3.3 Confirmation via fitting of public isochrones

To confirm the above effects, we fitted publicly available isochrones
to our simulated stars and evaluated the difference between their
physical properties and those returned by the isochrones. We used
both DSEP (Dotter et al. 2008) and MIST (Dotter 2016) isochrones,
and importantly, we analysed available isochrones built from models
of different rotation rates: 0% and 40% of critical’ (‘non-rotating’
and ‘rotating’ isochrones, hereafter).

Isochrones were matched to the simulated observed T and log L
values by least-squares using the kiauhoku model grid interpolator

7 At source and in the literature citing it, ‘critical’ is used to describe the
rotation of these isochrones, but they were calculated using wy, not we.
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in particular, that isochrones underestimate ages at the ZAMS.

introduced by Claytor et al. (2020). In Fig. 11, we show the difference
between the simulated (known) and the isochrone (inferred) ages and
masses. The results are qualitatively similar to those in Fig. 10, with
quantitative differences arising from the difference in input physics
between the DSEP isochrones and the grid of models upon which
our population synthesis is based (Gatuam et al. 2026). Comparisons
against non-rotating and rotating MIST isochrones (Figs B1 & B2),
are also qualitatively similar. The latter comparison is important. It
shows that using rotating models of a single rotation rate does not
remove the bias in the inferred age and mass. This is not because
wg = 0.4 is a poor choice for rotating isochrones; on the contrary,
this is where the mode of the rotation velocity distribution lies (as we
showed in Fig.2). Instead, it is probably because centrifugal effects
scale as Q2, so rapid rotators dominate the observed effects.

We calculate that a 25% age overestimation for stars in the middle
of the main-sequence still remains when using rotating isochrones,
and underestimations reaching ~100% remain near the ZAMS. These
biases are accompanied by methodological random uncertainty, as
we showed in Sec. 3.2, and these effects are not currently accounted
for in isochrone fitting in the literature.

3.4 Towards realistic parameters and uncertainties with
simulation-based inference: application to a hot exoplanet
host

All is not lost. Stellar parameters can be inferred on a statistical basis
by comparing a target star’s position on the HR diagram to a reference
sample constructed from realistic distributions of stellar properties.
In essence, one asks “what are the properties of nearby stars on the
HR diagram?”, and assumes the target star has similar properties.
Here we give a worked example for a hot exoplanet host,
TIC 97568467 = TOI2497 = HD250208. This target was chosen
without prejudice: it was the first result on the NASA Exoplanet
Archive for a “Published Confirmed” planet discovered by TESS
with stellar 7o > 7000 K, at the time of experimental design (2025
Apr). It also helps that the authors (Rodriguez et al. 2023) did a thor-
ough host star characterisation, underpinned by isochrones. They
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used EXOFASTv2, which uses MIST isochrones, to infer a system

age of l.OOJ:%zlz9 Gyr, based on measurements of Tp = 7350t2275(()J K

and L = 14.7f2]'% Lo (their table 6). They also inferred a mass of
1.859 + 0.085 M.

Our Fig. 10a suggests that the age of HD 250208 is likely to be
overestimated by 20% if non-rotating isochrones were used. It also
suggests a methodological random error of ~300 Myr. In the fol-
lowing, we revise the stellar mass and age by comparison with our
simulated population. Importantly, for this reference population we
use the binary parameters, i.e. without scatter added, since the target
already has T, and L uncertainties. We treat the stellar rotation as
unknown.®

In general, Gaussian uncertainties on a star’s position in the HR
diagram do not produce Gaussian uncertainties in the underlying
stellar parameters, not just because evolutionary tracks lie at an angle
to the T,5—L axes, but for various evolutionary effects such as more
massive stars evolving more quickly and there being fewer of them.
Our first step was therefore to use error ellipses, calculating distance
on the HR diagram as

d = ATy ? + A_L 2
o T oL
also known as the Mahalanobis distance. In this calculation, we re-

tained the asymmetric uncertainties on 7, and log L. These distances
were then used as weights, w = exp(—%dz), for a Gaussian kernel

density estimate (KDE) in the desired variable.” We considered all

8 In principle, if one has v sini, then this prior can inform the outcome.
However, since one does not typically know either v or i independently, a low
v sin i does not necessarily have a strong bearing on the results. A large v sin i,
however, will always imply rapid rotation and a near-equatorial viewpoint,
and that the star is more massive and younger than isochrone fitting implies.
9 One could implement weights as w = 1/d?, but it becomes necessary
to cap the maximum weight so that points with a very small Mahalanobis
distance do not dominate the KDE. A cap at d = 0.5 (maximum weight =
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Figure 12. The position of the exoplanet hosts HD 250208 and HD 56414 are
shown with their 1 o~ uncertainties as the red crosshairs. The binary properties
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stars. These form the reference sample. Simulated stars with a Mahalanobis
distance < 3 from each planet host are shown as coloured points with no
thinning; the colour bar is the weight, w = exp(— %dz). Solid black lines are
the evolutionary tracks from Fig. 10.

simulated points with d < 3 when calculating stellar properties
(Fig. 12).

