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ABSTRACT
Interpreting the observed properties of intermediate-mass stars requires accounting for rotation, binarity, intrinsic population
diversity, and measurement uncertainty. We combine these effects in population-synthesis models of 1.4–2.5 M⊙ stars that include
pulsation properties of 𝛿 Sct variables. The synthetic populations successfully reproduce the distributions of stars observed in
young associations, validating the mapping between intrinsic and observed stellar properties. Using these models, we infer a semi-
empirical 𝛿 Sct instability strip by matching synthetic and observed populations. The resulting instability strip is systematically
hotter than widely used theoretical prescriptions, implying that 𝛿 Sct stars are on average 0.1 M⊙ more massive than previously
assumed, with 95% of the population spanning approximately 1.50–2.30 M⊙ . We then investigate the 𝛿 Sct period–luminosity
relation and reproduce its recently identified second ridge with mixture models in which roughly one-third of stars have the fifth
or sixth radial overtone as their dominant mode; the fraction increases in younger populations. In contrast, unresolved binarity
does not account for the second ridge. Finally, we predict the population-wide distribution of asteroseismic large separations,
Δ𝜈, finding a peak between 6 and 7 d−1, in agreement with recent observations. We also demonstrate that Δ𝜈 is most reliably
measured with the échelle technique, while autocorrelation methods can produce spurious detections when used in isolation.
These results show that population synthesis provides a powerful framework for interpreting populations of 𝛿 Sct stars and for
linking stellar evolution, pulsation, and observation.
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1 INTRODUCTION

Population synthesis models are common tools for investigating a
wide range of astrophysical phenomena, from the formation of subd-
warf B stars (Rodríguez-Segovia et al. 2025) to the impact of different
stellar initial mass functions on the mass-to-light ratios of galaxies
(Zonoozi et al. 2025). Binary population synthesis models are par-
ticularly prevalent and incorporate the effects of orbital evolution to
describe the various phenomena that arise therefrom (e.g. Riley et al.
2022; Li et al. 2024; Osborn et al. 2025). Such models are useful
for establishing the occurrence rates of rare events, or examining the
interplay of complex astrophysical processes.

Simulating stellar populations with differing input physics can help
to determine the expected properties of stars under those different
conditions (Toonen et al. 2014), and by comparing synthetic pop-
ulations with observations, one can understand which variables are
important (e.g. Sharma et al. 2017; Emsenhuber et al. 2023). With
large sample sizes, it is also possible to identify trends from models
that might not be apparent from individual observations, particularly
when those observations have non-negligible uncertainties.

In this work, we explore a synthetic population of pulsating
intermediate-mass stars (1.4–2.5 M⊙). Many stars in this mass range
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are delta Scuti variables, which pulsate primarily in pressure modes
(p modes) driven by the 𝜅-mechanism (Antoci et al. 2019; Kurtz
2022), with smaller contributions from other driving mechanisms
(Houdek 2000; Antoci et al. 2014; Murphy et al. 2020). Low-order
gravity modes (g modes) are also excited in 𝛿 Sct stars (Breger 2003),
and those with 𝑛 = −1 and 𝑛 = −2 are found at frequencies just be-
low the fundamental radial mode in stars near the ZAMS (Gatuam
et al. 2026). Some 𝛿 Sct stars also pulsate in high-order (𝑛 ≳ 30)
g modes, i.e. they are also gamma Doradus variables and hence
𝛿 Sct–𝛾 Dor hybrids (Hareter et al. 2010; Grigahcène et al. 2010).
Although 𝛿 Sct stars can be found in the pre-main-sequence evolu-
tionary stage (Zwintz 2017; Murphy et al. 2021; Steindl et al. 2021),
most of them are main-sequence (MS) stars.

The 𝛿 Sct instability strip is estimated by both theory (Dupret et al.
2004) and observation (Murphy et al. 2019) to be ∼2000-K wide,
but it has long been apparent that not every star within the instability
strip pulsates (Breger 1969). For decades it was unclear whether all
stars would be variable if only the observations were precise enough.
When the Kepler Space Telescope was able to detect modes with only
a few μmag amplitudes, the requirement for precise photometry was
satisfied and it did appear that there were non-pulsators inside the in-
stability strip (Guzik et al. 2014, 2015), although many of them could
be explained away as being chemically peculiar or having uncertain
temperatures and lying near the instability strip edges (Murphy et al.
2015). With Gaia came more precise stellar parameters (Gaia Col-
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laboration et al. 2018, 2023), and it appeared that not only was the
𝛿 Sct instability strip impure, but the pulsator fraction varies as a
function of temperature (Murphy et al. 2019) or colour (Mani et al.
2025), luminosity (Read et al. 2024), age (Murphy et al. 2024; Berry
et al. 2025) and rotation (Gootkin et al. 2024; Murphy et al. 2024).
The need for a large sample and the existence of observational uncer-
tainty make the instability strip’s boundaries and purity a pertinent
topic to investigate via population synthesis.

Another topic well-suited to analysis with a synthetic population
is the period–luminosity (𝑃–𝐿) relation, which has seen much recent
discussion (Ziaali et al. 2019; Jayasinghe et al. 2020; Poro et al. 2021;
Barac et al. 2022; García Hernández et al. 2024; Read et al. 2024;
Mani et al. 2025). Gaia parallaxes and the availability of all-sky
space-based photometry have proven transformational in delivering
precise luminosities and periods, with attention now turning towards
the second ridge on the 𝑃–𝐿 diagram. The periods, luminosities, and
temperatures from realistic synthetic populations complement the
flurry of recent observational work, and may offer insights into the
origin of the second ridge.

This work is an extension of our work to synthesise stellar popula-
tions to provide realistic uncertainties on mass and age for field stars
(Murphy et al. 2026; Paper I, hereafter). In Paper I, we showed that
intrinsic metallicity spread, realistic rotation distributions, and the
existence of binary companions have a large impact on the positions
of stars on the HR diagram. That is, such positions are not determined
solely by mass and age. These systematic effects, combined with ob-
servational measurement uncertainty, will bias and blur the inference
of masses and ages from isochrones. Similarly, we expect them to
influence the pulsator fraction, inferred instability strip edges, and
the period–luminosity relation. These pulsation properties are the
focus of this second paper.

This paper is organised as follows. In Sec. 2 we summarise the
population synthesis models, including the distributions from which
the stellar masses, ages, and metallicities are drawn, as well as the
effects of rotation, binarity, and random observational uncertainty
on the observed stellar properties. In Sec. 3, we verify the accuracy
of our synthetic population by comparing its stellar properties to
observed stars in associations. We de-bias observations to infer the
intrinsic boundaries of the 𝛿 Sct instability strip in Sec. 4, and we de-
rive a period–luminosity–temperature relation that we compare with
observations in Sec. 5. The latter two topics are given longer intro-
ductions in their corresponding sections. Our final application is the
prediction of the overall distribution of asteroseismic large separa-
tions, Δ𝜈, that one can expect to observe for 𝛿 Sct stars (Sec. 6). Our
conclusions are given in Sec. 7, and we provide an appendix where
we compare the échelle method with the autocorrelation method for
determining Δ𝜈 (App. A).

2 POPULATION SYNTHESIS

We used the synthesised models from Murphy et al. (2026) and we
did not compute any new models or change any physics, here. Those
models can be summarised as follows.

The underlying models are those from Gatuam et al. (2026). From
these, we took models whose masses span 1.4–2.5 M⊙ , and we re-
sampled them according to the Salpeter IMF, ensuring that low-mass
stars are more common. Their evolutionary tracks are sampled every
1 Myr, independent of mass. Their metallicities were sampled fol-
lowing a Gaussian distribution around the solar value, specifically
[Fe/H] = −0.022 ± 0.115 dex following Willett et al. (2023).

Simulated stars had a 70% chance of being in an unresolved bi-

Table 1. Stages in the construction of population synthesis models, with their
abbreviated names, full names, and descriptions.

Abbrev. Full name Description

‘orig’ original original non-rotating models
‘mod’ model rotational effects added
‘inc’ inclined viewing angle effect added
‘bin’ binary binary effects added
‘obs’ observed observational uncertainty added

nary system, corresponding to inferred multiplicity fractions for A
stars (Moe & Di Stefano 2017). The primary stars were given rota-
tional velocities from observed distributions (Zorec & Royer 2012),
and depending on whether they were binaries or not: instead of the
fast-rotating distribution used for single stars, the primaries of bi-
nary systems were drawn from a bimodal distribution that includes
a slowly-rotating component, representing tidal braking. However,
we emphasise that no evolutionary effects on rotation were directly
applied.

The centrifugal effect of rotation was then applied to the temper-
ature and luminosity, according to an inclination angle drawn from
an isotropic distribution. Centrifugal effects were also applied to the
stellar density (𝜌), and mode frequencies were adjusted from their
non-rotating counterparts in accordance with√𝜌 (Ulrich 1986). Only
radial modes were calculated; the density reduction dwarfs the first-
and second-order effects of rotation on these modes.1

The companion masses were drawn from known mass-ratio distri-
butions for A-type stars (Murphy et al. 2018), and their luminosities
calculated via a mass-luminosity relation (Eker et al. 2015). The
luminosities of each component were added and their temperatures
averaged. We applied no modification to pulsation modes based on
whether a star had a binary companion. The final observables were
perturbed by a Gaussian of 250 K and 0.07 dex in log 𝐿 to simulate
the effect of random observational uncertainty. These stellar prop-
erties are given the label ‘obs’ by Murphy et al. (2026), and are the
ones we use in this work unless otherwise indicated.

The stellar 𝑇eff and 𝐿 are available from Paper I at various stages
of the above processing, as summarised in Table 1.

3 SIMULATING CLUSTERS: CEP–HER

With the synthetic population, we aim to predict the properties of
groups of stars. An obvious and useful application is to simulate stars
in a cluster or association and attempt to reproduce their observed
properties. This facilitates further inference. For instance, if astero-
seismic properties of cluster members are available, it may allow an
age to be determined for the ensemble.

Our accuracy in simulating clusters will generally decrease with
age because the evolutionary effects of rotation gradually become
more important, but this is not an issue for young clusters, such as the
Pleiades or the recently-parametrised Cep–Her Complex (Kerr et al.
2024). In the following, we use the term ‘simulation’ to distinguish
a specific collection of models from the more generalised ‘synthetic
population’ above.

The Cep–Her Complex consists of at least four main stellar as-
sociations, each of which consists of multiple subgroups with ages
spanning approximately 25–100 Myr (Kerr et al. 2024). It offers a

1 For radial modes, the first order (𝑚Ω) terms are zero, because ℓ = 𝑚 = 0.
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unique opportunity to evaluate our population synthesis models be-
cause it contains 195 𝛿 Sct stars, of which 126 form a clear group
of stars near the ZAMS (the ‘ZAMS Group’ in Murphy et al. 2024;
“M24” in this section hereafter). Furthermore, 70 𝛿 Sct stars in the
ZAMS Group showed regular pulsations that allowed Δ𝜈 to be mea-
sured, which is much larger than for any other stellar population.

It has already been demonstrated with the Cep–Her Complex itself
that for 𝛿 Sct stars, Δ𝜈 depends on both age and rotation (M24), and
this has been confirmed with stellar models (Gatuam et al. 2026).
This implies that to accurately reproduce theΔ𝜈 distribution, we must
also be able to reproduce the rotation velocity distribution. In this
example, we simulate the Complex using its known age and using
the synthetic population.

A potential hindrance is that A-type stars in Cep–Her have an
excess of slow rotators (M24). We also aim to quantify that here.

3.1 Data preparation

We took the observed properties of the ZAMS Group from M24,
specifically, the Δ𝜈, Gaia vbroad, and TIC 𝑇eff data, and simulated
the Cep–Her Complex as follows.

(i) We applied age cuts to our synthetic population to include
only stars between 25 and 100 Myr, and 𝑇eff cuts to the observed
properties to match those observed for the Cep–Her ZAMS Group
(9500 > 𝑇eff > 7200).

(ii) We applied a 𝑣 sin 𝑖 lower limit to the synthesised values due
to the characteristics of Gaia vbroad measurements. The Gaia RVS
spectrograph has instrumental broadening of 26 km s−1 (Cropper
et al. 2018; Frémat et al. 2023), however, some intermediate-mass
stars with lower vbroad are reported. In the Cep–Her ZAMS Group,
the lowest vbroad is 18.3 km s−1, so as a compromise we adopted
𝑣 sin 𝑖 = 20 km s−1 as our lower bound, corresponding also to the
threshold above which Frémat et al. (2023) report that the vbroad

pipeline produces reliable values. We implemented this lower bound
by selecting all simulated stars with 𝑣 sin 𝑖 < 20, and setting their
values to 𝑣 sin 𝑖 = 20. This approach is more appropriate than drop-
ping the slow rotators, since they still exist – they are just observed to
have higher vbroad. We refer to this sample as the ‘raw simulated’
values for later reference.

(iii) We then implemented a further selection function on the
synthesised 𝑣 sin 𝑖 values, because M24 found that the ability to
measure Δ𝜈 had strong dependence on Gaia vbroad (their figure
11). They were able to measure Δ𝜈 for 42 of the 88 stars (48%)
with Gaia vbroad < 150 km s−1, and for 10 of the 35 stars (29%)
with Gaia vbroad > 150 km s−1. We thinned our synthetic popula-
tion by those percentages accordingly, so that the ratio of stars with
measurable Δ𝜈 at different projected rotation velocities matched the
observations. We also removed all stars in our synthetic population
with 𝑣 sin 𝑖 > 240 km s−1 (2% of the population), since none of the
available Gaia vbroad values lay outside this range and it is unlikely
that Δ𝜈 would have been measurable for them anyway.2 We call this
the ‘modified simulated’ distribution.

(iv) We did not apply any luminosity cut to the synthesised pop-
ulation. M24 used absolute magnitude to constrain the ZAMS group
to avoid contamination by some non-members of the Complex, but

2 M24 already showed that Gaia vbroad is a suitable substitute for 𝑣 sin 𝑖 for
most applications, although they did note that vbroad underestimates 𝑣 sin 𝑖
at slow velocities (50 km s−1) by 10-15% – a discrepancy too small to matter
for Δ𝜈 in this application.
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Figure 1. The distribution of projected rotation velocities for observed 𝛿 Sct
stars in the Cep–Her Complex (green), and a synthetic population with sim-
ilar properties (age, metallicity, and temperature range). The raw simulated
distribution (orange line) removes only slow rotators, while the modified sim-
ulated distribution (solid blue) also removes the 2% of very rapid rotators not
seen in Cep–Her and accounts for Δ𝜈 measurability.

application of their constraints to the synthesised population did not
remove a single star.

3.2 Comparing rotation velocity distributions

The resulting distribution of projected rotation velocities is shown in
Fig. 1. We used probability density rather than raw counts because
the synthesised models greatly outnumber the observations, 13,214
to 70.3 The small tail of very rapid rotators (𝑣 sin 𝑖 > 240 km s−1)
is apparent in the raw simulated distribution, the absence of which
in the observed distribution is not significant: applying a Poisson
distribution and given a mean occurrence rate of 2%, the probability
of observing 0 very rapid rotators in a sample of only 70 stars is
0.247. The similarity of the observed and raw simulated distributions
is remarkable: a two-sided Kolmogorov—Smirnov (KS) test gives a
p-value of 0.053, indicating no significant difference between the
distributions. This is strong validation of the population synthesis
models.

We now discuss the mystery of the excess of slow-rotators in Cep–
Her compared to field stars, noted by M24: they compared the Cep–
Her rotation velocities against a literature distribution calculated for
single stars, whereas our simulated population also includes a slowly-
rotating component to account for binary stars. Clearly the latter is
required. This result suggests that Cep–Her contains many binary
stars that are not readily identified via cursory analyses, such as
searches for eclipses in TESS light curves or evaluating Gaia ruwe

values. In Fig. 1 there remains a small shift towards lower vbroad in
the observations than in the modified simulated 𝑣 sin 𝑖 distribution,
but with only ∼30 observed stars across the leftmost three bins, it
is difficult to determine whether it is significant. If it is, possible
explanations are: (i) that vbroad is systematically underestimated at

3 We note it is strongly preferable to take this approach over randomly sam-
pling 70 stars from the synthesised population, which leads to various prob-
lems pertaining to small-number statistics.
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Figure 2. The distribution of Δ𝜈 values for observed 𝛿 Sct stars in the Cep–
Her Complex (green), and a synthetic population with similar properties (such
as age and temperature range; blue). The dashed red line shows a simulated
distribution with a narrower range of metal mass fraction, 𝑍 .

low values (see footnote), which would explain the leftmost bin only;
or (ii) that the angular momenta and hence rotation velocities of stars
born in large complexes differ from those of field stars upon which
the model distribution is based.