It is important to refrain from ‘correcting’ for model density. From
Fig. 12 itis apparent that the model density is sparser to the upper left.
This is because we sampled stellar masses from the IMF. Similarly,
the absence of stars in some parts of the HR diagram, such as below
the ZAMS, is real: there are no models there because there should
be no stars there. The model density is the prior, and one should
not ‘correct’ for it. Some combinations of stellar parameters are
intrinsically less likely, and some are impossible without complex
binary evolution.

Returning to the specific case of HD 250208, we first applied our
simulation-based inference to the host star mass. The probability den-
sity function (PDF) of the KDE is shown in Fig. 13a. The median and
+10 uncertainties were calculated by integrating the PDF, thereby
calculating the cumulative distribution function, and evaluating it at
percentiles of 50, 84.1, and 15.9, respectively. Our calculated mass,

1.75*0:10 M4, is lower than the published mass by 0.10 M.

-0.10
We similarly inferred the stellar age to be 857{%‘; Myr, which is

lower than the published age by 10-. Note that we inferred a strongly
skewed probability density function for the stellar age (Fig. 13b).

Some stellar properties might exhibit strong correlations. The
properties of the simulated points in the vicinity of HD 250208 are
essentially posteriors, and it is trivial to make corner plots to see
how the system properties could be further constrained by certain
observations. We demonstrate this in Sec. 3.6.

3.5 Application to a younger star

Here we provide a second example: HD 56414. It is a somewhat
younger star and was chosen as the hottest exoplanet host on the
NASA Exoplanet Archive with a “Published Confirmed” planet

4) and normalisation constant of 1/4 gives qualitatively similar results to our
formula.
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Figure 13. The probability distribution function (PDF) for the mass (a) and
age (b) of the exoplanet hosts HD 250208 and HD 56414, calculated via
kernel density estimation using the Mahalanobis distance as weights. The
reported values are medians (also shown as dashed vertical lines), and the
1 0 uncertainties (indicated by the shaded areas).

discovered by TESS. Giacalone et al. (2022) give a stellar Teg of
8500 + 150K and a luminosity of L = 14.39 + 0.34 L. The lumi-
nosity uncertainty is far smaller than that of HD 250208, producing
a very different uncertainties profile (Fig. 12). Since their T, uncer-
tainty is smaller than 2%, we used a 2% uncertainty (170 K) instead,
as per our discussion in Sec. 2.6.

Proceeding with the same approach as for HD 250208, we infer
a stellar host mass for HD 56414 of M = 1.85*%-97 My and an

-0.06
age of 296’:21%11 Myr (Fig. 13). Note that the age distribution appears

slightly bimodal, or featured around the mode. This could reflect
that the underlying reference population is ultimately quantised, par-
ticularly in mass. As the uncertainties on the target star become
smaller, the model physics and sampling become more important.
We discuss this in more detail in Sec. 3.7. However, the mass dis-
tribution for HD 56414 does not appear multimodal, so quantisation
in mass is probably not the correct explanation in this case. Other
possible explanations are that pre-MS models are well represented
in the posteriors, causing a rise in probability density at very young
ages, or that the KDE bandwidth is too narrow (we used the default,
automatic bandwidth estimation). Users replicating our approach or
using RAPID (Sec. 3.6) should take care in choosing an appropriate
bandwidth for stars with small observational uncertainties.
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Figure 14. A screen capture from RAPID showing an example target,
KELT-20, its corresponding probability density field, and the resulting mass
and age posteriors.

Finally, we note that Giacalone et al. (2022) quoted an age in
their exoplanet discovery paper of 420 + 140 Myr. This age came not
from isochrone fitting of HD 56414 directly, but from its membership
in Theia 797 (Kounkel & Covey 2019), whose age was determined
via machine learning and isochrone fitting of the whole association.
That age should therefore be rather well determined. It is consistent
with ours at 1o. In cases like this where additional age priors are
available, one should not expect that our approach necessarily returns
more accurate or more precise ages, but visualising the age posteriors
may nonetheless be scientifically useful, up until the target star is
overconstrained. That is the topic of Sec. 3.7.