3.3 Comparing Δ𝜈 distributions

The pulsation properties of stellar populations are often summarised
with their asteroseismic indices 𝜈max and Δ𝜈. The former, the fre-
quency of maximum power, cannot be studied with our models be-
cause they do not account for driving and damping. But the latter can.
We analysed Δ𝜈 distributions of the observed and simulated popula-
tions, shown in Fig. 2. The simulated distribution uses the modified
simulated 𝑣 sin 𝑖 distribution and is coloured accordingly. The ob-
served distribution is more narrowly peaked than the simulated one:
the standard deviations are 𝜎obs = 0.33 and 𝜎sim = 0.54 d−1, re-
spectively. The means also differ, with 𝜇obs = 6.828 and 𝜇sim =

6.926 d−1, respectively. Welch’s 𝑡-test, which does not assume that
the samples have equal variance, gives a 𝑝-value of 0.018, indicating
that the means are significantly different. We now discuss possible
causes for this.

We first considered that the age distribution of stars in the Cep–
Her Complex is actually not uniform. Although the ages span 25–
100 Myr, 483 of the 958 potential members (50%) considered by
M24 were in subgroups spanning a much smaller age range of 25–
43 Myr, while only 54 of 958 (5.6%) were in the oldest subgroup (80–
100 Myr). This heterogeneity was not accounted for in the simulation,
but if it were, it would narrow the standard deviation and increase
the mean of the simulated Δ𝜈 distribution further.

The shape of the observed Δ𝜈 distribution is not Gaussian, and
seems to be missing its higher-Δ𝜈 tail. This could point to an ob-
servational bias as a possible cause of the mismatch. Prior to the
Cep–Her analysis, rather few 𝛿 Sct stars in clusters had measured Δ𝜈

values, most of which lie in the ∼120-Myr-old Pleiades Cluster and
have Δ𝜈 between 6.82 and 6.99 d−1 (Murphy et al. 2022, see also
Bedding et al. 2023). When measuring Δ𝜈 for the Cep–Her stars,
M24 made échelle diagrams with initial values of Δ𝜈 = 6.9 d−1

and searched either side of this value until they found a suitable

Δ𝜈 (making vertical ridges in the échelles) and then manually op-
timised. This means that in ‘messy’ pulsation spectra where there
are multiple plausible values of Δ𝜈, it is more likely that values near
the centre of the distribution would be chosen, potentially result-
ing in a narrowly peaked distribution. Although this method appears
to be subjective, it meets the specific requirements of the present
work in that it does yield Δ𝜈 values that match those of models,
e.g. HD 21434 with Δ𝜈 = 6.94 in Fornax–Horologium (Kerr et al.
2022b) and TIC 376872090 (Δ𝜈 = 7.38) in Cepheus Far North (Kerr
et al. 2022a). Nonetheless, we experimented with autocorrelation
techniques on the amplitude spectra of Cep–Her stars in an attempt
to measure Δ𝜈 more objectively, but what we found was that auto-
correlation techniques were not fit for purpose (Appendix. A).

A third possibility we considered is that the simulated popula-
tion might have a broader metallicity distribution than the Cep–Her
complex. When Kerr et al. (2024) analysed this complex, they used
(fixed) solar-metallicity isochrones, while our synthetic population
has a spread designed to match stars in the solar-neighbourhood.
Of course, clusters and associations might have tighter values. We
therefore repeated our analysis with a narrower range of metal mass
fraction, keeping only models with 0.014 ≤ 𝑍 ≤ 0.016 (solar is
𝑍 = 0.0142). This distribution is shown as the dashed red line
in Fig. 2, and is a much better match to the observed values. A
two-sided Kolmogorov–Smirnov (KS) test gives a 𝑝-value of 0.105,
indicating that the two distributions are not significantly different.
The remaining (insignificant) difference could be explained by the
aforementioned observational bias, or minimised by fine-tuning the
metallicity distribution.

In summary, our simulation has reproduced the observed distribu-
tions of Δ𝜈 and projected rotation velocity of the Cep–Her Complex.
The simulated Δ𝜈 distribution is broader than the observed one if the
full metallicity range is used, but selecting a narrower range achieves
a good fit. This suggests that population synthesis is capable of mea-
suring asteroseismic ages and metallicities for clusters based purely
on their Δ𝜈 distributions. It would be worth applying this method to
other clusters if Δ𝜈 could be measured for many stars.

4 INSTABILITY STRIP

Here we evaluate whether population synthesis models can help to
determine the boundaries of the 𝛿 Sct instability strip, and whether
the strip is intrinsically pure.

Several efforts have been made to ascertain the boundaries of the
𝛿 Sct instability strip, with somewhat different outcomes. The most
widely-used instability strip is the theoretical one computed with
time-dependent convection (TDC) models by Dupret et al. (2004),
who were the first to also include non-radial modes in the stability
calculations. The resulting red edge was located between those deter-
mined by Houdek (2000) and Xiong & Deng (2001). As Dupret et al.
(2004) wrote, the calculation of the blue edge is well-determined
(e.g. Pamyatnykh 2000) and the subject of less debate. By contrast,
the red edge from the newer calculations by Xiong et al. (2016) lies
at a much cooler 𝑇eff , inconsistent with observations of the time
(Uytterhoeven et al. 2011), and this appears only slightly improved
in recent iterations (Xiong 2021).

While the original TDC study presented only radial modes up to
𝑛 = 4 (Dupret et al. 2004), this was soon expanded. Dupret et al.
(2005) showed instability strip edges based on higher radial order
modes up to 𝑛 = 7. Such high-order modes have since been observed
and matched to pulsation models (Scutt et al. 2023). Since Dupret
et al. (2005) did not give the equations of those edges, we have
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measured and fitted straight lines to them using their figure 2 for
later use. To four significant figures, for the Dupret et al. (2005) blue
edge we measured

log 𝐿 = −0.0008058 × 𝑇eff + 8.205, (1)

and for the red edge

log 𝐿 = −0.001784 × 𝑇eff + 13.01. (2)

In the TDC models, there is a free parameter describing the mix-
ing length, 𝛼MLT, whose value affects the location of the red edge.
One generally constrains 𝛼MLT by comparison with observations
(Houdek & Dupret 2015). Bowman & Kurtz (2018) suggested some
mass-dependence in the value of 𝛼MLT to explain the simultane-
ous existence of high- and low-radial-order modes in observed 𝛿 Sct
stars, but none has so far been implemented. (Other works have pre-
ferred additional driving mechanisms to explain this observation,
e.g. Antoci et al. 2014.) Instead, one commonly uses a fixed value
of 𝛼MLT = 1.8, which Dupret et al. (2004) found to match the 636
known 𝛿 Sct stars of the time (Rodríguez et al. 2000). Later, Dupret
et al. (2005) showed that a lower 𝛼MLT would shift the instability
strip redward, but observations were still too few and/or uncertain to
optimise 𝛼MLT to the observed instability strip edges.

With Kepler data, it became apparent that dozens of 𝛿 Sct stars
could be found at temperatures several hundred Kelvin hotter than
the blue edge (Bowman & Kurtz 2018; Murphy et al. 2019), and
some 𝛿 Sct stars also existed at temperatures cooler than the red
edge, albeit fewer in number. This raised a problem with the way that
model instability strips were matched to observations: there were
outliers beyond both edges, but they existed amongst a sea of non-
pulsators, especially at the red edge. Murphy et al. (2019) therefore
suggested that the observed instability strip boundaries should be
drawn with this in mind, and opted for edges at the locations where
the pulsator fraction drops to 20%. We use these edges in this work,
and refer to them as the ‘20% lines’.

In this work, we expand on a principle from Paper I, using our
synthetic population to investigate whether biased stellar parame-
ters might influence the mapping between the theoretical and ob-
served instability strips. Suppose every star whose intrinsic (model)4

properties place it inside the instability strip were to pulsate and
suppose one calibrated the theoretical instability strip against the ex-
trinsic (observed) properties of those stars, namely, with the effects
of inclination angle, binary companions, and measurement uncer-
tainty added. Might that calibration, e.g. via the choice of 𝛼MLT, be
adversely affected by the mapping between intrinsic and extrinsic
properties?

Fig. 3a shows the observed positions of simulated 𝛿 Sct stars whose
model properties place them inside the Dupret et al. (2005) instability
strip (eqs 1 and 2). The stars are thinned by a factor of 100 for clarity.
The mapping from model to observed properties causes a general
shift to the right, hence many 𝛿 Sct stars move beyond the red edge
and many non-pulsators move into the instability strip from regions
hotter than the blue edge. The pulsator fraction, being the ratio of
these distributions, is shown as a contour plot in Fig. 3b. It was
calculated without thinning by gridding the data into 50 bins in the
x-direction and 30 bins in the y-direction, corresponding to bin sizes
of 0.005 in log𝑇eff and 0.065 in log 𝐿, then smoothing the result with a

4 The italicised descriptors correspond to specific processing steps in the
population synthesis as described in Paper I. The model properties are the
global properties of the star after rotational (centrifugal) effects are applied,
while the observed properties are those after applying all effects.

scipy gaussian_filterwith standard deviation of 𝜎 = 0.85 bins.
Lowering the standard deviation does not fundamentally alter the
location of the contours, but they become more ragged. The ‘20%
line’ from Murphy et al. (2019) is also shown for reference. It is
apparent that the mapping between model and observed parameters
has indeed moved the instability strip.

We attempted to reverse the above mapping by proposing a new
semi-empirical (‘intrinsic’) instability strip, designed to reproduce
the ‘20% lines’ once the extrinsic effects take place (Fig. 3c). This
involved changing the gradient and intercept of the edges by trial
and error until the resulting pulsator-fraction contours match the
20% lines (Fig. 3d). Both of our new edges are substantially hotter,
and the instability strip is 10% narrower (at log 𝐿/L⊙ = 1.1). The
equation of the intrinsic blue edge is

blue : log 𝐿/L⊙ = −0.001071 × 𝑇eff + 10.77 (3)

or, an approximate form in log𝑇eff :

blue : log 𝐿/L⊙ = −21.101 × log𝑇eff + 84.57. (4)

The equation of the intrinsic red edge is

red : log 𝐿/L⊙ = −0.001009 × 𝑇eff + 8.252 (5)

or, an approximate form in log𝑇eff :

red : log 𝐿/L⊙ = −16.528 × log𝑇eff + 64.72. (6)

That the new edges are almost parallel in 𝑇eff is coincidental.
There are two results from this analysis. The first concerns the

peak pulsator fraction. Fig. 3 shows a central region where, after
scattering effects, the pulsator fraction exceeds 90%. Only in young
associations have such pulsator fractions been observed (Murphy
et al. 2024) (Berry et al., submitted); field stars typically show lower
pulsator fractions peaking between 50 and 70% (Murphy et al. 2019;
Gootkin et al. 2024; Read et al. 2024; Mani et al. 2025). Thus, 20–
40% of stars that intrinsically lie within the 𝛿 Sct instability strip must
be non-pulsators unable to be explained by scatter. Mechanisms that
cause this, namely the gravitational settling of helium out of the He ii
partial ionisation zone, are well known and have been reviewed else-
where (e.g. Turcotte et al. 2000; Smalley et al. 2017; Dürfeldt-Pedros
et al. 2024). The theory is corroborated by the aforementioned ob-
servations that show that the pulsator fraction increases with stellar
rotation rate and decreases with stellar age. Intermediate pulsator
fractions in the 120-Myr Pleiades cluster (80%; Bedding et al. 2023)
are evidence that gravitational settling of helium takes a long time.
Berry et al. (submitted) have recently analysed the decrease in pul-
sator fraction with age using various star clusters.

The second result is that the average 𝛿 Sct star is somewhat more
massive than previously thought, at 𝑀 = 1.81 M⊙ rather than the
1.71 M⊙ implied by the Dupret et al. (2005) instability strip (Fig. 4),
and correspondingly younger (566 vs. 657 Myr, respectively). The 2𝜎
bounds on the mass range of 𝛿 Sct stars are now 1.50 and 2.30 M⊙ ,
to three significant figures. We arrived at these numbers after resam-
pling the population of stars in each instability strip according to
their respective pulsator fractions (in observed/extrinsic parameter
space), which is necessary to down-weight the large number of low-
mass stars that lie just inside the red edge of the instability strip (but
where the pulsator fraction is small). There is a small uncertainty
introduced by this process, because the observed pulsator fraction
peaks at a lower value than our simulated ones, but since this occurs
in the middle of the distribution, it has only a small effect on the above
numbers (< 0.02 M⊙ and <5 Myr, respectively). Existing models will
need an increased 𝛼MLT to shift the instability strip to higher tem-
peratures to account for this result. There are also consequences for
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Figure 3. (a) The observed position of pulsators (orange circles) and non-pulsators (grey dots), if all stars whose model parameters place them inside the Dupret
et al. (2005) instability strip (solid red/blue lines) are pulsating, and all stars outside are not pulsating. (b) The contour plot of pulsator fraction corresponding
to panel a, with the Murphy et al. (2019) ‘20% lines’ added as dashed white lines. Areas with low star counts are greyed out. The line colour of the blue edge
has been changed to cyan for visibility. (c) As panel a, but with a new intrinsic instability strip (dashed coloured lines), which produces an observed pulsator
fraction that matches the ‘20% lines’ from Murphy et al. (2019) (dashed black lines). (d) The contour plot of pulsator fraction corresponding to panel c, with
the intrinsic edges (dashed red/cyan lines) and the Murphy et al. (2019) ‘20% lines’ (dashed white lines) added. Notice that the 20% lines now align with the
contours corresponding to a pulsator fraction of 0.2.

future modelling of the 𝛿 Sct instability strip. If those models do not
account for the various effects mentioned (rotation, viewing angle,
binarity, and measurement uncertainty), then the intrinsic instability
strip should be used for calibration instead of observed 𝛿 Sct stars.
Otherwise, we have provided the ingredients in Sec. 2 and in Paper I
for modellers to incorporate.

5 PERIOD–LUMINOSITY RELATION

The history of period–luminosity (𝑃–𝐿) relations for classical pul-
sators is long (Fernie 1969), and predates publication of the well-
known relation for Cepheids (Leavitt & Pickering 1912), with Leavitt
(1907) observing that “brighter variables have the longer periods”. A
relation also exists for 𝛿 Sct stars, with a shorter history underpinned
initially by trigonometric parallaxes (Fernie 1964) or by multicolour
photometry and cluster memberships (Breger & Bregman 1975) and
then by Hipparcos parallaxes (McNamara 1997, 2011). Since then,
improvements have been made to the quality of the pulsation peri-
ods (Barac et al. 2022), to the quality of the parallaxes (Ziaali et al.
2019; Gaia Collaboration et al. 2023), and to the number of 𝛿 Sct
stars studied thanks to ASAS-SN and TESS light curves (Jayasinghe
et al. 2020; Barac et al. 2022; Read et al. 2024). Various other sam-
ples of 𝛿 Sct stars have seen their 𝑃–𝐿 relations investigated, such as
those in the Galactic bulge (Deka et al. 2022), the LMC (Martínez-
Vázquez et al. 2022), and the population II SX Phe variables (Cohen
& Sarajedini 2012), as reviewed by García Hernández et al. (2024).

It appears that simultaneous application of 𝑃–𝐿 relations in multi-
ple colours may be particularly useful for constraining interstellar
reddening (Guo et al. 2025).

The 𝑃–𝐿 relation arises because on the HR diagram the 𝛿 Sct in-
stability strip is quite narrow and iso-density contours are almost
parallel to lines of constant luminosity for stars in hydrostatic equi-
librium. Nonetheless, the existence of temperature (or colour) effects
led some authors to adopt an additional colour term (Fernie 1964;
Breger 1969; Breger & Bregman 1975). A colour term and even
a metallicity term have been applied to the pulsations of chemi-
cally peculiar stars (Paunzen et al. 2002) or metal-poor populations
(McNamara et al. 2007), although Liu et al. (2025) recently found
metallicity to have a negligible impact on the 𝑃–𝐿 relation of 𝛿 Sct
stars. Using our population synthesis models, we shall therefore con-
sider a temperature term in this work but not a metallicity term. We
shall also construct period–density relations, expecting them to be
tighter than 𝑃–𝐿 relations.

Rotation, too, alters the 𝑃–𝐿 diagram because of gravity darkening.
García Hernández et al. (2024) showed that the intercept of the 𝑃–
𝐿 relation changes when rotating stars are viewed pole-on versus
equator-on. The shift can be so large that the fundamental-mode
ridge of pole-on rapid rotators lies at higher luminosity than the
first-overtone ridge of non-rotators. In practice, these two ridges
blur together, as we shall show here using a realistic distribution of
rotation rates and inclinations.