3.6 Introducing RAPID, the applet

We have created RAPID (Rotation-Aware Probabilistic Inference
Dashboard), an applet that readers can use to quickly infer mass
and age distributions of target stars, similarly to our presentation of
HD 250208 and HD 564 14. Figure 14 displays a screen-capture from
RAPID in use. RAPID implements an interactive visualization and
inference tool for exploring stellar properties on an HR Diagram. It
allows users to define a target star by specifying its effective temper-
ature and luminosity, along with asymmetric uncertainties in both
quantities. The target point and its uncertainty bounds are directly
manipulable via draggable graphical elements or editable text fields,
enabling intuitive exploration of parameter space. The background
displays a population of synthetic stars, which can be toggled between
the full (default) or no_binaries samples, along with stellar evo-
lutionary tracks that provide astrophysical context for the selected
position.

A key feature of RAPID is its use of distance-based weighting to
identify stars in the dataset that are consistent with the user-defined
target. A generalized Mahalanobis-like metric is computed using the
asymmetric uncertainties, and selectable weighting schemes (expo-
nential or inverse-square) are applied to assign likelihood weights to
nearby stars. These weights are visualized as a continuous density
field around the target out to 30~ and are subsequently used to derive
posterior distributions for stellar parameters such as mass and age.
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Gaussian KDEs are employed to produce smooth probability den-
sity functions, from which median values and credible intervals are
extracted and displayed on “Compute."

In addition to one-dimensional summaries, RAPID supports
higher-dimensional exploration through the generation of corner
plots for selected stellar parameters. Users can dynamically choose
which parameters to include, and the resulting weighted distributions
are visualised with annotated quantiles for each parameter. Together,
these features make RAPID a flexible tool for interactive stellar pa-
rameter inference, combining visualisation, uncertainty propagation,
and statistical estimation within a single interface. One can also ex-
port the 30 data selections as a csv file containing all columns, as
well as Tog, L, and weights, for further investigation. This can be
particularly useful for exploring cuts based on an observed v sini.

An example corner plot is shown for KELT-20 (MASCARA-2;
HD 185603) in Fig. 15, where we took observed properties from Tal-
ens et al. (2018) after inflating the T, uncertainties to 2% (Sec. 2.6),
and made these RAPID’s defaults. A few aspects of the plot are
noteworthy. Due to rotation, the posterior distribution of equatorial
radius is consistently larger than that of the polar radius, which can
be expected to influence exoplanet transit properties, such as dura-
tions. Nonetheless, this radius is 20~ smaller than the published one

(1. 89*% %65 Ro; Talens et al. 2018). Also, we note that our inferred age

distribution (166™ 11% Myr) skews younger than the literature value

(200t‘5%0 Myr; Talens et al. 2018). Finally, because KELT-20 is so
young (lies close to the ZAMS), certain parameter combinations are
inherently less likely. For instance, models with metallicity higher
than solar are improbable (and at smaller polar radii, impossible) be-
cause evolutionary tracks of higher metallicity lie at systematically
cooler Teg and higher L. In other words, for such tracks KELT-20
would lie below the ZAMS. These aspects demonstrate the utility of
RAPID and underlying data.

Users should take care not to push too far to the edges of the
grid, since the resulting statistics will be incomplete. It would be
particularly unwise to allow the 30 selection to exceed the input mass
range (1.4-2.5Mgp). Additionally, if the provided uncertainties are
too small, the mass KDE can become jagged, reflecting the quantised
nature of the input grid. The mass histogram bandwidth is therefore
adjustable, should it be necessary, but this will affect the resulting
uncertainties. The corner plots, which also apply weights but are
not KDE-based, do not have the same problem. Corner plots also
continue computing weights out to 100, rather than the 30 of the
KDE:s. Further caveats pertaining to the data are discussed next.

3.7 Caveats

Occasionally, targets are so astrophysically important that they are
tightly constrained via a multitude of observations. This is more com-
mon for nearby stars, and especially pronounced for those accessible
to interferometry. Such is the case for HR 8799, which in addition
to interferometric constraints (Baines et al. 2012) even has its mass
constrained from the dynamics of its orbiting planets (Sepulveda &
Bowler 2022), and its age constrained by substellar evolution models
of those planets (Brandt et al. 2021).