The recent discovery of a second ridge in the 𝑃–𝐿 diagram has

MNRAS 000, 1–14 (2026)



Population synthesis of 𝛿 Sct stars 7

1.4 1.6 1.8 2.0 2.2 2.4
M/M

0.0

0.5

1.0

1.5

2.0

De
ns

ity
This work
D+05 strip

Figure 4. The distribution of 𝛿 Sct masses according to two different instabil-
ity strips: the Dupret et al. (2005) instability strip (grey), versus the ‘intrinsic’
instability strip presented in this work (blue). Both have been resampled with
respect to their implied pulsator fractions in Fig. 3.

sparked particular interest (Ziaali et al. 2019). This second ridge
lies roughly 0.3 dex in log 𝑃 to the left of the fundamental-mode
ridge. There are many posited explanations. One is that the second
ridge consists of binary stars, which cause the pulsator to appear
over-luminous for its period, but Ziaali et al. (2019) and Barac et al.
(2022) argued that the majority of stars on the second ridge are
not binaries. Another explanation is that the second-ridge stars pul-
sate in higher-overtone modes, bearing resemblance to the multiple
ridges seen in 𝑃–𝐿 diagrams of red giants (Derekas et al. 2006).
Poro et al. (2021) thus sought to categorise stars lying to the left of
the fundamental-mode ridge into first-, second-, and third-overtone
pulsators, following in the footsteps of Breger & Bregman (1975).
A third explanation is that mode interactions, including amplitude
modulation or resonant excitation, are responsible. Our models do
not account for mode coupling, so we shall consider the first two hy-
potheses in our analysis of the 𝑃–𝐿 relation via population synthesis,
comparing against the Barac et al. (2022) observations.

In this analysis, our simulation includes only stars that are in
the intrinsic instability strip, and after resampling using the pulsator
fraction as weights (see Sec. 4). All mode frequencies are adjusted for
the centrifugal density reduction caused by rotation (Sec. 2), where
rotating models are used.

5.1 Simple case: non-rotating models

We begin by showing their 𝑃–𝐿 relation in Fig. 5. The period is
calculated for the fundamental radial mode (the 𝑛 = 1 p mode, ab-
breviated to ‘P1’). Here, we have used the original values for log 𝐿

and log 𝑃, i.e. before the addition of rotation, binarity, or observa-
tional uncertainty. The addition of these effects will be discussed
shortly. Also shown in Fig. 5 is the convex hull, which is the poly-
gon with the smallest total area that encloses all the points. We will
use convex hulls to compare samples with different physics, because
they allow multiple samples to be overplotted in a way that is limited
with scatter plots. We also define the robust convex hull, which is
an outlier mitigation measure calculated by peeling layers of the hull
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Figure 5. The relationship between the period of the fundamental radial
mode and the stellar luminosity for models of 𝛿 Sct stars. Values used are
the ‘original’ values, without rotation, binarity, or observational uncertainty.
Points are coloured by 𝑇eff . The calculated period–luminosity relation is
shown as a dashed grey line. The solid and dotted grey lines are the convex
hull and the robust convex hull of the data. The period range of the plot is
extended to match the observational equivalent in (Barac et al. 2022).

(i.e. masking out hull vertices) until only some fraction of the data
remain. We used the fraction 0.999.

We obtained the 𝑃–𝐿 relation by linear regression

[original] log 𝐿/L⊙ = 1.278 log 𝑃 + 2.694, (7)

with an 𝑅2 statistic of 0.724. Most of the remaining variance is due
to 𝑇eff , with a little dependence on mass and almost no dependence
on metal mass fraction. We also determined a 𝑃–𝐿–𝑇eff relation via
multiple linear regression

log 𝐿/L⊙ = 1.521 log 𝑃 + 4.790 log𝑇eff − 15.752, (8)

where we used log𝑇eff to keep the coefficients small, resulting in
𝑅2 = 0.998. As a reminder, these are the values for non-rotating
stars; significant departures are expected for rapid rotators and/or
binary stars.

There has been a recent surge in use of the period–density relation
for 𝛿 Sct stars, because it appears to give tighter ridges than a 𝑃–𝐿
relation (Barac et al. 2022) (Mani et al submitted). The explanation is
complex. It does not appear to be because density is easy to measure,
since density can only be inferred by reference to models whilst
also using 𝐿 as an input. In Paper I, we explained that isochrones
can give biased masses and exhibit considerable scatter; even with
population synthesis, we used the rapid applet to find in this work
that density uncertainties can range from 20–50%, depending on how
well the luminosity has been measured, and how close the star is to the
ZAMS (closer is better). Instead, the explanation lies in the benefit of
an observed temperature constraint. Pairs of 𝑇eff–𝐿 constrain density
relatively well, and since mode frequencies scale as √

𝜌, density
is a strong predictor once calibrated. By contrast, lines of constant
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Figure 6. The relationship between the period of the fundamental radial mode
and the mean stellar density for models of 𝛿 Sct stars. Although original
values are used, rotation does not significantly alter this relation. Points are
coloured by age, with pre-MS stars in the upper left and post-MS stars at the
bottom right. The calculated 𝑃–𝜌 relation is shown as a dashed grey line,
whose equation is given.

luminosity on an H–R diagram span a range of temperatures, up to
around 2000 K across the 𝛿 Sct instability strip, as well as a range
of masses (up to ∼0.8 M⊙), thus encapsulating a range of stellar
densities and a corresponding range of mode frequencies.

Our models show that the 𝑃–𝜌 relation is very tight (Fig. 6). Note
that this does not change if we use the mod parameters and mode
frequencies, since in our models these frequencies are calculated by
scaling by √

𝜌. For a given mode, period and density are related by
pulsation constants (e.g. Cox 1980),

𝑃 = 𝑄

(
𝜌

𝜌⊙

)−0.5
, (9)

which for the fundamental radial mode are approximately 0.033
(Fitch 1981), with some dependence on mass and metallicity (Dornan
& Lovekin 2022). This value is recoverable from the linear relation
in Fig. 6, whose intercept is 2 log𝑄.

While 𝑃–𝜌 relations therefore have good utility if 𝜌 can be mea-
sured precisely, most of the literature concerns 𝑃–𝐿 relations, so we
shall continue our analysis with those.

5.2 Advanced case: with rotation, binaries, and observational
uncertainty

The addition of rotation shifts the distribution of models in the 𝑃–𝐿
diagram to the right (Fig. 7). This is because rotation decreases the
mean stellar density and increases the mode periods in proportion
to √

𝜌. Thus, the 𝑃–𝐿 relation for the ‘mod’ data whose robust hull
is shown in Fig. 7 differs from that for the ‘orig’ data (Eq. 7). The
inclusion of viewing angle effects substantially broadens the overall
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Figure 7. Using robust hulls (defined Sec. 5.1) and with reference to the
original hull from Fig. 5, we show the effect of adding rotation (‘mod’),
inclination effects (‘inc’), binary effects (‘bin’), and observational uncertainty
(‘obs’) to models of the 𝑃–𝐿 relation. The linear regression line from Fig. 5
is shown as the dashed grey line.

distribution of models. Binary effects leave the lower-right of the
distribution untouched, but extend the upper end to higher luminosi-
ties, as can be expected. And finally, the inclusion of observational
uncertainty extends this distribution in both directions in luminosity.

For a population with a realistic rotation velocity and inclination
angle distribution, the gradient and intercept of the relation change
to

[inclined] log 𝐿/L⊙ = 1.176 log 𝑃 + 2.510, (10)

or when a 𝑇eff term is added,

log 𝐿/L⊙ = 1.524 log 𝑃 + 4.844 log𝑇eff − 15.958. (11)

The above equations do not include binaries or observational uncer-
tainty. They are perhaps the most useful forms, given that Gaia DR4
is imminent and it will then be much easier to detect and exclude
binary systems. However, to demonstrate that the second ridge is not
caused by binarity, we will need an equation that includes binary
systems, which is

[binary] log 𝐿/L⊙ = 1.162 log 𝑃 + 2.527. (12)

Finally, for later use, we will need a 𝑃–𝐿–𝑇eff relation based on the
observed parameters, which is

[observed] log 𝐿/L⊙ = 1.349 log 𝑃 + 2.573 log𝑇eff − 7.721. (13)

The full set of relations, with and without a log𝑇eff term, for all
five stages of parameters is given in Appendix ??.
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Figure 8. (a) Using the binary stellar properties, the horizontal distance of
data points to the 𝑃–𝐿 relation is shown under three different scenarios.
In light orange, the distance of fundamental-mode (P1) pulsators from the
relation in Eq. 12. In blue, the mixture of fundamental mode and 𝑛 = 5 or 𝑛 =

6 (P5; P6) pulsators from the same relation. In dark-green, the observations
published by Barac et al. (2022) and their distance from their relation (their
eq. 4). (b) As (a), but using the observed properties instead.

5.3 Comparison with Barac et al.’s (2022) observations

It is common practice to parametrize the observed P–L relation in
terms of horizontal distance from the fundamental-mode ridge (e.g.
Ziaali et al. 2019). This is particularly helpful since some relations are
calculated in absolute magnitude (such as by Barac et al. 2022), and
some in luminosity (such as the models here). To calculate the hori-
zontal distance, we used table 2 from Barac et al. (2022) along with
their equation 4 to calculate the horizontal distance of the observed
sample, and did the same for our models using Eq. 12, without a 𝑇eff
term, to keep the models and observations on equal footing. We plot
both, along with an experiment to ascertain the nature of the second
ridge, in Fig. 8a, and we provide the same plot in observed proper-
ties for comparison (Fig. 8b). We will now discuss these extensively,
starting with the tail to the right of the fundamental ridge.

The P1 histogram of the models is constructed by setting every
model to be a fundamental mode pulsator. We see in Fig. 8a that it
cannot explain the excess of observed stars at 𝑥 > 0.20, meaning

that these stars cannot be explained as rapid rotators seen equator
on (or similar). Since Barac et al. (2022) were careful in examining
the pulsation periods and even removing some RR Lyr variables,
the observed excess is perhaps contributed by outliers in luminosity
instead. When observational uncertainty is added (Fig. 8b), the P1
histogram extends to higher 𝑥 values, but still cannot explain the
highest observed 𝑥 values (𝑥 > 0.3). Perhaps those stars are extreme
outliers, or pulsate in some mode other than the fundamental mode.
Note, though, that models with observational uncertainty do predict
stars to exist in the range 𝑥 = 0.1–0.3, and these should not be
discarded (cf. Jayasinghe et al. 2020).

The P1 histogram is also considerably broader than the observed
fundamental ridge, and on both sides. If the effect had been one-sided,
then a difference in the binary star fraction could be the explanation.
Instead, the answer is probably rotational broadening. Since the Barac
et al. (2022) is based on a ground-based catalogue, it is likely that it
is over-represented with high-amplitude pulsators (HADS), which in
turn are over-represented with slow rotators (Breger 2000). Thus, ro-
tation and inclination effects are less important for these observations
than they are in the representative sample of stellar models.

We now turn our attention to the second ridge. The binary P1
histogram embeds binary population synthesis, yet cannot explain
the second ridge by itself (the orange histograms in Fig. 8 have no
second ridge). Hence, our models show conclusively that binarity is
not the cause of the second ridge.

We attempted to evaluate the hypothesis that high-overtone pul-
sators or harmonics are responsible for the second ridge. We aimed
to construct a mixture model of high-𝑛 pulsators and P1 pulsators
whose horizontal-distance histogram matched the observed one. The
observed characteristics corresponding to the second ridge histogram
are: (i) a height, in histogram density, that is about half the height of
the P1 ridge; (ii) a location centred at 𝑥 ≈ −0.33; (iii) a gap between
the two ridges that is about two histogram bins wide and is located
at 𝑥 ≈ −0.2; and (iv) a termination between 𝑥 = −0.5 and −0.6.

We first experimented with a scenario wherein some fraction of
stars have their strongest peak at exactly twice the frequency (half
the period) of P1. Regardless of the chosen fraction, the second ridge
was located too far to the right, hence, this explanation is inadequate.
We repeated this experiment using the sum of the frequencies of P1
and P2 (the 𝑛 = 2 radial mode), which gave marked improvement,
but a second ridge that was slightly too far to the left, giving a gap
between it and the main ridge that was too large. By trial and error,
we found a qualitatively good match for a mixture model in which
70% of stars are P1 pulsators and the remaining 30% are evenly
split between having their highest peak at 2P1 and at P1+P2. We
call this the ‘combinations and harmonics mixture model’. Since our
models do not incorporate any information on the ratio of driving
and damping, we do not argue for this model on any physical basis.
We remark only that it comes close to matching the observations.

We also ran different experiments in which stars pulsated in other
radial modes. Again by trial and error, we found a satisfactory match
with mixture models in which one-third of stars pulsate in either
the 𝑛 = 5 or 𝑛 = 6 mode instead of the fundamental mode (‘the
P5:6 mixture model’). This scenario is represented with the blue his-
togram in Fig. 8. The P5:6 mixture model was a better visual match
than one in which only P5 modes were used, or where the second-
ridge stars were evenly split between P4, P5, and P6 pulsators. We
prefer the P5:6 mixture model over the combinations and harmonics
mixture model because several real 𝛿 Sct stars have now been mod-
elled whose strongest modes are at 𝑛 ≥ 5 (e.g. Kerr et al. 2022a;
Murphy et al. 2023; Scutt et al. 2023). We chose not to optimise
for the ratio of stars pulsating in the P5 or P6 modes vs. the fun-
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damental mode because we know that there is significant 𝑇eff and
rotational variance in the relation, and because our models do not
account for near-degeneracy effects such as mode-coupling (see e.g.
Pamyatnykh 2003). Nonetheless, since stars dominated by P2, P3,
and/or P4 modes were not required to obtain the match presented,
near-degeneracy effects might be influencing the observed distribu-
tion (see discussion in Barac et al. 2022). In particular, we notice that
in 27% of our models, the frequency of the combination P1+P2 is
within 1 d−1 of the P5 mode frequency, although we have not applied
second-order (or higher) frequency corrections due to rotation.

The one substantial difference between the P5:6 mixture model and
the observations is again the broad fundamental ridge of the mixture
model. This was common among all of our mixture models. It is
because of this sample-specific effect that the 𝑝-value of a two-sided
KS test is 0.023 (binary properties vs. observations), indicating that
the two populations are significantly different. Nonetheless, three of
the four of the observed characteristics (ii–iv above) are well repro-
duced by the P5:6 mixture model. We conclude by noting that the
additional broadening present in the observed properties histogram
in Fig. 8b produces a poorer match with observations: the second
ridge is slightly less distinct. The implication is that faint 𝛿 Sct stars
from surveys such as ASAS-SN, OGLE, Kepler, PLATO, or Roman,
whose luminosities have larger uncertainties, would not be expected
to show a clear gap between the main and second ridges.

5.4 Comparison with other data sets

Other works on the 𝛿 Sct 𝑃–𝐿 relation published after Barac et al.
(2022) have investigated larger numbers of stars (Read et al. 2024;
García Hernández et al. 2024). We focus on Read et al. (2024) because
they had a simple selection function and they presented a histogram
of horizontal distance from the 𝑃–𝐿 relation (their figure 8).

Read et al. (2024) specifically looked at a narrow vertical strip in
the colour-magnitude diagram, such that temperature effects should
be negligible. This presents an opportunity to apply our 𝑃–𝐿–𝑇eff re-
lation. Their sample was magnitude-limited, so unlike ground-based
catalogues it is not biased towards luminous, high-amplitude, slowly
rotating stars. They found that the second ridge became increasingly
dominant towards higher (fainter) absolute magnitudes, and they also
noted a smaller peak between the main and second ridges that they
attributed to first-overtone (𝑛 = 2) pulsators. We reproduce their
histogram in Fig. 9.