Even without dynamical constraints, HR 8799 has such small ob-
servational uncertainties, particularly on luminosity, that the uncer-
tainty in its observables no longer dominate the outcomes. Instead,
the model physics has strong bearing. The chosen metallicity dis-
tribution of the reference models, including the metal mass fraction
chosen for the Sun as the reference star, the helium mass fraction,
amount of core overshooting, etc., all influence the result. Sepul-
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Figure 15. A corner plot of KELT-20, generated using RAPID. The numbers above the diagonal histogram panels represent the median and 1 o spread. These

values are also depicted by the dashed lines on the histogram.

veda & Bowler (2022) conducted a boutique analysis for this target
to achieve an ultra-precise age (10-23 Myr), which is simply out of
reach of generalised tools built for just 7o and L as inputs.

We therefore conclude with an advisory to use this tool with its
intended purpose in mind, and not to expect to match ultra-precise
ages obtained via a multitude of additional, precise priors.

Finally, we address the temptation to use the no_binaries sample
in order to achieve smaller error bars on stellar parameters. The
purpose of uncertainties is not to have them be as small as possible,
but rather, to have them be realistic. Hence, where binaries are not

excluded by other means, one should use the full sample (‘include
binaries’ button, in RAPID).

4 CONCLUSIONS

We have synthesised a population of intermediate-mass stars with a
solar-neighbourhood metallicity prior and a Salpeter-like initial mass
function. To this population, we have added binary star companions,
applied the centrifugal effects of rotation to the stellar temperature
and luminosity, and assigned random observed inclinations based on
an isotropic distribution of inclination axes. The corresponding ef-
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fects of gravity darkening (or brightening) and luminous companions
have been incorporated. Most of these systematically affect observed
quantities, meaning that they move stars in a preferred direction in
the H-R diagram. We have also added random measurement error,
which can move stars in any direction.

The impact of the above effects, compared to non-rotating models
without uncertainty, is substantial. Rotation alone can change the
observed effective temperature by over 1000 K, compared to a non-
rotating model of the same mass, metallicity and age. We presented
an example featuring an observational box, comprising a Teg—log L
location and all of the stars within 1o of it, whose distribution of
masses is 44% broader, and whose age distribution becomes broader,
asymmetrical, and systematically younger, when one accounts for
rotation, binarity, and random measurement error.

The implications are wide-reaching. Proximity on the HR diagram
does not guarantee similar physical properties such as mass or age,
even for stars with comparable metallicities. Moreover, these prop-
erties cannot be inferred as precisely as often assumed from Teg
and L alone. Strong biases, as well as intrinsic scatter of ~100 Myr
and ~0.1 Mg, exist when deriving physical parameters from these
observables. Because isochrone fitting relies on these same inputs,
its accuracy and precision for hot stars (above the Kraft break) are
significantly lower than commonly believed. We have also demon-
strated this by fitting isochrones to our synthetic population. These
findings are especially relevant at a time where automated pipelines
apply isochrone-based methods to large stellar datasets with little
human oversight.

To further demonstrate the above effects, we modelled two “Pub-
lished Confirmed” hot exoplanet hosts using our synthetic population,
finding younger ages than those published. E.g. for HD 250208, our
age probability distribution has a lower median (857 Myr) than the
published age of 1 Gyr, and has a strong skew towards younger ages.
Our analysis of KELT-20 also skews younger than published values.
If the properties of other hot exoplanet hosts systematically differ
from their published values, the effect on exoplanet demographics
could be substantial.

The synthetic population is available to the community, and we
have provided an applet, RAPID, to interface with it.

Future work will include simulating open clusters, investigating the
broader population of exoplanet hosts, and an application to aster-
oseismology, both in modelling the period—luminosity relationship
and in refining the intrinsic boundaries of the ¢ Sct instability strip.
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APPENDIX A: CALCULATION OF EFFECTIVE
TEMPERATURE FOR A DEFORMED STAR

Rotation deforms the stellar surface through centrifugal acceleration,
which in turn affects the relation between luminosity, surface area,
and the global effective temperature. We introduced this effect in Sec.
2.5.6. Here, we compare different methods for calculating the global
effective temperature of a centrifugally distorted star. These include:

(i) Effective temperature from mesa (Teq MmEsa): The effective
temperature reported by MEsA is set through the atmospheric bound-
ary conditions. As noted in Paxton et al. (2013) and Jermyn et al.
(2023), MEsA treats rotation in one dimension using the shellular ap-
proximation, such that centrifugal distortion enters the stellar struc-
ture equations through correction factors. In the rotation formalism
described by Paxton et al. (2019), these correction factors are com-
puted using analytical fits to Roche equipotentials.