We constructed a mixture model consisting of 15% fundamental
radial mode (P1) pulsators, 20% first overtone mode (P2) pulsators,
40% 𝑛 = 5 p-mode (P5) and 25% 𝑛 = 6 p-mode (P6) pulsators
that yields a similar histogram using observed parameters and our
corresponding 𝑃–𝐿–𝑇eff relation (Eq. 13). We corroborate their extra
peak at 𝑥 = −0.13. To mimic Read et al. (2024), we used a 50-K slice
starting at 8150 K, which corresponds roughly to the middle of the
observational instability strip. We note that a two-sided K–S test indi-
cates no significant difference with a histogram constructed without
this 𝑇eff slice (p value = 0.93). We experimented with limiting the
simulated sample to stars with 𝑣eq < 150 km s−1 to mitigate extreme
gravity darkening, which leaves 4148 models of the original 10 802,
and we plotted both in Fig. 9. The simulated sample reproduces the
observed features and confirms the observed first overtone (P2) ridge,
but this ridge is less distinctive for higher or absent 𝑣eq limits. We
expect that our luminosity scatter, at 0.07 dex, is higher than that of
the Read et al. (2024) sample, and that this is causing more blur-
ring of these ridges in the models than in the observations. (Our
luminosity scatter was 2.6 times higher than the Barac et al. 2022
sample.) Thus, we expect that a sample constructed with smaller
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Figure 9. A mixture model consisting of 15% fundamental radial mode (P1)
pulsators, 20% first overtone mode (P2) pulsators, 40% 𝑛 = 5 p-mode (P5)
pulsators, and 25% 𝑛 = 6 p-mode (P6) pulsators is a good match to the
850-star observed sample (green) from Read et al. (2024). The solid blue
histogram shows the models when limited to 𝑣eq < 150 km s−1, while the
dashed purple line has no 𝑣eq limit. A 𝑃–𝐿–𝑇eff relation (Eq. 13) for the
observed properties was used in both cases.

observational uncertainty but the full rotation velocity distribution
would still reproduce the P2 ridge.

More complicated mixture models are again possible, e.g. where
the probability of pulsating in higher-order modes depends on the
stellar temperature and luminosity, but our simple one appears ade-
quate. Our models do not account for driving and damping, so the
mixture models of different modes are allocated randomly, i.e. not
as a function of 𝑇eff of the model or some other property. Coinciden-
tally, Tarczay-Nehéz et al. (2026) recently found that 𝑛 = 5–6 modes
are also driven in Cepheid variables.

Other data sets could be modelled in the same way. It is important
to note that sample selection affects the histogram density of the
fundamental and higher-order ridges. This can be seen in Figures 8
and 9. The bright sample of Mani et al. (2025) lies intermediate to
these samples, in the sense that the fundamental and higher-order
ridges have roughly the heights in the histogram. We have not tried
to reproduce the latter distribution here, because its bright stars (𝐺 <

7 mag) have much smaller luminosity uncertainties than we have
budgeted for. This sample would be worth exploring in the future,
since near-ZAMS populations are expected to contain fewer rapid
rotators and fewer binaries (Paper I), enabling a purer characterisation
of the 𝛿 Sct pulsators. The larger but heterogeneous samples collated
by García Hernández et al. (2024) would be challenging to model
because the constituent stars do not belong to a single, well-defined
stellar population, but it is reassuring that the authors found the 𝑃–𝐿
relations of those samples to be mutually consistent.

6 PREDICTING THE OVERALL Δ𝜈 DISTRIBUTION

By combining the previous applications, estimating the expected
Δ𝜈 distribution of 𝛿 Sct stars is trivial. Based on observations by
Bedding et al. (2020) and arguments by Murphy et al. (2023), we
assume that regular patterns from which Δ𝜈 can be measured are
only present in the first third of a star’s MS lifetime. We measured
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Figure 10. The predicted Δ𝜈 distribution for 𝛿 Sct stars younger than one-
third (𝜏 < 1/3) or one-half (𝜏 < 1/2) of their expected MS lifetime are
shown as the solid blue histogram and brown line histogram, respectively.
The observed sample of 643 stars from Bolouki et al. (2026) is shown as the
semi-transparent light-green histogram.

the TAMS age as a function of mass across our synthetic population
and simulated a young population whose ages are less than one-third
of the TAMS age (𝜏 < 1/3) for their mass and metallicity. We thinned
the number of rapid rotators in this synthetic population exactly as we
did for the Cep–Her simulation (Sec. 3), to account for the fact that
rapid rotators rarely show identifiable regularity in their pulsation
patterns. As with our 𝑃–𝐿 relation analysis, we resampled according
to pulsator fraction. The resulting Δ𝜈 distribution is our prediction
for field5 𝛿 Sct stars whose pulsation spectra exhibit regular patterns
(blue histogram, Fig. 10). The mean and standard deviation are 6.46
and 0.68 d−1, respectively.

During final preparation of this manuscript, Bolouki et al. (2026)
published an observed Δ𝜈 distribution of 643 𝛿 Sct stars obtained via
machine learning. We have added this to Fig. 10. The agreement with
our model prediction at the higher Δ𝜈 end is remarkable. This indi-
cates that the real population is well understood: young 𝛿 Sct stars are
born with metallicities consistent with a solar-neighbourhood metal-
licity prior, and models accurately predict their Δ𝜈 values (see also
Murphy et al. 2023; Scutt et al. 2023). This remains true with rela-
tively crude treatment of the effects of rotation, as long as the underly-
ing distribution of rotation velocities is correct (Paper I). Otherwise,
the high Δ𝜈 end of the distribution would not be well reproduced.

The lower Δ𝜈 side of the distribution, below Δ𝜈 ≈ 5.5 d−1, is not
as well reproduced. We considered that we might have prematurely
discarded 𝛿 Sct stars for losing their regular patterns at 𝜏 = 1/3, so
we extended the analysis to 𝜏 = 1/2 (brown line in Fig. 10). This has
the effect of over-predicting the number of stars with Δ𝜈 ≈ 6 and
under-predicting the number with Δ𝜈 < 4 d−1. We note that for ages
of 𝜏 ≥ 1/2, avoided crossings affect even high-order p modes that
contribute to Δ𝜈 measurements (Gatuam et al. 2026). In addition, at
these older ages, the pulsator fraction of 𝛿 Sct stars drops off (Berry et
al., submitted). Both phenomena imply that regular patterns will be-
come rare at 𝜏 > 1/2. We therefore suspect that the machine-learning
detections of Δ𝜈 < 4 d−1 might be spurious. In particular, if some of

5 The stars may belong to clusters or associations, but we do not assume that
they do.

the excess of observed patterns near Δ𝜈 = 3 d−1 were in fact half of
the true values – as is known to occur, see discussion in Appendix A
– then these would fill in the gap between the 𝜏 < 1/2 histogram
and the observed histogram at Δ𝜈 = 6. Finally, regarding the left-
most observations at Δ𝜈 ≤ 2, our simulation shows such values to be
achieved in only the most rapid rotators (𝑣eq > 200 km s−1), and to
be biased towards high-mass stars (𝑀 > 2.2 M⊙) with higher-than-
average metal mass fractions. Of these, it is the high rotation rate that
is most problematic, since it is rare to see regular patterns in such
stars (Murphy et al. 2024).

7 CONCLUSIONS

We employed population synthesis models of intermediate-mass stars
that include the effects of rotation, binary star companions, and mea-
surement uncertainty to study populations of 𝛿 Sct pulsators. We have
verified the accuracy of our synthetic population by simulating the
properties of clusters. We chose the recently-characterised Cep–Her
Complex, which consists of multiple stellar associations and a star
cluster, and which contains many young 𝛿 Sct pulsators. We showed
that the observed distribution of asteroseismic large separations, Δ𝜈,
is well reproduced by our models. We also solved the mystery of
why Cep–Her appeared to have an excess of slow rotators: binary
stars, which are preferentially slow rotators, needed to be included in
population models.

We have calculated a new semi-empirical instability strip that
accounts for the mapping between stars’ true properties and their
observed properties, where the latter are dependent on the obser-
vational inclination angle, presence of unresolved companions, and
measurement uncertainty. The instability strip boundaries therefore
lie at temperatures hotter than those of the existing theoretical in-
stability strips, and the true strip is slightly narrower. Consequently,
the average 𝛿 Sct star is more massive and younger than previously
thought (1.81 M⊙ and 566 Myr, rather than the 1.71 M⊙ and 657 Myr
implied by previous work). The new instability strip is calibrated
against the pulsator-fraction calculations made with 2000 𝛿 Sct stars
and 12000 non-pulsators from Kepler, hence is robust against out-
liers. The two-sigma bounds on mass that contain 95% of 𝛿 Sct stars
are 1.50–2.30 M⊙ .

The purity of the instability strip is a long-standing question. Field
stars have a pulsator fraction peaking at 50-70% but our simulations
expect >90% of stars in the middle of the instability strip to pulsate,
even after observational scatter is accounted for. Hence, some 20–
40% of field stars6 that lie inside the instability strip must not pulsate.

We have investigated the period–luminosity relation of our syn-
thetic population and tested hypotheses concerning the recently dis-
covered second ridge. We showed that the second ridge cannot be
caused by binary stars. Instead, we found that the observed distri-
bution is well-matched by mixture models consisting of some stars
pulsating in the fundamental radial mode (𝑛 = 1), and others in differ-
ent overtones, predominantly 𝑛 = 5 and 6. The appropriate mixture
is sample-dependent: samples containing younger and/or less lumi-
nous stars consist of fewer fundamental-mode pulsators. There is
also a (real) spread of stars located to the right of the fundamental
mode ridge, which we propose are rapid rotators seen equator-on,
but in real data one must be careful of outliers whose modes could
be misidentified.

6 Excludes stars younger than ≲ 150 Myr, which are often not field stars but
lie in associations.
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We have also predicted the overall Δ𝜈 distribution for 𝛿 Sct stars
that exhibit regular patterns in their pulsation modes. Such stars will
typically be late pre-MS or young MS stars, and their Δ𝜈 distribution
has a mean and standard deviation of 6.46 and 0.68 d−1, respectively.
We compared our simulated distribution to observations from ma-
chine learning and found excellent agreement at highΔ𝜈 ≳ 6 d−1, but
at lower values certain features of the observed distribution appear
spurious. Our simulated distribution, or a sample-specific counter-
part when studying young associations, could be used as a prior when
measuring Δ𝜈 via the échelle method, to combat bias.

Finally, in an appendix we have compared the échelle and autocor-
relation methods for measuring Δ𝜈, and presented arguments that the
autocorrelation method is less reliable. The autocorrelation method
remains useful for its speed and ease of use, but we recommend that
asteroseismic large spacings be measured via the échelle method,
which pulsation models have shown to be accurate.
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APPENDIX A: CONTRASTING AUTOCORRELATION
WITH THE ÉCHELLE METHOD FOR MEASURING Δ𝜈

A common technique for finding and parametrising regular spacings
in the amplitude spectra of 𝛿 Sct stars is the autocorrelation method.
For instance, Reese et al. (2017) used it to measure Δ𝜈 and rotational
splittings in models of rapidly rotating stars. Bedding et al. (2020)
also used the autocorrelation method to find regular spacings in 𝛿 Sct
stars observed by TESS, and subsequently as an initial guess for Δ𝜈
before applying the échelle method, although this detail didn’t make
it into their methods section. Pamos Ortega et al. (2022, 2023) used
autocorrelation, along with similar methods such as the histogram
of frequency differences (Handler et al. 1997) and taking a Fourier
transform of the amplitude spectrum (García Hernández et al. 2009;
García Hernández et al. 2013), to determine Δ𝜈 for 𝛿 Sct stars in
𝛼 Per, Trumpler 10 and Praesepe. Aside from the échelle, the three
techniques above were summarised by Ramón-Ballesta et al. (2021).

Since the discovery that the échelles of many 𝛿 Sct stars show a
dipole mode ridge and a radial mode ridge, it is apparent that auto-
correlation methods often have their strongest peak at a lag of Δ𝜈/2
(Bedding et al. 2020, and references therein). This suggests that au-
tocorrelation should be used alongside a prior – a range of plausible
Δ𝜈 values – to avoid measuring the wrong peak. Even then, auto-
correlation should not be used blindly. The existence of g modes,
harmonics in the amplitude spectra of eclipsing binaries, tidally in-
duced pulsations, combination frequencies, or other phenomena that
can give rise to regularities in the amplitude spectrum, mean that the
autocorrelation method can be misled. To mitigate some of these,
one can limit the frequency range upon which the autocorrelation is
applied (Ramón-Ballesta et al. 2021), e.g. to frequencies exceeding
that of the fundamental radial mode.
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Figure A1. Fourier transform of the TESS 2-min light curve (top), autocor-
relation of the amplitude spectrum (middle) and échelle diagram (bottom) for
TIC 169464993 in the Cep–Her Complex, as a well-behaved example with
two clear ridges. The Fourier amplitudes are convolved with a Gaussian of
width 0.05 d−1 before calculation of the autocorrelation and échelle. Dashed
grey lines in the autocorrelation plot indicate the bounds of the uniform prior
on Δ𝜈. Note that Δ𝜈/2 is also evident, but double-peaked in this case. The
value of Δ𝜈 from the échelle is similar (although not within the standard
±0.02 d−1 uncertainty of the échelle method) and indicated with the dashed
blue line. The plot area to the right of this line is mirrored from the left-hand
side, which is helpful when the dipole ridge crosses the Δ𝜈 line, as in Fig. A3.
The shaded background corresponds to Fourier amplitude, and red symbols
identify the observed radial and dipole modes. Open black symbols are model
frequencies from the model grid in Murphy et al. (2023). The x-value of the
radial mode ridge is 4/7.32 (or 0.55, hence 𝜖 = 1.55) for this star, but such
information is not discernible from the autocorrelation.

It is important to recognise that the échelle method and the au-
tocorrelation method do not measure the same thing. The échelle
method aims to make the radial ridge vertical between 𝑛 = 5 and
𝑛 = 9 (Murphy et al. 2023),7 and this is the method applied to the
models in this work. But outside of that range, the radial ridge curves
substantially.8 Thus, the Δ𝜈 value measured by the autocorrelation
method may differ from the échelle method even for a well-behaved
star with clear ridges. A final difference is that the échelle diagram
(but not autocorrelation) measures 𝜖 , which is the x-position of the
radial mode ridge and which is well known to correlate with stellar
parameters, both for solar-like oscillators (White et al. 2011) and
𝛿 Sct stars (Murphy et al. 2023).

In Fig. A1 we present a well-behaved example where both methods
agree. We have used a prior thatΔ𝜈 should lie in the range 5.0–9.0 d−1

and we only used frequencies above 20 d−1 in the calculation. Stars
with such clear ridges are in the minority, even in young stellar
populations like Cep–Her. Figures A2 and A3 present two mediocre
cases where the autocorrelation does not give satisfactory results.
Fig. A2 shows TIC 295893690 from Cep–Her, which has a sharp peak
in its autocorrelation function, corresponding to Δ𝜈 = 6.03 d−1, and
no peak at Δ𝜈/2. The échelle, on the other hand, shows a good result
at Δ𝜈 = 6.92 d−1 that is well-matched by models. This disagreement
arises because many of the observed modes lie at low 𝑛, where neither
the radial ridge nor the dipole ridge are vertical. Moreover, each ridge
has a different spacing between its constituent modes at 𝑛 < 5, so no
single value of Δ𝜈 can make both ridges vertical. This is why Δ𝜈 is
calculated for orders of 𝑛 = 5 to 𝑛 = 9.

Fig. A3 is a qualitatively different example. Unlike the others, this
star does not have just two clear ridges. Rather, three radial orders
(three échelle rows) contain many peaks. The autocorrelation does
not have a dominant peak in the relevant frequency range, but does
have a peak that could be interpreted as Δ𝜈/2. The strongest peak is
at 6.11 d−1 and does not correspond to the Δ𝜈 value determined via
the échelle (and matched with models). It is clear from Figures A2
and A3 that autocorrelation cannot be used blindly, and does not
always produce the correct Δ𝜈 (i.e. one that corresponds accurately
to the square-root of the mean stellar density).

APPENDIX B: TABULATED PERIOD–LUMINOSITY
RELATIONS

For convenience and side-by-side comparison, 𝑃–𝐿 and 𝑃–𝐿–𝑇eff
relations are given in Table B1.

This paper has been typeset from a TEX/LATEX file prepared by the author.

7 Bedding et al. (2020) used a less formal definition that averaged the values
of Δ𝜈 needed to make individual ridges vertical.
8 The dipole ridge also contains small curves over its entire length but is
roughly parallel to the radial ridge from 𝑛 = 5. Ultimately, the definition
of Δ𝜈 is the frequency difference between modes of the same degree at
consecutive radial orders, and it should be measured such that it does not
depend which degree is used.
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Figure A2. As Fig. A1, but for TIC 295893690 in the Cep–Her Complex. Figure A3. As Fig. A1, but for TIC 171591531 in the Cep–Her Complex.
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[]

Table B1. Period–luminosity and period–luminosity–temperature relations
of the form log 𝐿/L⊙ = 𝑎 log 𝑃/d+𝑏 log𝑇eff/K+ 𝑐. The data sets in the first
column are those described in Table 1.

Data set 𝑎 𝑏 𝑐

period–luminosity

original 1.278 – 2.694
model 1.180 – 2.515
inclined 1.176 – 2.510
binary 1.162 – 2.527
observed 1.160 – 2.526

period–luminosity–temperature

original 1.521 4.790 −15.752
model 1.520 4.787 −15.741
inclined 1.524 4.844 −15.958
binary 1.424 3.625 −11.279
observed 1.349 2.573 −7.271
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