In the underlying MEsa models used in this work, the atmosphere
is described using the Eddington 7—7 relation,

T*(1) = %T;‘ﬁ (T + %) . (AD)
With the photosphere boundary taken at 7 = 2/3, this gives
T(t = 2/3) = Tg. For this adopted atmosphere prescription, the
temperature at the photosphere boundary equals the effective tem-
perature. The corresponding MEsA value can therefore be expressed
as
1/4
L
Teff MESA = R o] (A2)
g photO-SB

where L is the stellar luminosity, osp is the Stefan-Boltzmann con-
stant, and Rppey is the radius of the layer at 7 = 2/3.

For our population synthesis models, we use an interpolator based
on rotating MEsa models (see Sec.2.5.6) to compute Tof MESA at
the sampled rotation rates. This serves as the benchmark effective
temperature against which we compare the other definitions.

(i) Oblate spheroid effective temperature (Tes oplate): Temper-
ature calculated using the surface area of the corresponding oblate
spheroid:

L 1/4
Terr ,oblate = S (A3)

oblateUSB
where L is the luminosity, ogp is the Stefan-Boltzmann constant,
and Sgp]ate 18 the surface area of the oblate spheroid given by:

1-é?

1+ tanh~! (e)

, (A4)

2
Soblate = 27Rzq

\J1 = (Rp/Reg)?.

(iii) Volumetric-equivalent radius temperature (Tef volumetric):
Temperature calculated using the radius of a sphere with the same
volume as the oblate star:

with eccentricity e =

Ryl = (RGRp)', (A5)
L 1/4
Ter ,volumetric ( 42— ) . (A6)
ﬂ'RVOla'SB

(iv) Roche-approximation effective temperature (T.g roche):
Temperature calculated using the surface area given by the analyt-
ical approximation to the Roche equipotential adopted in the MEsA

rotation formalism:
1/4
L
(—) , (A7)

T,
eff.Roche SRocheTSB
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Figure Al. Comparison of effective temperature calculations for rotating
stars. (a) The distribution of temperature differences between various cal-
culation methods. The histograms display the deviation of Teg Roche (blue),
Tt volumetric (red), and Tefr oblate (green) from the MEsa-reported temperature
Terr MESA- (b) The temperature differences between these methods and MEsa
for our population synthesis models as a function of rotation rate. (c¢) The
temperature differences between the Roche shape and the oblate spheroid.

where L is the stellar luminosity, ogg is the Stefan—Boltzmann con-
stant, and

2 “’i 4 6
Soche = 4TRG |1 - = +0.08525 i — 0.04908 wf | (A8)

with Req the equatorial radius and wy = Q/Qg. This expression
provides an approximate surface area for a centrifugally distorted
star in the Roche model. It comes from Paxton et al. (2019), where
the error on Sgoche 18 described as being <0.01%.

For these calculations, we followed a similar methodology as de-
scribed in Sec. 2.5.4 to get the critical rotation rate and the equatorial
radius of a centrifugally deformed star. The luminosities for (ii), (iii)
and (iv) were derived from an interpolation function based on MEsA
rotating models, as in Sec. 2.5.6.



Figure A1 shows the differences between the various effective
temperature estimates. Relative to Teg MEsa, the mean offsets are
Teff oblate — Teff, MESA = —28.8K, Teft volumetric — Teff, MESA =
—23.9K, and Tef Roche — Teff,MESA = —15.6K. The correspond-
ing standard deviations are 16.02 K, 10.86 K, and 12.90 K. While all
methods yield similar effective temperatures for slowly to moderately
rotating young stars, the differences grow with increasing wy. Yet the
magnitude of these differences is small compared to the underlying
effect: centrifugal distortion can cause T, reductions of ~1000 K
for the most rapid rotators, whereas the shape based methodologi-
cal uncertainty we identify here is an order of magnitude smaller.
Throughout this work, we adopted the effective temperature calcula-
tion for the Roche shape, Tefr Roche-

APPENDIX B: ADDITIONAL ISOCHRONE
COMPARISONS

Here we provide additional figures demonstrating that biases
in inferred masses and age remain when using different public
isochrone datasets, including those constructed from rotating mod-
els (Figs B1 & B2). The differences in these figures are subtle. Their
main differences are the location of the ZAMS and the TAMS at the
higher-mass end (both are hotter for the non-rotating models), and in
the shading of the age differences (larger differences are encountered
for non-rotating models). Thus, the use of rotating isochrones only
slightly diminishes the bias in inferred ages; it still remains at the
25% level in the middle of the main-sequence, and remains at ~100%
near the ZAMS.

This paper has been typeset from a TgX/IATgX file prepared by the author.
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102

Figure B1. As Fig. 11, but for MIST isochrones constructed from non-rotating models.
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Figure B2. As Fig. 11, but for MIST isochrones constructed from models rotating at 40% of their critical rotation rate.
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